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PROBLEMS 


1. WHOLE RATIONAL EXPRESSIONS 


The problems presented in this section are mainly on the 
identity transformations of whole rational expressions. 
These are the elementary operations we have to use here: 
addition, multiplication, division and subtraction of mono¬ 
mials and polynomials, as well as raising them to various 
powers and resolving them into factors. As regards trigono¬ 
metric problems, we take as known the definition of trigono¬ 
metric functions, principal relationships between these 
functions, all the properties connected with their periodi¬ 
city, and all corollaries of the addition theorem. 

Attention should be drawn only to the formulas which 
enable us to transform a product of trigonometric functions 
into a sum or a difference of these functions. Namely: 

cos A cos B = [cos (A + B) + cos (A — B)} ) 

\ 

sin A cos B = [sin (A+B)-\- sin (A — B)], 

sin A sin B = [cos (A — B) — cos (A -f B)}. 

1. Prove the identity 

(a 2 + b 2 ) ( x 2 + y 2 ) = (ax — by) 2 + (bx + ay) 2 . 

2. Show that 

(a 2 + b 2 + c 2 + d 2 ) (x 2 + y 2 + z 2 + t 2 ) = 

= (ax — by — cz — dt) 2 + (bx + ay — dz + ct) 2 + 

+ (cx + dy + az — bt) 2 + (dx — cy + bz + at) 2 . 

3. Prove that from the equalities 

ax — by — cz — dt =0, bx + ay — dz -f ct = 0, 

cx -f dy -f az — bt = 0, dx — cy + bz + at = 0, 
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follows either a = b — c — d — 0, otx — y=z = t = 0. 

4. Show that the following identity takes place 

(a 2 -f b 2 4- c 2 ) ( x 2 + y 2 + z 2 ) — (ax -f by + cz) 2 = 

= (bx — ay) 2 + (cy — bz) 2 + (az — cx ) 2 . 

5. Show that the preceding identity can be generalized in 
the following way 

(a 2 + a\ + . . . + On) (b 2 + b\ + . . . + bn) == 

= (fllbl 4" <*2^2 4* • • • 4" ®n^n)* “K (®lb 2 — a 2^lY 4" 

4- (flib 3 — a 3 bi) 2 + . . . 4- (a n -ib n — a n b n _!) 2 . 

6. Let 

n(a 2 + b 2 + c 2 + ... + I 2 ) = 

= (a+ b + c + ...+ l) 2 , 

where n is the number of the quantities a, b, c, . . 1. 

Prove that then 

a — b = c = . . . = l. 

7. Prove that from the equalities 

4" 4" • • • + «n = 11 b! 4- b\ 4- . . . + bn = 1 

follows 

—1 ^ ajbj + a 2 b 2 + . . . 4" a n b n ^ 4* 1* 

8. Prove that from the equality 
(y - z) 2 + (z - x) 2 + (x - y) 2 = 

= (y 4- z — 2z) 2 4- (z 4- x — 2y) 2 + (x + y — 2z) 2 

follows 

x = y — z. 

9. Prove the following identities 
(a 2 - b 2 ) 2 + (2ab) 2 = (a 2 4- b 2 ) 2 , 

(6a 2 - 4ab + 4b 2 ) 8 = (3a 2 + 5ab - 5b 2 ) 3 + 

+ (4a 2 - 4ab + 6b 2 ) 3 + (5a 2 - 5ab - 3b 2 ) 3 . 

10. Show that 

(p 2 — q 2 ) 4 4- (2 pq 4- q 2 )* 4- (2 pq + p 2 )* = 2 (p 2 +pq+q 2 )*. 
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11. Prove the identity 
X 2 + XY + Y 2 = Z 3 

X = <f + 3 pq 2 - p 3 , Y = -Zpq (p + q), 
Z = p 2 + pq + tf. 

12. Prove that 


(3a + 3 b) k + (2a + 4 b) h + a h + b h = 

= (3a + 4 b) h + (a + 3 b) h + (2a + b) h 

at k — 1, 2, 3. 

13. 1° Show that if x + y + z = 0, then 


(ix — ky) n + (iy — kz) n + (iz — kx) n = 

= (iy — kx) n + (iz — ky) n + (ix — kz) n 

at n = 0, 1, 2, 4. 

2° Prove that 

x n + (x + 3) M + (x + 5) n + (x + 6) n + (x + 9) n + 

+ (x + 10) n + (x + 12) n + (x + 15)" = 

= -(x + l) n 4- (x 4- 2)" + (x + 4)" + (*■+ 7)" + 

+ (x + 8)" + (x + 11)" + (x + 13)" + (x + 14)" 


at n = 0, 1, 2, 3. 


14. Prove the identities 

1° (a + b -f- c + d) 2 + (a + & — c — d) 2 + 

4- (a 4~ c — b — d) 2 4* (a 4- d — b — c) 2 = 

= 4 (a 2 4- b 2 4- c 2 4- d 2 ); 

2° (a 2 — 6 2 4- c 2 — d 2 ) 2 4* 2 (ab — be 4- dc 4- ad) 2 = 

= (a 2 4- fe 2 4- c 2 4- d 2 ) 2 — 2 (ab — ad 4- be 4* dc) 2 ; 

3° (a 2 - c 2 4- 2bd) 2 + (d 2 - b 2 + 2ac) 2 = 

= (a 2 — & 2 -f- c 2 — d 2 ) 2 4~ 2 (a& — be + dc + ad) 2 . 

15. Prove the identity 

(a + b + c)* + (b + c — a)* + (c + a — b) 4 + 

+ (a + b — c)* = 4 (a 4 4- & 4 4- c 4 ) 4* 

4- 24 (& 2 c 2 4- c 2 a 2 4- a 2 b 2 ). 
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16. Let s — a -)- b c. 

Prove that 

s (s — 2b) (s — 2c) + s (s — 2c) (s — 2a) + 

+ S (s - 2a) (s - 2b) = (s — 2a) (s - 2b) (s - 2c)-' r 8abc. 

17. Prove that if a + b + c = 2s, then 

a (s — a) 2 + b (s — b) 2 + c (s — c) 2 + 2 (s — a) x 

X (s — b) (s — c) = abc. 

18. Put 

2 S = a + b + c; 2o 2 = a 2 + b 2 + c 2 . 

Show that 

(a 2 — a 2 ) (a 2 — b 2 ) + (a 2 — b 2 ) (a 2 — c 2 ) + 

+ (o 2 — c 2 ) (a 2 — a 2 ) =4 s (s — a) (s — b) (s — c). 

19. Factor the following expression 

(* + y + Zf — a* — y 3 - z 3 . 

20. Factor the following expression 

£ s + y 3 + z 3 — 3 xyz. 

21. Simplify the expression 

(a + b + c) 3 — (a + b — c) 3 — (b -f c — a) 3 — 

— (c + a — h) s . 

22. Factor the following expression 

(b — c) 3 + (c — a) 3 + (a — 6) 3 . 

23. Show that if a -f b + c = 0, then 

a 8 -f- h 3 -f: c 3 = 3 abc. 

24. Prove that if a + b + c = 0, then 

(a 2 + b 2 + c 2 ) 2 = 2 (a 4 + h 4 + c 4 ). 

25. Show that 

f(fl_ b) 2 + (b - c) 2 + (c - a) 2 ] 2 = 

— 2 [(a — b)* + (b — c)* + (c — a) 4 ]. 
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26. Let a + b -f c = 0, prove that 

1° 2 (a 5 b 6 c 5 ) = 5 abc (a 2 -j- 6 2 + c 2 ); 

2° 5 (a 3 + 6 3 + c 3 ) (a 2 + b 2 + c 2 ) = 6 (a 5 + 6 5 + c 5 ); 

3° 10 (a 7 + b 7 + c 7 ) = 7 (a 2 + b 2 + c 2 ) (a 5 + b 6 + c 5 ). 

27. Given 2ra numbers: ai, a 2 , . . a n ; b 4 , b 2 , . . ., b„. Put 


b\ + b 2 + . . . + b n — s n . 

Prove that 

dibi 4“ d 2 b 2 4“ • • • 4“ a n^n ~ ( a l — a 2> S 1 4“ (#2 — a z) S 2 4~ 

4- ... 4- («n-l — ®n) s n-l 4" «n s n* 

28. Put 


a i 4" a 2 + • • • + a n = ~2 S - 

Prove that 

(s — &i) 2 4“ ( s — a 2 ) 2 + • • • 4- (s — a n) 2 — 

= al + a\ 4- . • . 4- al 


29. Given a trinomial Ax 2 4- 2 Bxy 4- Cy 2 . 

Put 

x = ax' 4- Pj y — yx' + ■ 

Then the given trinomial becomes 

A'x' 2 + 2B'x'y' 4- C'y' 2 . 

Prove that 

B’ 2 _ A'C = (B 2 -AC) (06 - p Y ) 2 . 

30. Let 

Pi 4- <h = 1 (i = 1, 2, . . ., n) 

and 

__ Pi 4~ P2 4~ • ■ • 4~ Pn _ __ ?l4~ ?2~4~ • • • -j~<7n 
P n > V « 

Prove that 


Pi?i 4- PiQz +---+Pnqn = npq — (p 1 — p) 2 — 

— f?2—P) 2 — •• •—(Pn —P) 2 . 


Problems 


u 


31. Prove that 


1 1 


+ 4 - 


1 


1 2rc-l [ 3 2n — 3 


2n—1 1 


-t( 1+ t+t+ ••• + 2^~t)‘ 


32. Let s n — 1 -f- -y 4— o~~\~ • • • H—“• 


2*3 

Show that 

. o / 1 . 2 . . n -1 \ 

1 Sn = n_(_ + _ r -f ... J 

n° I / w 1 . n — 2 . | 2 1 \ 

2 »s n = n+(- T - + - r -+ ^ + — j). 


1 1 2 
33. Prove the identity 

i__L + JL__L + 

2*3 4 ' 


1 


1 


1 


2rc—1 2rc rc-f-1 /z -j- 2 


+ •••4- 


+ 


34. Prove 

X ( ■* + (2ra— 1) a — 1 ) ( 1 2rca — 1) = 

__ (n-f-1) a (n-f 2) a (n-\-n)a 


2 n 


(rc-fl)a-—1 (/z + 2)a —1 


(ra-f n) a—1 


35. Let [a] denote the whole number nearest to a which 
is less than or equal to it. Thus, [a] ^ a < [a] + 1. 

Prove that there exists the identity 

1 * 1 + [ x+ t] + [ x +it]+ + = 

36. Prove that 

cos (a + b) cos (a — b) = cos 2 a — sin 2 b. 

37. Show that 

(cos a + cos b) 2 + (sin a + sin b) 2 = 4 cos 2 


(cos a — cos b) 2 -f (sin a — sin h) 2 — 4 sin 2 


a—b 
~~2 
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38. Given 

(1 + sin a) (1 + sin b) (1 + sin c ) = cos a cos b cos c. 
Simplify 

(1 — sin a) (1 — sin b) (1 — sin c). 

39. Given 

(1 + cos a) (1 + cos P) (1 + cos y) = 

= (1 — cos a) (1 — cos p) (1 — cos y). 

Show that one of the values of each member of this equal¬ 
ity is 

sin a sin p sin y. 

40. Show that 

cos (a + P) sin (a — P) + cos (p + y) sin (P — y) -j- 
4- cos (y + 5) sin (y — 8) + cos (6 + a) sin (6 — a) m 0. 

41. Prove that 

sin (a + b) sin (a — b) sin (c -f d) sin (c — d) + 

+ sin (c -f- b) sin (c — b) sin (d + a) sin (d — a) + 

+ sin (d + b) sin (d —- b) sin (a -f c) sin {a — c) — 0. 

42. Check the identities: 

1° cos (P + Y — a ) + cos (y + a — P) + 

+ cos (a + P — y) + cos (a p + y) = 4 cos a cos P cos y; 

2° sin (a 4- P + Y) + sin (P 4“ Y ~ a ) + si n (Y+ a — P) — 
— sin (a 4- p — y) = 4 cos a cos P sin y- 

43. Reduce the following expression to a form convenient 
for taking logarithms 

sin { A +-^) + sin ( B + -^) + sm (C + -£-) + 

+ cos l^A + -§■) + cos + + coS ( C + 4) 

if A 4- B 4" C = Jt* 
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44. Reduce the following expression to a form convenient 
for taking logarithms 

sin -j- + sin -j- + sin + cos — + cos + cos -j- 

if A -f- 5 -f- C = 3t. 

45. Simplify the product 

cos a cos 2a cos 4a . . . cos 

46. Show that 

« 2n 3jx 6jx In / 1 \ 7 

cos it cos i5- cos cos is" cos ir C0S T5' C0S ir = It) • 

47. Given sin 5 = sin (2^4 4-5). 

Prove that 

tan (^4 + 5) = tan A. 

48. Let and 5 be acute positive angles satisfying the 
equalities 

3 sin 2 A -f 2 sin 2 B = 1, 

3 sin 2^4—2 sin 25=0. 

Prove that ^4 + 25 = y. 

49. Show that the magnitude of the expression 

cos 2 (p -{- cos 2 (a + cp) — 2 cos a cos cp cos (a + 9) 

is independent of cp. 

50. Let 

a = cos cp cos ip + sin cp sin \p cos 8, 

a' = cos cp sin ip — sin cp cos ip cos 6, a" = sin cp sin 8; 

fe = sin cp cos ip — cos cp sin op cos 8, 

b' = sin cp sin \p + cos cp cos tp cos 8, b" = —cos cp sin 8; 

c = —sin ip sin 8, c' == cos \p sin 8, c" = cos 8. 
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Prove that 

a 2 + a' 2 + a" 2 = 1, b 2 + b' 2 + b" 2 = 1, 
c 2 + c' 2 + c" 2 = 1, 

ab -(- a!b' -f- a"b" = 0, ac a!c' -j- a"c" = 0, 
be + b'c' + b"c" = 0. 

2. RATIONAL FRACTIONS 

Transformations of fractional rational expressions to be 
considered in this section are based on standard rules of 
operations with algebraic fractions. 

Let us draw our attention only to one point which we have 
to use (see Problems 15, 16, 17). If we have a first-degree 
binomial in x 

Ax + B 

and if we know that it vanishes at two different values of x 
(say, at x — a and x = 6), then we may state that the 
coefficients A and B are equal to zero. Indeed, from the 
equalities 

Aa -f B = 0, Ab + B = 0 (*) 

we get 

A (a - b) = 0 

and since a — b 0, then ^4=0. Substituting this value 
into one of the equalities (*), we find B — 0. Similarly, 
we may assert that if a second-degree trinomial in x 

Ax 2 + Bx + C 

vanishes at three distinct values of x (say, at x = a, x = b 
and x =* c ), then A — B = C — 0. 

Indeed, we then have 

Aa 2 + Ba + C = 0, Ab 2 + Bb + C = 0, 

Ac 2 + Be + C = 0. 
Subtracting term by term, we have 
A (a 2 - b 2 ) + B (a-b) = 0, A (a 2 - c 2 ) + B (a - c)= 0. 
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Since a — b # 0, a — c 0, we have 

A (a + b) + B = 0, A (a + c) + 5 — 0. 

Hence .4=0 (since 6 — c # 0), and then we find 5=0 
and C — 0. 

Analogously, we can show that if a third-degree poly¬ 
nomial 

Ai? -f- Bx 2 + Cx + D 

vanishes at four different values of x, then 
A=B — C=D=(), 


and, in general, if an nth-degree polynomial vanishes at 
n + 1 different values of x, then its coefficients are equal 
to zero (see Sec. 6). 

Finally, considered in this section are a number of pro¬ 
blems pertaining finite continued fractions. We take as 
known the information on these fractions contained usually 
in elementary textbooks. 

The principal trigonometric relations used in solving 
triangles are also taken here as known. 

1. Prove the identity 


P 3 = 


(P 


pP — 2 q 3 
P 3 + Q 3 



2 p 3 — q 3 \3 

) 


+ <f- 


2. Simplify the following expression 


1 


(p+q) s 
3. Simplify 


( p3 + g3 ) + (p + q)i ( p2 + qt) + (p + <,)6 ( p + q ) ' 


1 


(P + ?) 3 


(p 4 9 4 ) + (P + ?) 4 ( P 3 ? 3 ) + 


4. Let 


(p+g) 5 


(*-*)■' 


a — b b — c c — a 

X a-\-b 5 y b-{-c ’ 2 c-\-a 

Prove that 


(1 + x) ( 14 - y) (1 -(- z) = (1 — x) (1 — y) (1 — z). 
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5. Show that from the equality 
(a -f b + c + d) (a — b-c-j-d) = (a -b-\-c — d) ( a-\-b — c — d) 
follows 

c d ' 


6. Simplify the expression 


if 


_ ax 2 +fry 2 + cz2 _ 

be (y — z)2 ca (z — x) 2 + ab (x — y) 2 


ax 4- by + cz = 0. 

7. Prove that the following equality is true 

x 2 y 2 z 2 . (x 2 — a 2 ) (y 2 — a 2 ) (z 2 — a 2 ) (x 2 — b 2 ) (y 2 — b 2 ) (z 2 — b 2 ) 

a 2 b 2 '.cl 2 (a 2 — 62) 1 b 2 (b 2 — a 2 ) = 

= x l + y 2 -f-z 2 — a 2 — fc 2 . 

8. Put 

a h _,_^_.__a 

(a —6) (a— c) * (b — a)(b — c) ' (c — a) (c — b) h * 


Prove that 


Sq — Si — 0, S 2 = 1, jS 3 = a—{— & —J— c, 

$ 4 = afc-j^ac + be + a 2 + & 2 + c 2 , 

S 5 = a 3 + b 3 + c 3 -J- (Pb -j- b 2 a -j- c 2 a + a 2 c + b 2 c -f c 2 b + abc. 


9. Let 


b h 


+ 


(a — 6) (a — c)(a — d) 1 (6 — a) (6 — c) (b-d) 


(c —a) (c —&) {c — d) 


(d —a) {d — b) (d—c) 




Show that 


Sq — Si = $ 2 = 0 , $3 = 1 , $4 = a -f- b -}- c -f- d. 


10. Put 

- m (fl~f fe) ( a + c ) 1 im (& + c ) (6 -4- a) , m ( c ~f a ) ( c 4~ b) 

m ~ (a — b) (a — c) (6 — c)(b — a) ' (c — a)(c—b )* 

Compute <7i, 0 2 , ^3 and ^ 4 * 


2-1225 
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11. Prove the identity 

, (a—a) (a—P) (a — y) , (6 — ot.)(fo — p) (b- y) , 

(a — b) (a — c) ' (6 — a) (b — c) ^ 

+“ b S - ~Z ) -.f£^lr' !> v- 


12. Show that 

a 2 b 2 c 2 

(a — d) (6— d) (c— c?) ' (a — c) (b — c) (cl — c) 1 

a 2 c 2 d 2 b 2 c 2 d 2 


a 2 b 2 d 2 


(a — b) (c — b) (d — b) 1 (b — a) (c — a) (d — a) 

= abc + obd + acd + bed. 

13. Simplify the following expressions 

1 , 1 , 1 - 


1 ° 

2 ° 


a (a — b)(a—c) ’ b (b — a) (b — c) 
1 + 1 


c (c — a) (c — b) ’ 

1 


a 2 (a — b) (a — c) ^ b 2 (b — a) (b — c) ' c 2 (c* — a) (c — b) 

14. Simplify the following expression 

a h , b h 


(a — b) (a — c) (x — a) 


(b — a) (b — c) (x — b) 


+ 


where k= 1, 2. 

15. Show that 


(c — a)(c — b)(x — c) ’ 


b -f- c -j- d . c d -J— a j 

(b — a) (c — a) (d — a)(x — a)' (c — b) (d — b) (a — b) (x — b) 

i d -j~ cl -J- 6 . ci -|- b -j- c 

1 (d — c)(a — c)(b — c)(x — c) + (a — d)(b — d)(c — d)(x — d) “ 

x — a — b — c — d 
(x — a) (x — b) (x — c) (x — d) 

16. Prove the identity 

2 (x — b)(x — c) . /2 (x — c)(x — a) . » (x — a)(x — b) 2 

(a — b) (a — c) r 0 (b — c) (b — a) ^ (c — a)(c — b) 

17. Prove the identity 

(x — b) (x — c) . (x — c) (x — a) , (x — a) (x — b) . 
fr-ft) (,- c ) + (fr- C ) (b-a) + (c-a) (c-b) = 1 ~ 
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18. Show that if a-f-&-|-c = 0, then 

/ a — b b—c c — a \ / c , a v b \ n 

V—S-^-S-!-F—) 1t=T + T=7- + 7=r) = 9 - 

19. Simplify the following expression 

a — b b — c c — a . (a — b) (b — c)(c — a) 
a-\-b ' b + c "• c + a (a + b) (b + c) (c -f- a) 

20. Prove that 

b-c c — a a-b ^ 

(a — b) (a — c) ' (b — c)(b—a)'~ (c — a)(c — b) 

==—+—+ — 
a — b 1 b — c 1 c—a 

21. Simplify the following expression 

a 2 — be , b 2 — ac , c 2 — ab 

(a + 6) (a+c) + (6 + c) (6 + a) + (c+a) (c + 6) ' 

22. Prove that 

d m (a — b) (6 — c) + 6”» (a — d) (c — d) b—d 

c™(a— 6) (a— d)-\-a™(b — c){c — d) a —c 

at m = 1, 2. 

23. Prove that 


{1 -—+ 

l ai 


X (g — ttl) x lx — CCl) (x — OC 2 ) 




i_/_li» *(*—«i)(*—<* 2 ) ••• (»—ttit-i) 

' ' aia 2 a 3 ... a n 

1 j(j + «i) 1 x(x + «i) (i+a 2 ) 


{*+-£-+ 


+ • • • + 


s(* + «i)(j + a 2 ) ... (s + a n _i) 


aia 2 a3 ... a n 
2 , x 2 (x 2 —al) 


-...+ 


-H-l) 


n x 2 (x 2 — al) ... (x 2 — a 2 _ f ) 


alas ... a‘ 


24. Given 


_6 2 + C 2 — a 2 c 2_|_ a 2_£2 a 2 + 62_ c 2 ^ 

26c ' 2ac ‘ 2a6 ~ 1< 


2 ’ 
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Prove that two of the three fractions must be equal 
to +1, and the third to —1. 

25. Show that from the equality 

1 i 1 i 1 _ 1 

a ' b ' c a-\-b-\-c 

follows 


a n i b n ' c n a n -\-b n -|~ c n 

if n is odd. 

26. Show that from the equalities 

bz-\-cy _ cx + az _ ay -\-bx 

x( — ax-{-by-\-cz) y (ax — by-^- cz) z(ax-\-by — cz) 

follows 


x y z 

a (&2_|_ c 2__ a 2) — 6(a2_|_ C 2_52) — c ( a 2^&2_ c 2) * 

27. Given 


a + P + Y = °. 

cl b “f- c = 0, 


—+ -r- + — =0. 
a 1 b 1 c 


Prove that 

a a 2 + p b 2 + y c 2 = 0. 

28. If 


and 


a 3 + b 3 + c 3 = (b + c) (a + c) (a + b) 


( b 2 + c 2 — a 2 ) x — (c 2 + a 2 — b 2 ) y = (a 2 + b 2 — c 2 ) 2 , 

then 

* 3 + i/ 3 + z 3 = (£ + i/) (* + *) (y + z). 


29. Consider the finite continued fraction 
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^0 — ^0? Qo ~ 1 ? Pi = + If <?1 = a i 

and in general 

Pk 41 = a k+l Pk + Pk-u 

Qk +1 — O'h+iQk 4~ Qh- 1« 

Then, as is known, 


^ = a 0 + -^-_ 

Vn fl l 


(* = 0, 1, 2, 3, ...). 


Prove the following identities 


,0 


Pn Po 1 




Qn Qo QoQl QlQi 1 ' ‘ ■ 1 Qn-lQn ’ 

3 Pn+zQn-2 Pn-iQn+Z — (®n+ 2 ^n+i a n 4 ®n+2 4 ®n) ( 1) ! 

4° Pn = a 4- 1 

^n-1 ” a n- 1 + • . .1 


Qn _ „ | 1 

Qn-1 " + «n-l + * . .1 

’ + «T' 


30. Put for brevity 


— (ft o, ^11 • • •» #n) — r\ t 


and let the fraction be symmetric, i.e. 

#0 “ CLni Qi — O'ti-ii • • • 

Prove that 

P n -1 — C^n* 

31. Suppose we have a fraction 


'4-4-uJL 


0 4 • . 
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Prove that 

Pn~\~ P n-fi == Pn-\Pn+i + PnP n+2» 

32. Let 


1 

x ==— , 
a +■ 


1 

b + 


+ ■ 


l +• 


’ + T + 



P P 

and let and - 7 —^- be, respectively, the last and last 

Vn Vn-l 

but one convergents of the fraction 


Prove that 




PnQn nPn -1 

Ql + PnQn -1 ’ 


33. Consider the continued fraction 


fro + 


ai 


1 a 2 


+ f!L. 


Put 


P 0 — 6 0 , Qo — l, P i — + —^ 1 ? ••• 

and in general 

Pk +1 = bk+iPk + Uk+lPk-l , 

+ #k+i(4-i • 


Prove that 
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34. Prove that 


'•+ 1 “ 


r *+1 — 1 


r +1 ~ • . 


(the number of links in the continued fraction is equal 
to n). 

35. Prove that 

11 1 

—+ —+ • • • +—= 

Ui 1 1*2 ‘ ' u n 


U 1 + U 2 


u 2~{~ u 3 


36. Prove the equality 


u n-l + u n 


-V- i g l c 2«2 

C ‘ 1 C * ho - + ‘ • ■ c n -ic n an 

CnFn. 


where c u c 2 , , ..,c 7l are arbitrary nonzero quantities. 

37. Prove the following identities 


sin (w—(-1) x 


— 2 cos x - 


(a total of n links); 

2 1 -p b 2 4“ ^2^3 + • • • + ^2^3 •.. b n = 


1 

2 cos x 


£>2 + 1 


*3+1 -V. 


bn + 1 
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Problems 


38. Prove that 

1° sin a + sin b + sin c — sin (a + b 4- c) = 

. . a4-b . a4-c 

= 4 sin —-— sin —^— sin 


6-fc 

~2 r ; 


2° cos a cos b -f- cos c -f- cos (a 4- b + c) = 

/ a 4-6 b4-c fl4- c 
= 4 cos —g— cos —^— cos —^— . 

39. Show that 

tan a 4- tan b 4- tan c -= tan a tan b tan c. 

' ' cos a cos b cos c 

40. Prove that if A + B -\-C = n, then we have the fol¬ 
lowing relationships 

1° sin A -)- sin B -f sin C — 4 cos cos - cos ; 

ABC 

2° cos A + cos 5 +cos C = 1 -f-^sin y siny siny; 

3° tan A 4-tan B -f- tan C = tan A tan B tan C\ 

4 tan y tan y + tan y tan y 4- tan y tan y = 1; 

5° sin 2A -f- sin 2 B + sin 2C = 4 sin 4 sin 2? sin C. 


41. Find the algebraic relations between the quanti¬ 
ties a , fo and c which satisfy the following trigonometric 
equalities 

1° cos a + cos b -f cos c = 1 -f 4 sin y sin y sin y; 

2° tan a 4- tan 6+tan c= tan a tan 6 tanc; 

3° cos 2 a + cos 2 b + cos 2 c -- 2 cos a cos b cos c = 1 . 

42,, Show that 

g . y , g _ 4xyz _ 

1—x 2 1 —- y 2 1 — z 2 (1—x 2 ) (1 — y 2 ) (1 — z 2 ) 

if 


xy 4- 4- yz = 1, 
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43. Show that the sum of the three fractions 

b — c c — a a — b 

1 -|-be ’ 1 -\-ac ’ 1 -\-ab 

is equal to their product. 

44. Prove that 

tan3a = tana tan + tan —a). 

45. Prove that from the equality 

sin* oc - cos 4 a __ 1 

a ‘ b a-\-b 

follows.the relationship 

sin 8 a cos 8 a 1 

a 8 + 63 ~~ (a+b )3 ‘ 

46. Suppose we have 

a x cos a t + 02 cos a 2 + ... + a n cos a n = 0, 

aj cos (a 4 + 0) + 02 cos (a 2 + 0) + • •. + a n cos (a n -f 0) = 0 

(0 ^ fcrc ). 

Prove that for any X 

di cos (a 4 + + 0 2 cos (a 2 + X) -f- ... + a n cos (a n -f X) = 0. 

47. Prove the identity 

sin (ft — y) sin(y —a) sin (a — ft) = Q 
cos p cos y ' cos 7 cos a ' cos a cos P 

48. Let in a triangle the sides be equal to a , & and c, 
and let 


P ' a ~~ />—a ’ p—6 ’ ' c ~ p —c ’ 

where 5 is the area of the triangle and 2 p = a + b + c. 
Prove the following relationships 

40 a 2 , b 2 , c2 0/1 x 

1 7 + rc _ r -2(r a + r fi + r c ); 

no a%r n _ 1 b 2r b , C 2 r r __ _ 

(a — 6) (a — c) (6 — c) (6 — a) ' (c — a) (c — b) r 1 
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90 a-\-b-\-c / a . b , c \ 

r a +r b +r c \ r a ^ r b ^ r c ) 

4° _ — _I__|_ 

(a — b) (a — c) r* ^ (6 — c)(b — a) rg ^ 


^ (c — a) (c — 6) r* (a — b) (a — c) r b r c ' 

_62__c2_ 

“I" (6 — c) (b — a) r c r a + (c — a)(c—b)r a r b ~ r* ' 

ar a . br b cr c _ 

(a — b) (a — c) ' (b— c) (b — a) * (c — a) ( c — b ) 

(6 + c)/- u (c + a)r b 

(a — fr)(a — c) ' (b — c)(b — a ) 

■ (g+fe)^ _ p 

' ( c — a) (c — b) r 


49. Prove the identity 


sin (a + b — c — d) 


sin (a — c ). sin (a — d) 
sin (a — b) ' 

. sin (b — c) sin (b — d) 
' sin (b — a) 


50. Given 


a o b c 

cos 0 = -t—— , cos w = —;— , cos ib = —j— r— 

b + c Y a + c T 

(0, (p and if) lie between 0 and ji). 

Knowing that a, b and c are the sides of a triangle 
whose angles are A, B and C, correspondingly, prove 
that 

1° tan 2 y + tan 2 y + tan 2 -y = 1; 

2° tan ~ tan y tan -f-=tan -4"1' an y tan y . 
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51. Prove that 
1 


sin (a — b) sin (a — c) 1 sin (6 — a) sin (b — c) 

1 


+ 


sin (c — a) sin (c — b) 


_ a — b a — c b — c 

2 cos —^— cos —^— cos —r— 


52* Prove the identities 


1 ° 


sina 


2 

sin b 


sin (a — b) sin (a — c) 1 sin (6 — a) sin (b — c) 

, sin c 


cos a 


1 sin (c — a) sin (c — b) 
cos b 


= 0 ; 




sin (a — b) sin (a — c) 1 sin (6— a) sin (b — c) 

, cos c 


sin (c — a) sin (c — b) 


- 0 • 


53. Prove the identities 

1° sin a sin (b — c) cos (b + c — a) -f 

+ si$ b sin (c — a) cos (c + a — b) 

+ sin c sin (a —■ b) cos (a + b — c) = 0; 

2° cos a sin (6 — c) sin (b + c — a) -f- 

+ cos b sin (c — a) sin (c + a — b) + 

+ cos c sin (a — b) sin (a + b — c) = 0; 

3° sin a sin (fc — c) sin (b + c — a) + 

4- sin b sin (c — a) sin (c + a — b) -f- 
+ sin c sin (a — b) sin (a 4- b — c) = 

= 2 sin (b — c) sin (c — a) sin (a — 6); 

4° cosasin(6 —c)cos(6 + c —a}4- 

+ cos b sin (c — a) cos (c 4- a — 6) + 
4* cos c sin (a — b) cos (a 4 & ~ c ) = 
= 2 sin (fr — c) sin (c — a) sin (a — ft). 
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Problems 


54. Prove that 

1° sin 3 4 cos (B — C) -f sin 3 B cos (C — 4) -|- 

4- sin 3 C cos (.4 — B) = 3 sin A sin B sin C; 
2° sin 3 A sin (B — C) + sin 3 B sin (C — A) + 

sin 3 C sin (A — B) = 0 

if A + B + C — Jt. 

55. Prove the identities 

1° sin 34 sin 3 (B — C) + sin 3 B sin 3 (C — A) + 

+ sin 3 C sin 3 (4 — B) = 0; 
2° sin 34 cos 3 (B — C) + sin 3 B cos 3 (C — 4) + 

+ sin 3 C cos 3 (4 — B) — sin 34 sin 3 B sin 3(7 
if 4 “I - B -|- C z= Jt. 


3. RADICALS. INVERSE 
TRIGONOMETRIC FUNCTIONS. 
LOGARITHMS 

The symbol \V A is understood here (if n is odd) as the 
only real number whose nth power is equal to A. In this 
case A can be either less or greater than zero. If n is even, 
then the symbol %/ A is understood as the only positive 
number the nth power of which is equal to A. Here, neces¬ 
sarily, A ^ 0. 

Under these conditions, for instance, 

VA* = A if ^>0, 

.Va*=-a if ^i<o. 

All the rest of the standard rules and laws governing the 
operations involving radicals, fractional and negative 
exponents are considered here to be known. Let us also 
remind of two forniulas which sometimes turn out to be 
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rather useful in performing various transformations, namely: 

Va+VE-V — v f T7i - + V — - , 

vj^ys -/ _/ , 

As far as trigonometric functions are concerned, let us 
first of all consider the reduction formulas: 

1° The functions sin x and cos x are characterized by the 
period 2jx, whereas tan x and cot x by the period jt so that 
we may write the following equalities 

sin (x + 2kn) = sin x , cos (x -f- 2kn) = cos x, 
tan (x -f- kn) = tan x , cot (x + kn) = cot x , 

where k is any whole number (positive, negative or zero). 

2° For the functions sin x and cos x the quantity n is the 
half-period, i.e. the rejection of the quantity ±n in the 
argument results in a change in the sign of a function. 
Consequently, 

sin (x + kn) =(— i) h sin x, cos (x -f kn) = (— l) k cos x , 

where k is any whole number (positive, negative or zero). 

3° The functions sin x, tan x and cot x are odd functions, 
and cos x is an even function. Therefore 

sin {—x) = —sin x , tan (— x) = —tan x , 

cot (— x) = —cot x , cos (— x) — cos x. 

4° If x and y are two quantities entering the relationship 

x + y = ~2 i 

then 

cos x = sin y, sin x = cos y , 

tan x = cot y, cot x = tan y . 

Using these remarks, we can always reduce sine or cosine 
of any argument to sine or cosine of an argument lying 

in the interval between 0 and The same can be said 
about tangent and cotangent. 
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Problems 


Indeed, any argument a can be written in the following 
form 


a 




n 

T 


a o, 


where s is an integer, and 0 ^ a 0 ^ wherefrom follows 

the stated proposition. Let us also mention the following 
formulas (k an integer): 


sin kn = 0, tan kn — 0, 

. kn s-\ 
sin —= 0 

sin —^ = ( — 1) 2 

kn - 

cos-^ = (-1)2 

cos-^- = 0 


cos kn = (—l) ft , 
if ft is even, 

if k is odd, 

if k is even, 
if k is odd. 


Further, we use the symbol arcsin x to denote an arc 
whose sine is equal to x and which lies in the interval 

between —-y and + y* 

Thus, in all cases 


jt • n 

—2*-^arcsin + -y • 

Similarly 

— -y <arclana:< + -j- » 

O^arccos x^.n, 

0 < arccot x < jt. 

In this section we also give several problems on trans¬ 
forming expressions containing logarithms, 
i. Prove that 

/ 2 + 1/3 2 — ~l /3 \ 2 — 

\ V2+V2+V3 ys-y 2-1/3 / _ 
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2. Show that 


ywr- yj-yTt+vj; 

2" V7 ? r^7T=-l-(/2+/20-/25); 

3° F/28-/27 =|(^98 —^28-1); 

,C / 3 + 2/5 \ 4 /5 + 1 . 

'3— 2 yn' ~ yz-i ’ 

*• (Kf- Kir= K5+ Kl-1 ». 


T+i / ?) , =< i +^ T +^ 


~ K 125 n r 125 1 K 125 r 125 ' 

O T .. A B C D 

O. JLi6t “T— = — — 

abed 

Prove that 

Yte+VBbWte + 1 /~Dd = 

= Y (a + b + c + d)(A + B + C + D). 

4. Show that 

3 / ax 2j r by 2, + cz 2 = Y~a + y^b -f- Y~c 


ax 3 —by 3 — cz 3 and — + — -f — = 1. 

u x y z 


5. Put 


-=(‘+w)" + (‘ 


1 \n 

V?) ’ 

1 \n 
1/2 ) ' 
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Problems 


Show that 


®m+n — Q-mQ’n' 


a m-n 


2 n 


J m+n - 


! ttmbn■ 


2“ 


6 . Let 


(n-0, 1, 2, 3, ...)• 


at 


V5 

Prove the following relationships 
1° Wn+l = Wn + «n-i; 

2 w„_i = + u fe _iu„_ ft _i; 

3° Ii 2 n-l=Un + “n-i; 

4° U 3n = i4 + U^ + 1 — u$-i; 

5° u£ — w n _ 2 u„_,w„ +1 u„ + 2 = 1; 

6 W n +iUn+2 U n Un+3 — { 1) > 

7 0 

^n^»+l ^n-2^n-i = l^2n-l« 

7. Prove the following identities 

j_ jL j_ 

1° {2 [a 2 + fe 2 ) 2 —a] [(a 2 + 6 2 ) 2 —6]} 2 = 

= a + 6-(a 2 + 6 2 ) 2 (a > 0, 6>0); 

JL JL ± 

2° {3 [(a 3 -j-fr 3 ) 3 — a][(a 3 + b 3 ) 3 -b]} * = 

-L JL 

= (a -{- 6) 3 — (a 2 a& + b 2 ) 3 . 

8. Compute the expression 

_i_ 

(1 — a#) (1 4- a#) -1 (1 -f b.r) 2 (1 — fra:) 2 

_i_ 

x = a" 1 ( 2 ^ — 1) 2 (0 < a < b < 2d ). 
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9. Simplify the expression 


n 3 — 3/i (w 2 — 1) "|/ n 2, — 4 — 2 

n* — 3n + (n* — l) y]^Zl4 + 2 * 


10. Simplify the expression 

]/1 f a ^ 1 — a 

yr+fl-yr^a v 1——1+* 


1-1] (0 < a < 1). 


11. Prove that for x>l 


k a: + 2]/ x— 1 -\-Y x — 2 y x — 1 

is equal to 2 if .£^2, and to 2 y x — 1 if x>2. 
12. Compute 


y a + 6 + c-f-2y ac -f -be -j-y a-\-b-\-c — 2 Y ac 4- be 

(a>0, 6>0, c>0). 

13. Prove that the trinomial x 3 -\-px-\-q vanishes at 


x=V -| + * 


4 ' 27 ‘ ^ 2 l 


4 ' 27 


14. Express ^ in terms of a new variable so that y x-\~a 
and V x + b become rational. 

15. Rationalize the denominator of the fraction 


a b c 

a' b' ~~ c' 


16. Prove that ^2 cannot be represented in the form 
p + V^, where p and q are rational (q > 0 and is not 
a perfect square). 


3-1225 
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Problems 


tan j 

t 3ji ) 

12 a j 

| cos | 

f 3ji ) 

12 

L_l cos fa _~ \ 


cos (2n — a) 

• cos [ a — -2j 


17. Prove the following identities 
1 ° 

cos — a) 

+ cos (ji + a)sin (a — £-)=(); 
2° [ 1 — sin (3 ji — a) ~f cos (3jt a)J X 

X ^1 —sin —a) +cos —aj j + sin2a = 0; 

3° [ 1 — sin (it + a) -f- cos (n + a)] 2 + 

-|- [ 1 —sin (-y-4-a) + 

+ cos —ajj 2 = 4 —2sin 2a. 


18. Let a — 2kn + a 0 , where 0^a 0 <2n. 

Prove that there exists the following equality 

sin-2— 

Let us assume then that a = 2/cjt+a 0 , where — 

^a 0 < Jt. 

Show that then 

cos-J = (-l)*/i±f^. 

19. If a whole number a is divisible by n leaving no 
remainder, we shall write this in the following way 

a = 0 (mod n) 

which is read: a is comparable with zero by the modulus n. 
What remainders can a whole number leave when being 
divided by the whole number n ? 

11 is obvious, that being divided by n , any whole number 
can leave the following remainders 

0 , 1, 2, 3, ..., — 1. 


If as a result of dividing a by n we obtain a remainder k , 
then we shall write 

a =s= k (mod n), 
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since in this case 


a — k = 0 (mod rc). 

Thus, when dividing a by 2 only two cases are possible: 
either a is divisible exactly, or leaves a remainder equal tol. 

In the first case we write a = 0 (mod 2), in the second 
a = 1 (mod 2). 

The division by 3 can also yield a remainder (0, 1, 2), 
and, consequently, only three cases are possible: a = 0 
(mod 3), a = 1 (mod 3), a = 2 (mod 3) and so on. 

Consider the following problem. 

We have 

Ai = 1 . 

^4 2 = cos mx. 



3 * 




36 


Problems 
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Prove that 

A 5 — 0 if n = 1, 2 (mod 5), 

^4 7 = 0 if n = 1, 3, 4 (mod 7), 

^4 10 = 0 if ra = l, 2 (mod 5), 

i4n = 0 if » = 1, 2, 3, 5, 7 (mod 11), 

il 13 = 0 if * = 2, 3, 5, 7, 9, 10 (mod 13), 

^4 14 = 0 if n = 1, 3, 4 (mod 7), 

^4 l6 = 0 if n = 0 (mod 2), 

/1 17 = 0 if n = 1, 3, 4, 6, 7, 9, 13, 14 (mod 17), 

and that A 2 , ^4 3 , ^4 4 , /1 6 , i4 8 , ^4 9 , i4 12 , ^li 5 and ili 8 never 
vanish for any whole n (S. Ramanujan. Asymptotic formulae 
in combinatory analysis). 

20. Let 

p (n) = A (n -f- 3) 2 -f B -f- C (— l) n + D cos (n an integer). 

Prove that there exists the following relationship 

p(n)—p(n — l)—p{n — 2)+p(n — 4) + 

+ p (n — 5) — p (n — 6) = 0. 

21. Show that 

1° sin 15° = V6 — V2 cosl5°-J^±Vi; 

4 4 

2° sin 18°= . cos 18° = 1/10 + 2/1. 

22. Show that 

co __ /30-6 1/5 —/6 + 2 +5 
sm o g , 

co /18 + 61/5 +/l0—21/5 
cos 6 = --!------. 

O 

23. Show that 

cos (arcsin x) = / 1 — x 2 , sin (arccos x) = / 1 — x 2 . 

1 1 
tan (arccot x) — — , cot (arctan x)~ — . 


1 
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cos (arctan x) = —, sin (arctan x) = , g . . 

' ' l/l+ *2 l/l+ *2 

cos (arccot x) = = '= ■ , sin (arccot x) = ,.i— . 

y 1 \-x 2 V 1 + a: 2 

24. Prove that 

arctan x + arccot x = , arcsin x + arccos z = . 

25. Prove the equality 

arctan x + arctan y — arctan f f ejt, 

where e = 0 if xy < 1, 

e = — 1 if xy > 1 and £ < 0, 

e = -j- 1 if xy > 1 and x > 0. 

1 1 ji 

26. Show that 4 arctan -r— arctan — = — . 

o Zov 4 

111 

27. Show that arctan -g- + arctan y 4* arctan — + 

+ arctan 

2x 

28. Show that 2 arctan x -f- arcsin j - — = Jt (;r>l). 

29. Prove that 

1 3X 

arctan x +arctan — = -=- ifx>0 , 

X Z 

arctan a: + arctan — « — — if a;<0. 

X z 

30. Prove that 

arcsin x +arcsin y = tj arcsin (x 1 — y*-\-yV ^— x a ) + en, 
where t) = 1, e = 0 if iy<0 or ^ + 

T)=—1, e= — 1 if x* + j/ a > 1, x<0, ,v<0, 

tl=—1, e= +1 if x* + y a > 1, x>0, y>0. 
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31. Check the equality 


arccos x -j- arccos (y -f y — 3a: 2 j = n - 




32. If 


1 1 
A — arc tan-y and B — arc tan , 


then prove that cos 24 = sin4fi. 

33. Let a 2 + 6 2 = 7a&. 

Prove that 

log = j (log a + log b). 

34. Prove that ” = 1 -f- log a rn. 

l°gam n 

35. Prove that from the equalities 

x (y + z — x) __ y (z + x — y) __ z(x + y — z) 
log X log l, “ logz 

follows x v »y x = z v *y z = x z *z x . 

36. 1° Prove that \og b a-\og a b — 1. 

2° Simplify the expression 

log(log a) 

a l 0 s a 

(logarithms are taken to one and the same base). 

1 l 

37. Given: y = lO i ~ lo ^ x , z = iO (logarithms are 

taken to the base 10). 

Prove that 


38. Given. 


x= 10 *. 


a 2 + b 2 = c 2 . 
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Prove that 

log 6+c a + log c _ ?; a = 2 log c+/ , a log c _/> a. 

39. Let a > 0, c > 0, b=\ / ac, a , c and ac+1, iV>0. 
Prove that 

lQg« ^ = iogg^ — log?^ 

logc^V log& A r — log c iV 

40. Prove that 

logaiag...<.„«== i j t ■ ; i • 

log Q X + log X + • • • ^ ]og„ X 

■ * 71 

41. Given a geometric and an arithmetic progression 
with positive terms 

Cl i &l<) Cl 2* . . •, CZ n i • • •» 

5, 6 1( b 2 , . . ., b„, .... 

The ratio of the geometric progression and the common 
difference of the arithmetic progression are positive. Prove 
that there always exists a system of logarithms for which 

log a n — b n = log a — b (for any n). 

Find the base P of this system. 


4. EQUATIONS AND SYSTEMS 
OF EQUATIONS 
OF THE FIRST DEGREE 

The general form of a first-degree equation in one un¬ 
known is 

Ax + 5=0, 

where A and B are independent of x. To solve the first- 
degree equation means to reduce it to this form, since then 
the expression for the root becomes explicit 

B 
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Therefore the problem of solving the first-degree equation 
is one of transforming the given expression to the form 
Ax + B = 0. In doing so great attention should be paid 
to make sure that all the equations involved are equivalent. 
The problem of solving a system of equations also consists 
to a considerable extent in transforming a system into 
an equivalent one. 

This section deals not only with equations of the first 
degree in the unknown x, but also with the equations which 
can be reduced to them by means of appropriate transforma¬ 
tions (such are equations involving radicals, trigonometric 
equations and ones involving exponential and logarithmic 
functions). Here and in the following section we consider 
a trigonometric equation solved if we find the value of one 
of the trigonometric functions of an expression linear in x. 

Indeed, if it is known that 

tan (m.x -f* n) = A , 

then we find 

mx + n = arctan A - f- kn, 


where k is any integer. 

Consequently, all the required values of x are given by 
formula 

arctan A — n -4 kn 


Likewise, if it is found that 


then 


cot (mx-\- n) = A, 


mx +. n =■ arccot A + kn 


and 


x 


arccot A — n-f-kn 
m 


But if it is known that 

sin (mx + n) — A, 

then all the values of x satisfying the last equation are 
found by the formula 

mx + n = (—- i) h arcsin A + kn, 

where /c, as before, is any integer. 
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problems 


Analogously, from the equation 

cos (mx + n) = A 

follows 

mx -f- n = ±arceos A + 2/cjt. 

When solving exponential equations one should remember 
that the equation 

a x = 1 (a > 0 and is not equal to 1), 
has the only solution x = 0. 

1. Solve the equation 

x x — ab . x — ac , v x — be 


a-\-b ' a-\c ' 6-pC 


a-\-b-\-c. 


2. Solve the equation 


*-q i iz± i -2 ^ 

6c ' ac ■ «6 \ a 1 6 ^ c / ’ 

3. Solve the equation 

Qx -p- 2 cl -j- 3 b c 2>x ba b 3c 
6a:+2 a — 36 —c 2-r~|-6a — 6 — 3c* 


4. Solve the equation 

0 + 6 —* . a+c—x b+c—x 


Ax 


c 1 6 1 a 1 a + 6 + c 

5. Solve the equation 

y/ b + X X cfXx 

b ' x a 


1. 


/ 6. Solve the equations 

N 1° V7Ti+V^i = U 
2° 1 
7. Solve the equation 

V ^ a + yx + y 1 ^ a—Yx — jYb. 
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8. Solve the equation 

V i —y x 4 — x 2 =x —l. 

9. Solve the equation 


~y a ~t, V ^^ 

"|/ fl —j- "|/ 2 — fl 



10. Solve the equation 


~V a ~l/ a — 31 __ |/ ^ 

+ ^— "l/fl — z 


(a > 0). 


11. Solve the system 

x + y + z = a 
x + y + v = b 

X + Z + V — c 
y + z + v = d. 

12. Solve the system 

Xi + x 2 + x 3 + x k = 2a 4 

X\ -f” Xi — X$ — #4 = 2^2 

—■ x 2 + x 3 — x k = 2 a 3 
X{ — x 2 — x 3 + x k = 2a 4 . 

13. Solve the system 

ax + m (y + z + v) = k 

by -\- m (x + z ~\~ v) = l 

cz + rrt (x + y + v) = p 

dv + m (x + y + z) = q. 

14. Solve the system 

Xj — flj _ X 2 — &2 _ _ X P a P 

m 2 nip 

x, + x 2 + ... + Xp — a. 
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Problems 


15. Solve the system 

1 


, 1.1 

~j-— — a 

x 1 y ' z 

—+-+-=6 
v 1 £ ' y 


+ 1 =c 

1 a: 


1+1 
y 1 z 

1 , 1 - 1 , 

y z v 

16. Solve the system 

ay + bx = c 
cx + az = b 
bz + q/ = a . 

17. Solve the system 

cy -\- bz = 2dyz 
az + cx = 2d'zx 
bx + ay = 2 d"xy. 

18. Solve the system 

xy xz 


ay-\-bx 1 az-\-cx 

19. Solve the system 


■==&, 


y* 


bz+cy 


y+z _ x= jw 


z+x—y= 


xyz 

62 


if 


I X V Z 

x+y-z = -j r . 

20. Solve the system 

(b + c) (y + z) — ax = b — c 

(c + cl) (x + z) — by = c — a 

(a + 6) (z + y) — cz = a — 6 

a -f- b -f- c 0. 


a. 
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21. Solve the system 


(c + a) y + (a + b) z 

— (b + c) x = 2a 3 

(a + b ) z+ (6 + c) x 

- (c + a) y = 2b 3 

(b +c) x + (c + a) y 

— (a + 6) z = 2c 3 

6 + c#0, a + c=^0, a-ffc=/=0 

Solve the system 


* , y 

L Z -1 

a~\~X b -j- X 

h c + A, 

x . y 

i . -I 

« + |A H'H 

r c + H 

x . y 

1 z _ 1 

a-\~v 1 b-{-v 

^ c + v 1 * 

Solve the system 


z ay -f- ct 2 x 

-)- a 3 = 0 


z + by + b 2 x + b 3 — 0 
z + cy + c 2 x -J- c 3 = 0. 

* 24. Solve the system 

z -f ay + a 2 # + o?t + a 4 = 0 
2 + fo/ + b 2 x + -f- fe 4 — 0 

2 + cy -f c 2 # + c 3 £ + c 4 = 0 

z-t-dy -|- d 2 x + d 3 t -f d 4 = 0. 

25. Solve the system 

x 4- y + z + n — m 
ax-{-by 4- cz -(-da —n 
a 2 x + b 2 y cH -f d 2 u = k 
a 3 x + b 3 y -}- c 3 z + d 3 u = l. 

26. Solve the system 

Xi + 2x 2 + 3^3 + ... -4 -nx n = ai 

X'l —j— 2^3 + ^*^4 "4“ • • • ~i~ nx j = a •> 

x n 4- 2xi -f- 3x 2 + ••• H~ nx n ~\ = a n . 
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27. Solve the system 

x { — x 2 — x 3 — ... —x n = 2a 
— x A -{3x 2 — x 3 — ... —x n — 4 a 
— X\ — x o -f- 7 x 3 ... -a: n = 8 a 

— X { — x 2 — x 3 ... +(2 n — l)^ n ==2 n a. 

28. Solve the system 

x 1 4~ x 2 4* x 3 -f- ... x n =1 
X\ -\-x 3 + • • • ~\r x n —2 
X\ -f- x 2 1 - z 4 + ... x n =3 

X\ 4~ x 2 4- ... 4" Xn-i — a. 

29. Show that for the equations 

ax + b — 0, a'z 4“ b' = 0. 
to be compatible, it is necessary and sufficient that 
a&' - <i'& = 0. 

30. Show that the systems 

ax 4- by 4~ c = 0 
a!x 4- b'y 4- c' = 0 

and 

Z {ax -f- by -j- c) -j - l {a x -j- b y -f- c) = 0 
in (ax -j- by -j- c) -}- in (a x b y -j- c ,y ) = 0 
are equivalent if 

lm' — I'm ^ 0. 

31. Prove that the system 

ax-{-by +c =0 
a x -j- b y -f- c = 0 

has one and only one solution if 

ab r — a'b 0. 
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32. Prove that from the equations 

ax-{-by =0 
a'x + b'y = 0, 
ii* ab' — a'b=£ 0, follows 

x=y=Q. 

33. Show that the following three equations are compatible 

ax -f~ by -f- c =0, 
a'x + b'y -f- c' ^ 0, 
ax -[ b ,, y-{-c , =0 

if a" ( be ' - b’c) + b" (, ca' - c'a) + c” (ab' - a'b) = 0. 

34. Let a , fo, c be distinct numbers. Prove that from 
the equations: 

x + ay + a 2 z — 0, 
x -j- by + b 2 z = 0, 
x + cy -\ c 2 z = 0 

follows 

x = y = z = 0. 

35. Prove that from the equations 

^4x + 5i/ +Cz = 0, 

A iX + Biy -f- C*z —0 

follows 

* _ y _ z 

CiB — CBi “ AB^ — A^B 

if not all of the denominators are equal to zero. 

36. Prove that the elimination of x, y, z from the equations 

ax + cy + bz = 0, 
cx + by + az = 0, 
bx + ay + cz = 0 

yields 

a 3 6 3 + c 3 — 3a be ~ 0. 
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Problems 


37. Given the system 



Prove that the equations are compatible and determine x, 
y and z. 

38. Determine whether the equations of the system 

(a + b) x + (ap 4 bq) ij = ap- + Irf 
(iap + bq) x + (a p 7 bq 1 ) y — ap ?> -)- Ixf 

(iap /<_1 + bq k ~ x ) x + (ap k d bq h ) y =.ap k+1 -(- bq k+1 

are compatible. 

39. Solve the system 

X\ —}~ x% = (l^ 
x 2 4“ x 3 — #2 
#3 ■+ ^4 — a 3 

n-1 4“ X a -= fln-l 
x»-f a-j = a„ 

40. Solve the system 

ar+«/-f z = 0 

aV b~y c 2 z n 

a —d" + ' 6 —d c— d 

-^I + TZd+7=d= d ( a - b '> ( c “ a )- 
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41. Solve the system 

(x 4- a) (y + Z) = (a — n) (l — 6) 

(y + 6) (z + to) = (6 — /) (m — c) 

(z + c) (x + n) — (c — to) (« — a). 

42. Determine k for the system 

x + (1 + k) y = 0 
(1 — k) x + ky = 1 + k 
(1 4* *) * 4- (12 - k) y = -(1 4- k) 

to be compatible. 

43. Solve the system 

x sin a 4- y sin 2a 4- 2 sin 3a = sin 4a 
x sin 6 4- y sin 2b + z sin 36 — sin 46 
x sin c 4- y sin 2c 4- z sin 3c = sin 4c. 

44. Show that from the equalities 

—= -t—- jr = -t— rr» A + B + C = n 

sm A sin B sm C ' 1 1 

follows 

a = b cos C + c cos J5, 
b = c cos ^4 + 0 cos C, 
c — a cos 2? + b cos A. 

45. Show that from the given data 

a = b cos C + c cos B , 
b = c cos ^4 + & cos C, 
c = a cos B + b cos A , 

0 < ^4 < ji, 0 < 2? < ji, 0 < C < ji, a > 0, 
6>0, c>0, 

follows 

= and ^ + 54-C = n. 


4-1225 
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Problems 


46. Given 

a ~ b cos C + c cos B a 2 = b 2 + c 2 — 26c cos.^4 

b — c cos A + cl cos C (1) b 2 = a 2 -f- c 2 — 2ac cos 5 (2) 

c = a cos 5 + 6 cos + c 2 = a 2 + b 2 — 2ab cos C. 

Show that systems (1) and (2) are equivalent, i.e. from 

equations (1) follow equations (2) and, conversely, from 
equations (2) follow equations (1). 

47. Given 

cos a = cos b cos c + sin b sin c cos A , 

cos b = cos a cos c + sin a sin c cos 5, (*) 

cos c = cos a cos b + sin a sin b cos C, 

where a, 6, c and A, B, C are between 0 and n. 

Prove that 

sin A _ sin B __ sin C 
sin a sin b ~ sin c 

48. Prove that from the conditions of tne preceding 
problem follows 

1° cos A = —cos B cos C + sin B sin C cos a, 
cos B = —cos ^4 cos C + sin A sin C cos 6, 
cos C — —cos A cos B + sin A sin B cos c ; 

2° tan ^ j/*tan y tan -- - tan—tan 

if e==4+5 + C — ji and 2 p — a +- 6 + c. 

49. Solve the equation 

(b — c) tan (x + a) + (c — a) -tan (x + p) + 

+ (a — b) tan (x + y) = 0. 

50. Prove that sin x and cos x are rational if and only if 
tan is rational. 

51. Solve the equation 

sin 4 x + cos 4 x = a. 
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52. Solve the following equations 

1° sin x + sin 2x + sin 3x = 0; 

2° cos nx + cos (n — 2) % — cos x — 0. 

53. Solve the equation 

1° m sin (a — x) = n sin (b — x); 

2° sin (x + 3a) = 3 sin (a — x). 

54. Solve the equation 

sin 5x = 16 sin 5 x. 

55. Solve the equation 

sin x + 2 sin x cos (a — x) = sin a. 

56. Solve the equation 

sin x sin (y — x) = a. 

57. Solve the equation 

sin (a + x) -\- sin a sin x tan (a + x) = m cos a cos x. 

58. Solve the equation 

cos 2 a + cos 2 x + cos 2 (a + x) = 1 + 2 cos a cos (a+z). 

59. Solve the equation 

(1 — tan x) (1 + sin 2x) = 1 + tan x. 

60. Show that if 

tan x + tan 2x + tan 3x + tan Ax = 0, 

then either 5x = kn , or 8 cos 2x = 1 ± Kl7. 

61. Given the expression 

ax 2 + 2 bxy + cy 2 . 

Make the substitution 

x == X cos 0 —■ Y sin 0, 
y = X sin 0 + Y cos 0. 


4 * 
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Problems 


It is required to choose the angle 0 so that to ensure the 
identity 

ax 2 + 2 bxy + cy 2 = AX 2 + BY 2 . 

62. Show that from the equalities 

x y z 

tan (0+ a) ~ tan(0 + P) "" tan(0 + y) 

follows 

|i|sin 2 (a-p)+ sin 2 (P - v) + |if-sin 2 (y-a)-0. 

63. Solve the systems 


, 0 sin x _ sin y sins 

d \) £ . 

x + y + z = n; 

20 tan x tan y _ tan z 

a b c 

x-{-y + z = n. 


64. Solve the system 

tan x tan y — a 
x-\-y — 2b. 

65. Solve the equation 

• 1 __,i 

4 * —3 2 = 3 2 — 2 2 *" 1 . 

66. Find the positive solutions of the equation 

** +1 = l. 

67. Solve the system 

a x b v — m 

x-\-y = n(a^> 0, b >0). 

68. Solve the system 

x v = y x 

a x = b y . 

69. Solve the system 

(ax)' oea = (byf gb 

frlOg 3C _ fl l0g 7/ # 
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70. Solve the system 


* v = y x 

x m =i y”. 


5. EQUATIONS AND SYSTEMS 
OF EQUATIONS OF THE SECOND DEGREE 


The present section contains mainly problems on solving 
quadratic equations and using the properties of the second- 
degree trinomial. 

It should be remembered that if the roots of the trinomial 
ax 2 + bx +* c* are imaginary, then this trinomial retains 
its sign at any real values of x. As is easily seen in this 
case the sign of the trinomial coincides with that of the 
constant term (i.e. with the sign of c ). Thus, if c > 0 and 
the roots of the trinomial ax 2 + bx + c are imaginary, then 
ax 2 + bx + c > 0 

for any real x. 

When solving systems of equations the following proposi¬ 
tion should be taken into account. Let a system of m equa¬ 
tions in m unknowns be under consideration, the degrees 
of these equations being, respectively, 

&i, k 2 , . . ., k m . 


Then our system, generally speaking, allows for k { k 2 . . . k nn 
solution sets. To be more precise, the product of the degrees 
of the equations is the maximal number of solutions. 
Sometimes this limit is reached (see Problem 23), but some¬ 
times it is not. Nevertheless, this proposition is of impor¬ 
tance, since it prevents the loss of solutions. 

1. Solve the equation 


2 (Ml*) (s + g) , h 2 (ft + c) (& + *) , 2 ( c + x ) ( c + fr) 

(x — b)(x — c) ' (b — c) (b — x) ' (c — x)(c — b) 


(b + c)\ 


* In this section the letters a, 6, c, /?, q and other constants in 
the equations denote real numbers. 
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2. Solve the equation 

a 3 (b — c)(x — b) (x — c)- f- b 3 (c — a) (x — c) (# — a) + 

+ c 3 (a — b) (x — a) (# — fc) = 0 
and show that if the roots of this equation are equal, then 
exists one of the following equalities 

+J—4- —= 0 
Va ~ l/b — Yc 

3. Solve the equation 

(a — x)Y a — x — {b — x)Yx — b n ^ 

Y a — x-\-Y x — b 

4. Solve the equation 

Y Aa + b — 5x + Y4b + a — 5x — 3 Y a + b — 2x = 0. 

5. Prove that the roots ot the equation 

(x — a) (x — c) + X (x — b) (x — d) = 0 

are real for any X if a <C b < c < d. 

6. Show that the roots of the equation 

(x — a) (x — b) + (x — a) (x — c) + (x — b) (x — c) =0 
are always real. 

7. Prove that at least one of the equations 

x 2 + px + q = 0, 
x 2 + PiX + q t = 0 

has real roots if pip = 2 ( qi + q)- 

8. Prove that the roots of the equation 

a (x — b) (x — c) + b (x — a) (x — c) + 

+ c (x — a) (x — b) = 0 

are always real. 

9. Find the values of p and q for which the roots of the 
equation 

x 2 -f px + q = 0 

are equal to p and q. 

10. Prove that for any real x, y and z there exists the 
following inequality 

x 2 + y 2 + z 2 — xy — XZ — yz > 0. 
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11. Let 


x + y + z = a. 

Show that then 

x 2 + y 2 + z a > j ■ 

12. Prove the inequality 

z+ 2 / + z<K3(a: 2 + y 2 -t-z 2 ). 

13. Let a and p be the roots of the quadratic equation 

x 2 + px + q = 0. 

Put a h + p h = s h . 

Express s h in terms of p and q at k = ±1, ±2, ±3, ±4, 

± 5 . 

14. Let a and p be the roots of the quadratic equation 

x 2 + px + q = 0 (a > 0, P > 0). 


Express a+v^P in terms of the coefficients of the equation. 

15. Show that if the two equations 

Ax 2 + Bx + C = 0, A'x 2 + B'x + C’ = 0 


have a common root, then 

(AC - CA ') 2 = (. AB ' - BA') (EC - CB’). 

16. Solve the system 

x (x + y + z) = a 2 
y (x + y + z) = b 2 
z (x + y + z) = c 2 . 

17. Solve the system 

X (x + y + z) =: a — IJZ 

y (x + y + z) = b — xz 

Z (x + y + z) = c — xy. 

18. Solve the system 

y + 2x + z = a (y + x) (z x) 

z + 2y + x = b (z + y) (x + y) 

x + 2z + y = c (y + z) (x + z). 
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19. Solve the system 

y + z + yz — a 
x + z + xz * b 
x + y + xy = c. 

20. Solve the system 

yz — ax 

zx = by (a >0, b > 0, c > 0). 
xy = cz 

21. Solve the system 

x 2 -j- //* = cxyz 
x 2 + z 2 = 6^7/z 
y 2 + s 2 ^axyz. 

22. Solve the system 

z (*/ + 2 ) = a 2 
U (* + *) « b 2 
z (ar + */)-= c 2 . 

23. Solve the system 

x 3 = a# + 6iy 
i/ 3 = bx + ay. 

24. Solve the system 

x 2 = a + (y — z) 2 
i/ 2 = fc + (# — 2 ) 2 
2 2 = c + (a: — y) 2 . 

25. Solve the system 

&(* + */) 1 c(z -1 x) 

* + H + cory ' x + z-\ bxz 

c(y + z) . a(x + y) _ b 

y-\-z + ayz ' x + y + cxy 
a(x + z) _j_ b{y + z) _ 

« + z4-6a:z ' y-fs+ayz 
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26. Solve the system 

x* — yz — a 
y 2 — xz = 6 
z 2 — xy = c. 

27. Solve the system 

y 2 + z 2 — (y + z) x = a 

x 2 + z 2 — (x + z) y = 6 

x* + y 2 — (x + y) z = c. 

28. Solve the system 

. x 2 + y 2 + xy = c* 

Z 2 + X 2 + XZ = 6 2 

y 2 + z 2 + yz = a 2 . 

29. Solve the system 

x 3 + y 3 + 2 s = a 3 
x 2 + y 2 + z 2 = a 2 

x + y + z = a. 

30. Solve the system 

x* + y* + z* + u* = a 4 

x 3 + y 3 + z 3 + u 3 — a 3 

a: 2 + y 2 + 2 2 + u 2 = a 2 

x + y + z + u — a. 

31. Prove that systems of equalities (1) and (2) are equi¬ 
valent, i.e. from existence of (1) follows the existence of (2) 
and conversely. 

a 2 + 6 2 + c 2 =1, aa' +66' + cc' =0, 

a' 2 + b' 2 + c' 2 = a'a" + 6'6" + c'c" = 0, (1) 

a n + & ** + c » 2 = 1, ao' + 66" + cc" = 0; 

a 2 + a' 2 + a' 2 = 1, a6 + a'6' + a"6* = 0, 

6* + b' 2 + 6* 2 = 1, be + 6V + 6*c* = 0, 

c 2 + c' s + c" 2 = 1, co + c'a' + cV »= 0. 


( 2 ) 
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32. Eliminate x , y and z from the equalities 

x 2 (y-f z) = a 3 , y 2 (x-\-z) — b 3 , z 2 (x-\-y) — c 3 , xyz=abc. 

33. Given 



Eliminate x , y and z. 

34. Eliminate x, y , z from the system 

y 2 -f z 2 — 2ayz ~ 0 
z 2 + x 2 — 2tez = 0 
x 2 + */ 2 — 2 cxy = 0 . 

35. Show that the elimination of x, y and z from the system 

y 2 + yz + z 2 = a 2 
z 2 + zz + z 2 — 6 2 
a; 2 + xy + y 2 c 2 
xy yz xz = 0 

yields 

(a + 6 + c) (6 + c — a) (a + c — fc) (a + b — c) — 0. 

36. Eliminate x and y from the equations 

x + y = a, x 2 + y 2 = b, x 3 + y 3 = c. 

37. Eliminate a , b, c from the system 

JL — 1-— _L 

a & c 
a 2 + 6 2 + c 2 = 1 
a + b + c = 1 . 


± + JL + ± = a 
y 1 z 1 x 

4+4+4-P 


(f+*).(* + *)(*+!)-* 


38. Given 
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Eliminate x , y and z. 

39. Prove that if 

x-\-y-\-z J rw = 0 
ax + by + cz + dw — 0 

(a — d) 2 ( b — c) 2 (xu) + yz) + {b — d) 2 (c — a) 2 (yw -}- zx) f 

+ (c — d) 2 (a — b) 2 (zw + xy) = 0, 

then 


(d — b) (d — c) (b — c) (d — c)(d — a)(c — a) 


40. 1° Let 


Prove that 


2° Let 


(d — a)(d — b) (a — b) (b — c)(c — a){a — b) 


0<cx<ji, 0<P<Jt 


cos a + cos P — cos (a + P) — -o-* 


P TC 

= ^r- 


0 < a < n, 0 < p < n 


Prove that 


41. Let 


cos a cos P cos (a + P) = —o . 


a = P=-=-. 


cos 0 + cos <p = a, sin 0 + sin <p = b. 

Compute 

• cos (0 + (p) and sin (0 + ip). 

42. Given that a and P are different solutions of the 
equation 

a cos x + b sin x = c. 




GO 


Problems 


Prove that 


43. Let 


Prove that 


2 ” a2 + 62 # 

sin (0 —a) _ a cos (0 —a) _ c 
sin (0 — p) “ ~b ’ cos (0—P) d * 


44. Given 


Prove that 


/ o\ ac + bd 

cos (a-P)— 


_ e 2 — 1 _ 1 + 2e cos P -f- 

1 4- 2e cos a -(- g 2 g 2 — 1 


| 0 g 2 —1 _ e + cos p _ ^ sin P _ 1 -j-gcos P > 

1 -f- 2g cos a + e 2 e + cos a ~ sina 1 -f e cos a * 

2 tan T .tan-f = ±—• 

45. Prove that if 

cos x — cos a _ sin 2 a cos P 
cos x — cos P ~~ sin 2 P cos a ’ 

X OL P 

then one of the values of tany is tan -y-tany. 

46. Let 

cos a = cos p cos <p = cos y cos 0, sin a = 2 sin y sin y . 


Prove that 


tan s ! = ta n a T-tan*f 


47. Show that if 

(x — a) cos 0 -f y sin 0 = (x — a) cos 0 t 4- .V sin 0 t = a 


tan— tan- y* = 2 i!, 


y i = 2ax-(i-P) x\ 




5. Equations and Systems of Equations of the Second Degree 

48. Prove that from the equalities 


fit 


x cos 8 + y sin 8= x cos <p -f y sin (p = 2a 


2 sin y sin -y = 1 


follows 


49. Let 


Prove that 


y 2 — 4a ( a—x ). 
cos 8 — cos a cos p. 


tani±°L.tan!^=tan*l. 


50. Show that if 

cos x _ cos (x + 0) _ cos(x + 20) __ cos(x-|-30) 
a b c d 


a-\-c b-\-d 

b~~c 


51* Let 


cos 2 0 = 
Prove that 


2 n COS C C 


COS (5 ’ 


, COS 4 (p 


2 _ 003 y tan 0 _ tan a 


cos p ’ tan <p tan y 


tan 2 4r • tan 2 = tan 2 4-- 


52. Prove that if 

cos 8 = cos a cos p, cos <p = cos a t cos p, tan y tan y = tan-|-» 


sin 2 p= ( —- lY ( —-l). 

K \ cos a I \ cos a ( / 


53. Let 


x cos (a + P) + cos (a — p) = x cos (P + y) cos (P — Y) = 

= x cos (y + a ) + cos (y — a). 
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Prove that 

tana _ tan p _ tan y 

tany(P-fv) tan-i-(a + Y) taiiy(a-fP) 

54. Prove that if 


and 

then 


sin (ft —P)c.oSa , cos (a + ft) sin P 
sin (9 —a) cos p ' cos (q>—p) Sin a 


tan ft tan a 
Ian cp tan p 


cos (a —P) 
cos(aH-p) 


1 1 
tan 0 = y (tan p + cot a), tan cp = y (tan a — cot p). 


55. Given 

ri l sin 2 (a -f P) == siri 2 a + sin 2 p~ 2 sin a sin jicos (a — P). 


Prove that 

, 1 + n . 0 

tan a **= 7 -=-- tan p. 

56. Eliminate 0 from the equations 

cos (a — 30) — m cos 3 0, sin (a — 30) *=? m, sin a 0. 

57. Eliminate 0 from the' equations 

(a — fo)sin( 0 -|-cp)^(a-f ft) sin (0 —cp), 

a tan-|— b tan y = c. 

58. Show that, the result of elimination of 0 and <p from 
the equations 

cos 0 = - 7 —— , cos cp= - 7 —— , cos (0 — cp) * si n p sin y 

Sin a * sin a v 1 1 * 

is 

tan 2 a = tan 2 p + tan 2 y. 

59. Eliminate 0 and cp from the equations 
a sin 2 0 + b cos 2 0 = a cos 2 <p + b sin 2 cp ==■ 1 , 

a tan 0 = b tan cp. 

60. Prove that if 

cos (0 — a) — a , sin (0 — p) = b , 
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a 2 — 2ab sin (a — fJ) + b 2 = cos 2 (a — P). 

61. Solve the equation 

cos 3x cos 3 £ -f sin 3x sin 3 # = 0. 

62. Solve the equation 

sin 2x + cos 2x + sin x + cos x + 1 = 0. 

63. Solve the equation 


tan 2 x = 


1 — cos X 
1 — sin x * 


64. Solve the equation 

32 cos 6 x — cos 6x = 1. 

65. Solve and analyze the equation 

sin Sx + sin 2 x = m sin s. 

66. Solve the equation 

. ,v cos X cos (2ar — a) . , 7 0 

(1 &) -— 1 --: - = 1 + k COS 2#. 

v ' cos(s —a) 1 

67. Solve the equation 

3 

sin 4 x -f cos 4 x — 2 sin 2# + -j- sin 2 2x — 0. 

68. Solve the equation 

2 log* a + lo g ax a + 3 log a23C a = 0. 

69. Find the positive solutions of the system 


V x +V = y a^ yX+y _ ^40 


(a>0). 


70. Find the positive values of the unknowns a;, y, w and 
v satisfying the system 

u p v q = a x , u q v p = a y , u x v v — b, u v v x = c 

(a, 6, c > 0 and p 2 — q 2 =^= 0). 




64 


Problems 


0. COMPLEX NUMBERS AND 
POLYNOMIALS 

We proceed here from the assumption that the principal 
operations with complex numbers (i.e. addition, multipli¬ 
cation, division and evolution) are already known to the 
reader. Likewise, we take as known the trigonometric form 
of a complex number and de Moivre’s formula. In factoring 
polynomials and solving certain higher-degree equations an 
important role is played by the so-called remainder theorem 
(stated by the French mathematician Bezout), usually 
considered in textbooks of elementary algebra. Let us 
recall it: if / (x) is a polynomial in x and if / ( a) — 0, then 
/ (x) is exactly divisible by x — a. Hence (assuming that 
the polynomial has one root) follows the possibility of 
resolving an nth-degree polynomial into n, equal or unequal, 
linear factors as well as the following proposition used here 
repeatedly: if it is known that a certain nth-degree polyno¬ 
mial in x vanishes at n + 1 different values of x , then such 
a polynomial identically equals zero. Consequently, if two 
polynomials of the nth degree ni x attain equal values at n -f 1 
different values of x , then such polynomials are identically 
equal to each other, that is, the coefficients of equal powers 
of x coincide. Finally, let us mention the relationship bet¬ 
ween the roots of an nth-degree equation and its coeffi¬ 
cients. Let the polynomial 

X n + p { X n - x + />2* n ” 2 +•••-+ jPn-1* + Pn ' ' 

have the roots x 2 , . . x n , so that there exists the facto¬ 
rization 

x n 4- P& 71 - 1 4- P 2 X 1 ' 2 + ... 4- Pn = (* — *l) (*— x 2 )... (x — x n ). 
We then have the relations: 

*i + *2 4- . . . + * n = —Pli 

*1*2 + *1*3 + . • . + *1 *n + *2*3 + - - . + *n-l*n = ^2* 

*1*2*3 4" • • • ~f~ *n -2*n -i*n ~ ~~jP3* 


*1*2 . . . X n it Pn m 
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1. Let x and y be two complex numbers. 

Prove that 

|z + ^l a + |ar — y| 2 = 2{|x| 2 + | y\ % ). 

The symbol | a| denotes the modulus of the complex num¬ 
ber a. 

2. Find all the complex numbers satisfying the following 
condition 

1° £ = x 2 ; 

2° x = x 3 . 

The symbol x denotes the number conjugate of x. 

3. Prove that 


V~( a i + a 2 + • • • + &n) 2 + (b\ + feo + • • • + fen) 2 V a\ + b\ -f- 

~rV a l + b\ + • • • + Va 2 + fe 2 , 

where a,j and b t are any real numbers (i = 1, 2, 3, . . re). 

4. Show that 

(a + b + c) (a -f be + ce 2 ) (a + fee 2 + ce) = 

= a 3 + fe 3 + c 3 — 3 abc 


if 


e 2 + e + 1 = 0. 


5. Prove that 


(a 2 + fe 2 + c 2 — afe — ac — be) x 

X (x 2 + y 2 + z 2 — xy — xz — yz) = 

= X 2 + Y 2 + Z 2 - XY — XZ - YZ 


if 


X = ax + cy + fez, 
= ex -(- by -j- az, 
Z = bx + ay + cz. 


6. Given 


5-1225 


x+y + z = A, 
x + ye -f ze 2 = 5, 
x + ye 2 + ze = C. 
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Here and in the next problem e is determined by the equa¬ 
lity 

e 2 + e + 1 = 0. 

1° Express x , y, 2 in terms of A, B, and C. 

2° Prove that 

Ml 2 + \B\ 2 + | C\ 2 = 3 {|*| 2 + \y\ 2 + |z| 2 }. 

7. Let 

A = x -}- y z, A =x -f y -f z , AA=^x-{~y~\~ z i 

B = x-{-yE + Z8 2 , B' = x ,J fy'z -fz's 2 , BB' = x"-\- i/"e + z"8 2 . 
C =x- f z/8 2 + 28 , C" = a' + y'e 2 + z'e, CC' = + y"e 2 + z"s. 

Express .z", y" and 2 " in terms of x, y , 2 and */', 2 '. 

8. Prove the identity 

(a# — by — cz — dt ) 2 + (&£ + ay — dz + c£) 2 + 

+ (cx + dy + az — bt ) 2 + (dx — cy -f bz + at) 2 = 

= (a 2 + b 2 + € 2 + d 2 ) (a: 2 + y 2 + z 2 + f 2 ). 

9. Prove the following equalities 

10 S^|-= 4 —( 2 ) t«“ 2 «p+(2) ta n 4 <p—. --+^, 

where 

n 

A = ( — l) a tan"<p if n is even, 

A = ( — 1) 2 {^n— 1 ) t an " -1 <P ^ 11 is 0< id; 

2 ° ( 1 ) tan( P- ( 3 ) tan 3 < i ) + ( 5 ) tan5< P+ ...+ A, 

where » 

n ~r / n \ 

A — ( — 1; I jltan n_1 (p if n is even, 

n— 1 

4 = (-l)~tan n <p 


if n is odd. 
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Here and in the following problems 

n (ti — 1) ... (n —/c-f-1)' 
1-2-3....•& 




10. Prove the following equalities 

k=m- 1 


1° 2 2m cos 2m * = ^ 2 | ™jcos2(m-A-)z-f | 2 ™); 

ft = m -1 / 9 \ 

2° 2 2m sin 2m x = 2 (-l) ffl+ft 2 ( ® ) cos 2 (m - ft)* + 

s=o ' * ' 


+ 


h=m 


12m \ 

\ m j ’ 


3° 2 2m cos 2m+1 x= 2 ( 2 ^ +1 )c°s(2m-2 k + i)x; 


h=m 


4° 2 2m sin 2m+1 2 (-l) m+ft ( 2m + 1 ) sin(2n»-2ft+l)x. 

ft=o \ * J 


11. Let 

w„ = cosa + r cos (a + 0) + r 2 cos (a + 20)-f- .... + 

+ r n cos (a + re0), 

v n — sin a + r sin (a + 0) + r 2 sin (a -f 20) + ... -f 

+ r" sin (a-f-n0). 

Show that 

= cos q — r cos (q — 6) — r n+l co s [(n-)-1) 0 + al + /•'»+* cos(«0 + g) 

" 1 — 2r cos 0 + r2 ’ 


sing rsin(« — 0)-r»+i sin [(» + !) 0 + a] -fr”* 2 sin (»0 + a) 


1 — 2r COS 0 + (-2 

12. Simplify the following sums 


1° 5 = 1 + re cos 0 -f — j 2 cos 20 


h—n 


= 2 C nCosA-0, (C° = l); 


fe=0 
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h—n 

2° S' ~ n sin 0 + n ( j 2 -- - sin 20 -f . .. m 2 Cn sin AH). 

k=--0 

13. Prove the identity 

sin 2p a + sin 2P 2a + sin 2p 3a + • . • + sin 2P na = 

__± , 1 »3«5 -.. . • (2p — i) 

~ 2 ~ ra 2-4-6-....2 p 

if a —and p<^2n (pa positive integer). 

14. Prove that 

1° The polynomial x (x n ~ l — no 71 ' 1 ) + a n (n — 1) is divi¬ 
sible by (x — a) 2 . 

2° The polynomial (1 — x n ) (1 + x) — 2nx n (1 — x) — 
— n 2 x n (1 — x) 2 is divisible by (1 — x) 3 . 

15. Prove that 

1° + y) n — x n — y n is divisible by xy (x + y) X 

X (x 2 + xy -f y 2 ) if n is an odd number not divisible by 3. 

2° (x + y) n — x n — y n is divisible by xy (x + y) X 

X (x 2 + xy -f y 2 ) 2 if rc, when divided by 6, yields unity 
as a remainder, i.e. if n = 1 (mod 6). 

16. Show that the following identities are true 

1 ° (x + y) 3 — x 3 — y 3 = 3 xy (x + y); 

2 ° [x + y) b — x h — y b = 5 xy (x + y) {x 2 + xy + y 2 ); 

3° (x + y) 1 — x 1 — y 1 = Ixy (x + y) (x 2 + xy + y 2 ) 2 . 

17. Show that the expression 

(x + y + z) m - x m - y m - z m (m odd) 
is divisible by 

(x + y -f z) 3 — x 3 — y 3 — z 3 . 

18. Find the condition necessary and sufficient for x 3 + 
+ y 3 -f- z 3 + kxyz to be divisible by x + y + z. 

19. Deduce the conditon at which x n — a n is divisible 
by x v — aP (n and p positive integers). 

20. Find out whether the polynomial x 4n + £ 46+l + 
+ x 4c+2 + x 4d+:i ( a , b, c , d positive integers) is divisible by 

x 3 + x 2 + x + 1. 
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21. Find out at what n the polynomial 1 + + £ 4 + 

+ . . . + x 2n ~ 2 is divisible by the polynomial 1 + x + x 2 -f- 

. . . -f- x n_1 . 

22. Prove that 

1° The polynomial (cos (p + x sin cp) n — cos /zcp — 
— x sin racp is divisible by x 2 + 1. 

2° The polynomial x n sin cp — p n_1 x sin mp + 
+ p n sin (n — 1) cp is divisible by x 2 — 2p# cos cp + p 2 - 

23. Find out at what values of p and q the binomial 
x* + 1 is divisible by x 2 + P% + q • 

24. Single out the real and imaginary parts in the expres¬ 
sion Va + bi, i.e. represent this expression in the form 
x + yi, where x and y are real. 

25. Find all the roots of the equation 

- 1. 

26. Find the sum of the pth powers of the roots of the 
equation 

x n — 1 (p a positive integer). 

27. Let 

8 = cos —\- i sin ~~~ (raa positive integer) 

and let 

A h =x + ye h + *e 2ft + . . . + we' 71 ” 1 ' * 

(fc = 0, 1, 2, . . ., n — 1), 

where x, y, z, . . ., u, w are n arbitrary complex numbers. 
Prove that 

* 2 1 |A4 3 =«{|z| 2 +|j/| 2 +|z| 3 + ... + m 2 } 

k=0 

(see Problem 6). 

28. Prove the identities 

h—n- 1 

1° x 2n -i = (x i -l) 2 (* 2 -2xcos-^-+l); 

fe=l 

h~n 

2° *««-l = (*-l)n (* 2 -2*co Sl ^+l); 

h= 1 
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k=n 

3° z 2n+i -i=(*+i) n ( x 2 + 2x cos + l)5 

k=\ 

k~n -1 

4°* 2n +l = XI ( X<1 — cos ( ?£ ±! l 1 i + l). 


29. Prove the identities 

.0 . n . 2jt . (» — 1)jx 

1 sin-pr- sin -77— . . . sin-——-— 
2n 2n 2 n 


Vn m 

2n-l » 


2° cos 


2n 

2n+l 


cos 


4jt 

2^ + 1 


. cos 


2/iji 
2» + l 


71 


(- 1) 2 

2 n 


if ?2 is even. 

30. Let the equation x n == 1 have the roots 1, a, (J, y, .. X. 
Show that 

(1 - a) (1 - P) (1 - y) ... (1 - X) = n. 

31. Let 

*^1 7 *^27 • • • 7 

be the roots of the equation 

a; n + ^ n " 1 + ...+* + 1=0. 

Compute the expression 


1 

0^1 — 1 


#2 — 1 


+ ... 


#71 - 1 


32. Without solving the equations 


X 1 

!_ _ 

L 22 

p2"" 

r — 1)2 

r fi 2 —c 2 

X 2 

- y2 

z 2 

V 2 “I 

v 2 — 6 2 

v 2 — c 2 

X 2 

V 2 

L * _J 

z 2 

P 2 H 

[ p 2 — 52 ^ 

1 p 2 — q2 — 


find 


* 2 + y 2 + * 2 . 



6. Complex Numbers and Polynomials 


71 


33. Prove that if cos a + i sin a is the solution of the 
equation 

x n + Pix n ~ l + . . . + p n = 0, 

then pj sin a +p 2 sin 2a+. . .-fPn sin na =0 (pi, p 2 , . . . , 
p n are real). 

34. If a, 6, c, . . ., k are the roots of the equation 
x n + PiX*- 1 + p 2 X n ~ 2 + ■ ■ ■ 4- Pn-lX + Pn ~ 0 

(Pi, p 2 , • • -i Pn are real), then prove that 

(1 + a 2 ) (1 + b 2 ) . . . (1 + k 2 ) = 

= (1 — PZ + Pk — • • -) 2 + (Pi — P3 + P5 — ■ • -) 2 " 

35. Show that if the equations 

x d -f- P% + q — 0 
x 3 + p'x + q' = 0 

have a common root, then 

(pq’ ~ qp) (P ~ P'Y = (q- q'Y • 

36. Prove the following identities 

1° ]/' COs4p+ }/ COS -y- = 

= j/j (5-3/7); 

2° f/cos f+j/ cos^H-J/cos%- = J/ 4(3 /9-6). 

37. Let a + b + c = 0. 

Put 

+ + = 

Prove the following relations (see Problems 23, 24, 26 
of Sec. 1) 

2s 4 — sj, 6 s 5 = 5s 2 S3, 

6^7 = 75354, 10^7 = 7 s 2 $ 5 , 

25^7^3 = 21s*, 50^ = 495*4^, 

$n+3 = 0bcS n -f- ~2 SzSn+i* 
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38. 1° Given 

x + y = u + v, 
x 2 y 2 = u 2 + v 2 . 

Prove that 

x n + y n ^ u n ^ y n 

for any n. 

2° Given 

x + y + z = u + v + t, 
x 2 + y 2 + 2 2 = u 2 + + * 2 > 

x 3 + y s + 2 3 = u 3 + i? + t 3 . 

Prove that 


x n + y n + z n = u n + v n + t n 

for any n. 

39. Let 


A = Xi + # 2 £ + x 3 s 2 , B ~ x i + # 2 £2 + x 3 e, 


where 


e 2 + e + l= 0, 


and x u x 2j x 3 are the roots of the cubic equation 
x 3 + px + q — 0. 

Prove that A 3 and B 3 are the roots of the quadratic equa¬ 
tion 

z 2 + 27 qz - 27 p 3 = 0. 


40. Solve the equation 

(x + a) (x + b) (x -f c) (x + d) = m 
if 


a -\~ b — c -f- d. 


41. Solve the equation 

(x + a) 4 + (x + 6) 4 = c. 

42. Solve the equation 

(x -f- b -f- c) (x -f- cl -f- c) (x -f- a -f- b) (cl -f- b -f- c) — 

— abcx — 0, 
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43. Solve the equation 

x 3 + 3a;r 2 + 3 (a 2 — 6c) x + cl 3 + 6 3 + c 3 — 3a6c = 0. 

44. Solve the equation 

ax* + + dx + e = 0 

a b — b-\-c-\~d — d-\-c. 

45. Solve the equation 

(a + b + x] 3 — 4 (a 3 + 6 3 + a: 3 ) — i2abx = 0. 

46. Solve the equation 


(0 + *) 2 


= rn (a and m > 0). 


Deduce the condition under which all the roots are real, 
and determine the number of positive and negative roots. 

47. Solve the equation 

(5z 4 -|- f Ox 2 -f-1) (5a 4 + 10a 2 -|- 1) 

( x 4 + i0x2 + i)( a 4 + 10a2 + 5) ==ax - 

48. Solve the equation 

1 | | 1__|_ 

‘ x — ‘ (x —a 4 ) (z —a 2 ) ' (x — a 4 ) (x — a 2 ) {x — ft3) * ’ * ‘ 




2px m — p 2 


(a: —a,) (z — a 2 ) .. . {x — a 2m ) (x — a t ) (x — a 2 ) .. . (* — a 2m ) 

49. 1° Solve the equation 

r 3 + p# 2 + + r = 0 

if — x 2 x 

2° Solve the equation 

^r 3 + px 2 + g# + r = 0 if x t ~ x 2 + x 3 . 

50. 1° Solve the system 

y 3 + z 3 + a 3 = 3ai/z 
z 3 + a: 3 + 6 3 = 3 bzx 
x 3 + y 3 + c 3 = 3 cxy. 
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2° Solve the system 

:r 4 — a = y* — b = z 4 — c = u 4 — d = xyzu 
ila-\-b+c-{-d = 0. 

51. In the expansion 1 + (1 + x) + • . • + (1 + x) n in 
powers of x find the term containing x k . 

52. Prove that the coefficient of x s in the expansion in 
powers of x of the expression {(5 — 2) x 2 nx — s} (x+i) n 
is equal to 

nC s ~ 2 . 

53. Prove that for x > 1 pjfl — qx v — p + q j> 0 (p, q 
positive integers and q> p). 

54. Let x and a be positive numbers. Determine the 
greatest term in the expansion of (x + a) n . 

55. Prove that 

1° i ro -i(i-l) m + (i — 2) m + • + (—l) i_1 t'l m =0 

if i > m. 

2° m m -m(tn-i) m + -2) m + ...+ 

+ (— l)’” -1 m = m! 

(i and m positive integers). 

56. Prove the identity 

(*•+ ay ={x n - clx-'w +-.. ,} 2 + 

+ {Cnx'-'a - CnX n ~ 3 a 3 + • • • } 2 . 

57. Determine the coefficient of x l (1 = 0, 1, . ..,2 n) in 
the following products 

1° {1 + x-\rx 2j r ■ • • +x n } {l + £ + £ 2 + ... + £ n }; 

2° {1 -\-x-\-x 2 -\- . .. +£ n } {1 — x-\-x 2 — x z -\- ... + 

+ ( — 

3° {l + 2x + 3x a 4- ... + (n+ l)x n }{l + 2x+3x 2 + ... + 

+ (n + l) x n y, 

4° {l + 2x + 3x 2 + ... + (n+l)x n } {1 — 2x + 3x 2 — ...-f 

+ (-ir(« + l)x’*}. 
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58. Prove that 


1° l + Ci + Ci+... = C‘+Ci+...*2*-‘; 

2° CS„ + C£«+ ...+CSn 1 = 2 2n - 2 if re is even; 

3° 1+C|„ + ...+Czn i = 2 2 if re is odd. 

59. Prove the identities 

1° C° n + Cl+C 6 n +...=•! ( 2,l + 2 cos -f-); 

2° C, 1 » + ^ + Cn+ ... = | (2^ + 2cos ( ”~ 3 " ^ ; 

3° g» + Cn + Cn+ . -»*«4 (2" + 2cos (ra ~^ )n ). 

60. Prove that 

1° c« + c^ + c«+ ...=i(2'- 1 + 2 5 cos-^); 

2° Ci + Cl + Cl+ ... = i(2'*- 1 + 2 5 sin^); 

3“ ^ + C® + C‘°+ ... = i(2 n - 1 -2 I cos^-); 

4° C 3 n + Cl + C“+ ...=|(2 1 - 1 —2 ¥ sin-^-). 

61. Prove the equality 

l 2 _l_ 2 2 -j- . .. n 2 = Cn-f i + 2 (Cn + Cn -1 + • • • + £* 2 )* 


62. If a 4 , a 2 > #3 and a 4 are four successive coefficients in 
the expansion of (l-}-x) n in powers of x, then 

flj - **3 _ 2g 2 

a i4~ fl 2 a 3 4" a 4 a 'Z~\~ a 3 

63. Prove the identity 


1 

1 (n- 1)! 


3! (* — 3)! ^ 5! (n — 5)! 


1 2*-* 

(rc —1)!1! n! 

(m even). 


f ...4 
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64. Find the magnitude of the sum 

s = C* —3C£ + 3 2 C*-3 3 C£ + .... 

65. Find the magnitudes of the following sums 

o=l — C\ -j- C n — Cn -j- .. ., 
o' — eh — Cn~\~ C n — Cn + . . . . 


66. Prove the identities 


1° C° n + 2 C\ + 3 cl + 4 cl +...+(»+ 1) Cl = (n + 2) 2'- 1 ; 
2° Cl - 2Cl |-3C* +...+(- I)’ 1 ' 1 nCl = 0. 


67. Prove that 



1 

"2 l/ nT^' u rr 


n n 

n +1 n ~ w + 1 * 


68. Prove that 

n 2 2 C l 2 3 C 2 2 4 C 3 

2 o 9^0 , n . n , n , 

^nl 9 1 Q-1-7-r • • 


C n 
n 


2n+l__l 

n + 1 
2n+i^« 
rc + 1 ~~ 


3^1-1 

rc+ 1 


69. Prove the identity 


r 1 _L/? 2 -!-—r 3 u 

<-'71 2 2 

70. Prove that 


( 'l*" - ' 1 - <% = 1+4-+4+. 


.+ 


4 0 >-»n . ^nrn | /'fTI . i rin 

1 t- -j- C n 4.2 ~r -• • • l ^ri+/i — t'n+fe+i j 

2° C°-C‘-|-C* + ... +( _i)'*c^(-l) / *^_ 1 . 


71. Show that the following equalities exist 

40 r°rP \r i r p ~ i ^ _l rPr° r v 
l <^n<^m i O n U m ~f • • • ~r O n U m = O m _ 

2 ° P r i /ml/mr-f-1 | i fin—r^n 

O'n'-'n T" O'n^n -+-... -J-On O n = 


' m+n» 


2*1 


(n — r)! (i» + r)! 


72. Prove the following identities 
1° (C£) 2 + (C‘) 2 + (C*) 2 + ... + (C”) 2 = C" n ; 

2° (Cl„) a - {C{ n f + (C| n ) 2 - ... + (Cl”) 2 = (—!)” CL; 
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3 ° (CL+i) 2 -(Ck+i) 2 + (C|„+i) 2 - • • • -(Ci#l)* = 0 ; 

\2 i o/r*2va i L „/r n \2__ (2/i — l)! 


4° (Q 2 + 2(Q 2 +...+^(Q 2 = 


(n — 1)! (n —1)1 * 


73. Let / (#) be a polynomial leaving the remainder A 
when divided by x — a and the remainder B when divided 
by a; — b (a b). Find the remainder left by this polyno¬ 
mial when divided by (ar~— a) (x — b). 

74. Let / (x) be a polynomial leaving the remainder A 
when divided by x — a, the remainder B when divided by 
x — b and the remainder C when divided by x — c. Find 
the remainder left by this polynomial when divided by 
(x — a) (x — b) (x — c) if a, b and c are not equal to one 
another. 

75. Find the polynomial in x of degree (m — 1) which 
at m different values of x , Xi, x 2l . . x mi attains respecti¬ 
vely the values y u y 2 , . . ., y m - 

76. Let / {x) be a polynomial leaving the remainder At 
when divided by x — a u the remainder A 2 when divided 
by x — a 2 , . . ., and, finally, the remainder A m when divi¬ 
ded by x — a m . Find the remainder left by the polynomial, 
when divided by (x — a A ) (x — a 2 ) ... (x — a m ). 

77. Prove that if x iy x 2 , . . ., x m are m different arbitrary 
quantities, / (x) is a polynomial of degree less than m, 
then there exists the identity 

4<„\—4l*\ (*-* 2 )(*-* 3 ) ... ( x x m) , 




+ / to) ■ 

+ f( x m) 


'1 — x 2 ) (*!--* 3 ) 
(x — xi) (x — x 3 ) 


to — x m) 
(x — x m ) 


to—*i) to—*3) * • • to— x m) 

(x — x t ) (x — x 2 ) ... (x — x m _ j) 
( x m ^l) ( x m x 2) ••• ( x m x m- 1) 


78. Prove that if / (x) is a polynomial whose degree is 
less than, or equal to, m — 2 and x {1 x 2 , . . ., x m are m 
arbitrary unequal quantities, then there exists the identity 

to—*2)to—*3) ••• to— x m) ‘ to— x i) to—*3) ••• to— x m) ’ r 


+ • • • + 


i x m x i) ( x n 


( x m x m~ l) 
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Problems 


79. Put 


(*1 — * 2 ) (*l — X't) -.•(*! — x m) ( x 2 — x i) ( x 2 — x s) • . . (*2 — *m) 




( x m ^l) (^m ^ 2 ) ••• ( x m x m-i) 


(x u x 2 , ...,x m are m arbitrary unequal quantities). Show 
that s n = 0 if < m— 1, and s m ^ = 1, and compute 

s n if n^m. 

80. Compute the following 


S-n — 


+ ... 


(x v — x i ){x i — x z )...(x i — x m ) (X 2 — Xi)(X 2 — X 3 )...(X 2 + X m ) 

■r Tl 

•*"m 


( x m x l) ( x m x 2) • • • ( x m x m- 1) 


(n=1, 2, 3, ...). 


81. Show that if f (x) is a polynomial whose degree is 
less than m, then the fraction 

/(*) 


(*— x i) ( x—x 2 ) —* m ) 


(a?!, x 2 , . . x m are arbitrary quantities not equal to each 
other) can be represented as a sum of m partial fractions 




I 1 

1 A m 



X — 

Xi 1 x — x 2 1 

1 x — x m ’ 

where 

At, A z , . . 

A m are independent of 

X. 

00 

Solve the system of equations 



Xi 

1 . *2 1.. 

• x n 

— 1 


ai — bi 

1 — b 2 1 

1 “i — b n 



x t 

1 | 

| x n 

— 1 


S 

1 

1 a 2 — b 2 1 

1 a 2 — b n 



,T 1 

1 3-2 1 

1 x n 



a n — bi 

1 a n b 2 1 

a n b n 

— 1 > 

00 

00 

Prove that 

the following identity is true 


n\ 

Ck 

2 ci 


(*+t) i x + 2) ... 

(x+n) x+l 

x +2 1 




■ 3C* 

1 x + 3 

- ••• +(- 

l) n +l_ 


x-\-n 
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In particular, 


4c* B +|-c»-■ic*+ ... 


84. Prove the identity 

/_ a \n a \ a 2 I ( a l — ^i){ a 2 — bj) ... (g n — bj) , 

v l) b i b 2 ...b n ~ r b l (b i -b 2 )...(b i -b n ) 

(dj — b 2 ) (^2— ^ 2 ) • • ■ ( a n — b 2 ) , , 

b 2 (b 2 ~b i ) ...(b 2 -b n ) "t- "T 

I ( a l b n ) ... (a n b n ) , . \ n 

' b n (b n &i) •.. (fcn-frn-!) * ' ‘ 


85. Prove the identity 

(j + P) ... (ar + ^P) 1 = 

(x — P) ... (a; — »P) 

__ V / A \n-r n(n + r) (ft 2 — l 2 ) (/z 2 — 2 2 ) ... — (r—1)2] rft 

ZJ ^ A ' (r!)2 *x— rp * 

r=i 

86. Given a series of numbers c 0 , c u c 2 , . . ., c k , c A+1 , 

Put A c k = c* +1 — so that using the given series we can 
form a new one 

Acq* Acj, Ac 2 » . • • • 

We then put 

A 3 c a = Ac ft+1 — Ac ft 

so as to get one more series: A 2 c 0 , A 2 c l , A 2 c 2 , . . . and so 
forth. 

Prove the following formulas 
1° Ck+n = Ck + “ -f-^-" 2 —“ ^ c k 4~ 

+ A3cft + • • • + A n c ft ; 


2° A — Cft + n -1“ Cft+n-1 -f--4 “2 " " Cft + n -2 “f~ • • • “H ( — 1 )” C A- 
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Problems 


87. Show that if / (x) is any polynomial of nth degree 
in x, then there exists the following identity 

/(*) = /(0) + -f A/(0) + ^=ilAV(0)+ ... + 

+ + A n / (0), 

where A/ (0), A 2 / (0), . . A n f (0) are obtained, proceeding 

from the basic series: / (0), / (1), /(2), .... 

88. Show that if 

x n = A 0 + ^-(x-i) + ^-(x-l)(x-2) + ...+ 

+ ^-(x-i)(x-2) .. . (x — n), 


then ^ 8 =(s+l) ,l -qs n + C 3 2 (s-l) n + ... + (- l) s C s s • 1”. 

89. Prove the identity 

_ 1 J_/±+_i_ + + _i_\ = 

z (* + l) ... (z+ re) \ x ~ z + 1 ~ ‘ x-{- n ) 

_ _ _£k_+ _£!_ + | ( I)" 1 

X 2 (*+1)2 ^(*+2)2^ •••TV ^ (* + „)2- 

90. Let 

<Pft (x) — x{x — i) (x — 2) . .. ( x —/c+ 1). 

Prove that the following identity exists 
<Pn {X + V) = <<Pn (X) + C^Cpn-t (x) (pity) + C* <p„_ 2 (x) <p 2 (j/) + ... + 

+ C%-h p, (*) <p n .i (y) + q> n ( y ). 

91. Prove the following identities 


1° * n + y n = p" - p p n -*q + p'-V - ... + 

_L ( _ 1'/ w(n-r-l)(re-r —2) ... (re-2r + l) n _, r , , 
-p ^ p q - 


•cup^+^-^-Y- ... + 


+(-ir^_ r p- 2 v+..., 
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where 


p = x + y, q — xy. 

92. Let x-\-y = 1. 

Prove that 

x m (\ +c^ + c 2 m+ y+ ... +6™-/ / ’"- 1 ) + 

+ y m (1 + C\x + ... + C?-\x m ~') = 1 . 

93. Prove that the following identity is true 

i i r i , a ■ 

* (x — a) m (x — b) m (a — b) m \ (x — a) m ' (x — a) m ~ l (b — a) ‘ 

I_ ^ 7714-1 __ I I_ C 2771-2 _1 I 

” r (a:-fl)^-2(6-a)2 ~T • • • T _ a ) (6_ a )m-l / ' 

_i_*— / 1_n-_£k__+ ...+ 

' (6 — a)™ \(a: — b)™ ~ (* —6)™"i (a —b) ~ ~ 

, 2 1 

' (x — b) (a — b) m-1 / ’ 

94. Show that constants ^4 1? ^4 2 * ^3 can always be chosen 
so that the following identity takes place 

(x + y)" = X n + y n + Ayxy (x"' 2 + y n ~ 2 ) + 

+ (* n ~ 4 +y n_4 ) + ... . 


Determine these constants. 

95. Solve the system 

x^-\- x 2 = fli 

^l*/l +^2*/2 = 
*i2/i +* 2 ^ = 03 

+* 2 ^ = 04 * 


Show how the general system is solved 


X 2 +• x 3 + • • • 

+ x n-l + x n = CL\. 

(1) 

^iyi + x 2 y 2 + 

• • • + x nyn &2 

(2) 

ai y\ + x 2 y\ + 

■ ■ ■ + x„yl = a 3 

(3) 

+x 2 yl n ~ 1 + •• 

• • +x n yl n ~ 1 = a 2n . 

(2 n) 


6-1226 
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Problems 


96. Solve the system 

x+y+z+u+v =2 
px + qy + rz -f- su -)- tv =s* 3 
p 2 # -f- g 2 i/ + r 2 z -f s 2 u -f J 2 z; = 16 
p 3 .z + 9 3 */ + r 3 z + s 3 w + * 3 ^ = 31 
p*x + g 4 y.+ r 4 z + s 4 u + t*v ==? 103 
p b x -\- q b y -f r b z + s b u + t b v = 235 
p H x + q 6 y -f r 6 z + s G a -f- t H v = 674 
p 7 x + q’ty + r‘z -f s 7 u -\-t 7 v — 1 669 
p 8 x + g 8 p + r 8 z + s s u -\-t s v = 4 526 
• p 9 ^_j_ q*y -|- r 9 z -f s 9 u -f t 9 v = 11 595. 

97. Let m and p be positive integers (p^m). Put 

(i-* m )(l-^- 1 )...(i~^ w ~> t + i ) . > 

(1 — x) (1 — .r 2 ) ... (1— x **) 

Prove that 

1° (m, ja) = (m, m-p); 

2° (m, n+l) = (m — l, n + ty + x”-*- 1 (to — 1, (x); 

3° (to, h,+ 1) = (h, |x)-f *(n- + l, [x) + a; 2 (fx + 2, n) + . .. f 

-j-x m (/n— 1, p); 

4° (m, p) is a polynomial in x\ 

5° 1 — (m, 1) + (m, 2) — (w, 3)+--« is equal to 
(1 — #)(1 — x l ) . ..(1 — x™" 1 ) if m is even, 

0 if /n is odd. 

(Gauss, Summatio quarumdam serierum singularium , 
Werke, Bd. II). 

98. Prove that 

1° (1 + xz) (1 + xH) ... (1 4- z 1l z) = 

h~n MM-l) 

= 14-V ij— a ”)( 1 — a;n ~ 1 ) ••• (* — t"' 1111 ) 2 , k. 

T (1 — a: 1 ) (1 — s 2 ) ... (t — x h ) X Z ' 

h— 1 




7. Progressions and Sums 


83 


2° (1 + xz) (1 + xH) ... (1 + x 2n H) = 

- i , % n (l~* 2n ) (l-^n-2) . .. (l-z2n-2fe + 2) 

— ' (l-a;2)(l-a:4) ... (l-*2ft) X Z ' 

h =1 

99. Let 

p A = (l-x)(l-x 2 ) 

Prove that 

n(n+1) 

J_£ i * 3 ,.. ± £ 1,2 -i. 

Pn PlPn-l P2Pn-2 Pn 

100. Determine the coefficients C 0 , C 1 , C 2 , .. C n in the 
following identity 

(1-f xz) (l + xz" 1 ) (l + x 3 z) (1 + x 3 z~ x ) ... X 

X (1 + z 271 - 1 *) (1 + ^ 2n -V 1 ) = C 0 + C, (*+ sT 1 ) + 

+ £2 (z 2 + z ~ 2 ) + • • • + C n (z n + z~ n ) • 

101. Let 

_sin2rc#sin (2n — 1) x ... sin (2 m — &-fl) x 

Uk sin x sin 2x ... sin kx * 

Prove that 

1° 1 — U\ -f- U 2 — U$ -)-... -f- U 2 n — 


= 2 n «(l — cos x) (1 — cos 3a;) ... [1 — cos (2 n — 1) x\\ 
2° 1—UI + UI — UI+ ...+< = 


= (-l) n 


sin (2 n + 2) x sin (2n -f 4) x ... sin 4 nx 
sin 2x sin Ax ... sin 2nx 


7. PROGRESSIONS AND SUMS 

Solution of problems regarding the arithmetic and geo¬ 
metric progressions treated in the present section requires 
only knowledge of elementary algebra. As far as the summing 
of finite series is concerned, it is performed using the method 
of finite differences. Let it be required to find the sum 
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Problems 


/ (1) + / (2) + • . • + / ( n ). Find the function F ( k) which 
would satisfy the relationship 

F (k + 1) — F (k) = /-(*). 

Then it is obvious that 

/ (1) + / (2) + . . . + / (n) = IF (2) - F (1)] + 

+ [F (3) - F (2)] + . . . + [F (n + 1) — F (»)] = 

= F(n + l)-F (1). 

1. Let a 2 , b 2 , c 2 form an arithmetic progression. Prove 

1 1 1 

that the quantities , , , — ; — , ——r also form an arith- 

^ o-f-c c + a a + o 

metic progression. 

2. Prove that if a, b and c are respectively the pth, gth 
and rth terms of an arithmetic progression, then 


('? — r) a + (r — p) b + (p — q) c = 0. 


3. Let in an arithmetic progression a p = q; a q = p 
(a n is the nth term of the progression). Find a m . 

4. In an arithmetic progression S p = q; S q — p ( S n 
is the sum of the first n terms of the progression). Find S p+q . 

5. Let in an arithmetic progression S p — S q . Prove 
that S p+q = 0. 

S m 2 

6. Given in an arithmetic progression . Prove 



2m — 1 
2n — V ’ 


7. Show that any power n h (k ^ 2 an integer) can be 
represented in the form of a sum of n successive odd num¬ 
bers. 

8. Let the sequence a { , a 2 , . . a n form an arithmetic 
progression and = 0. Simplify the expression 


5 = 


jl j_ 
a 2 1 a 3 




1 


a n -2 


)• 


9. Prove that in any arithmetic progression 


fll, a 3i • • • 
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we have 

1 1 
l/fli-f Vfl2 Va 2 + Va 3 

| 1 _ _ _ n ~ 1 _ m 
V<*n-i + V a n Yai + Van 

10. Show that in any arithmetic progression 

a ii a 2i a 3i • '• • 

we have 

S = a] — a\-\- a\ — a\-\- ... + a\ h _ x — a\ k = 2 h~~i ( a i ~ a lh)- 

11. Let S ( n ) be the sum of the first n terms of an arithme¬ 
tic progression. 

Prove that 

1° S (n + 3) - 3 S (n + 2) + 3 S (n + 1) - S in) = 0. 

2° S(3n) = 3 {S(2n) - S (n)}. 

12. Let the sequence a 4 , a 2 , . . a n , a n+ i, ... be an 
arithmetic progression. 

Prove that the sequence Si, S 2 , S 3 , . . where 
£i = ai + a 2 + . . . + a n , 

$2 = #n+l + • • • + #2n> $ 3 = #271+1 + • • • + #3 tu • • •» 

is an arithmetic progression as well whose common diffe¬ 
rence is n 2 times greater than the common difference of the 
given progression. 

13. Prove that if a, b, c are respectively the pth, qih and 
rth terms both of an arithmetic and a geometric progres¬ 
sions simultaneously, then 

a b -*.& c -°.c°- b = 1. 

14. Prove that 

(1 -\-x-\-x 2 -\- . . . + x n ) 2 — x n = 

= (1 + X + X 2 -f . . . + x 71 ' 1 ) (1 + X + X 2 + . . . + x n+1 ). 

15. Let S n be the sum of the first n terms of a geometric 
progression. 

Prove that S n (S 3n — S 2n ) = (S 2n — S n ) 2 . 

16. Let the numbers a 1? a 2 , a 3 , . . . form a geometric 
progression. 
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Problems 


Knowing the sums 

S = di + a 2 + + • • • + &n, S' = — + — + • ■ • + — , 

a i fl 2 

find the product P = a x a 2 .. . a n . 

17. If a x , a 2 , ..., a n are real, then the equality 

(a\-\-a\-\- . . . + (a| + a\ + • • • + CL 2 n ) = 

— ( a l#2 + a 2&3 H~ • • • + ^n-l^n) 2 

is possible if and only if a u a*, . form a geometric 

progression. Prove this. 

18. Let a x , a 2 , . . ., a n be a geometric progression with 
ratio q and let S m = a x + . . . + a m - 

Find simpler expressions for the following sums 

1° *S'i + *S , 2+ • • • + S n \ 

2° ^ _!_f_L j_f_• 

a\ — a\ ‘ a\ — a% ’ * ’ ' afi-i — ’ 

Q° 1 _ | _1_ i j _ 1 

ak ' ah-\-ak ‘ * * ’ ' ak -fak 

1 1 2 2 1 3 n -1 1 n 

19. Prove that in any arithmetic progression, whose 
common difference is not equal to zero, the product of two 
terms equidistant from the extreme terms is the greater 
the closer these terms are to the middle term. 

20. An arithmetic and a geometric progression with 
positive terms have the same number of terms and equal 
extreme terms. For which of them is the sum of terms grea¬ 
ter? 

21. The first two terms of an arithmetic and a geometric 
progression with positive terms are equal. Prove that all 
other terms of the arithmetic progression are not greater 
than the corresponding terms of the geometric progression. 

22. Find the sum of n terms of the series 

S n — 1 *x + 2x 2 + 3z 3 + . . . + nx n . 

23. Let a u a 2 , . . a n form an arithmetic progression 
and u x , u 2 , . . u n a geometric one. Find the expression 
for the sum 

s = a x u x + a 2 u 2 + . . . + a n ii n . 
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24. Find the sum 


P+4T+(- z2 +^) 2 + • • • +(* n +ikY 


25. Let 


Prove that 


= l h + 2 k + 3 k + . ..i -n k . 


«(n+l) c _n(n + l)(2n + l) c 
1. 2 » ^ 2 — 6 ’ *^ 3 : 


n 2 (n + 1) 2 
4 


26. Prove the following general formula 


(k+l )k 


(fc-j- 1) k (A:— 1) 


(*-}-1) s h + <? h _, + S»-i + • • • + 

+ (/c+l)5 1 + 5 0 = (n+l) h+ i-l. 

27. Put 

i h + 2 h + ...+n h = S h (n). 

Prove the formula 

nSh (n) = Sk+\ ( n ) + $k i n — 1) H - ( n — 2) + • 

+ S k (2) + S h (i). 

28. 1° Prove that 

1* + 2* + 3 h + ...+n k = An h + l + Bn k + Cn^ 1 + . . . + Ln, 

i.e. that the sum S k (n) can be represented as a polynomial 
of the (k + l)th degree in n with coefficients independent 
of n and without a constant term. 


2° Show that A 


k + l ’ and B 2 * 


29. Show that the following formulas take place 

o _ n {n + 1) (2n + 1) (3n 2 + 3n — i) 


c __n 2 (n + 1) 2 (2n 2 + 2n — i) 

- 12 -’ 

o _6w 7 -{-21n 6 -f-21rc 5 — ln 3 + n 

-42- = 

n (n + 1) (2 n +1) [3n 2 (n + i) 2 — (3n 2 + 3n -1)] 
~~ 42 
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Problems 


c 3/i« + 12 n’t +14^6 __ 7^4 + 2n 2 

^7- 24 “ 

_ n2 ( n + 1 )2 [3^2 ( n +1 )2 — 2 (2n* + 2n — 1)] 

“ 24 

30. Prove that the following relations take place 

S 3 = Sl 4S; = S 3 + 3S 5f 2S 5 + S 3 = 3S 2 , S 5 + S 7 = 2S 3 2 . 

31. Consider the numbers B 0 , 2?i, B 2 , B 3 , . 64 , . . . deter¬ 
mined by the symbolic equality 

(. B + l) fe+1 - B k+1 = k + 1 (k = 0, 1, 2, 3, . . .) 

and the initial value B 0 = 1. Expanding the left member 
of this equality according to the binomial formula, we have 
to replace the exponents by subscripts everywhere. Thus, 
the above symbolic equality is identical to the following 
common equality 

Bk +1 Ck+iBh -f- .. • -f- Ck+ \Bi -p -Bo — Bf l+ i=k- -j-1. 

1° Compute B 0 , B u B 2 , B 10 with the aid of this 

equality. 

2° Show that the following formula takes place 

l* + 2 fc + 3* + .. . +n h = 

= I ±- l {n h+l +C l h+ iB l n k + Cl +l B 2 n»-i+ ... + C h h+l B k n}. 

32. Let x u x n form an arithmetic progression. 

It is known that 


x i H - %2 “b • • • 4“ x n — a, x \ -j" x \ -f- . • • ~t~ x n = b 2 . 

Determine this progression. 

33. Determine the sums of the following series 

1° 1 + Ax + $x 2 rc 2 ^ 71-1 ; 

2° l 3 + 2 3 ^ + 3 3 a: 2 +...+ n s x n ~K 

34. Determine the sums of the following series 


101 +4+|+^+. 


2° 



2 n — 1 
2n~i 
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35. Determine the sums of the following series 
1 ° i_2f3-4+ ... + ( — l) n_1 n; 

2° l 2 — 2 2 + 3 2 — I)" -1 n 2 ; 

3° l-3 2 + 5 2 -7 2 + . . .-(4n-l) 2 ; 

4° 2.1 2 + 3-2 2 + . ..-f (w + l)n 2 . 

36. Find the sum of n numbers of the form 1, 11, 111, 

1111. 

37. Prove the identity 

X in+2 -f y in+2 = 

= {x 2n+1 — 2x 2n ~ 1 y 2 + 2x 2n 'Y — l) n 2 xy 2n f + 

= {y 2n+1 — 2y 2n ~ 1 x 2 + 2 y 2n ~ 3 x* — ...+( — l) n 2 yx 2n } 2 - 

38. Find the sum of products of the numbers 1, a, 
a 2 , . .., a” -1 , taken pairwise. 

39. Prove the identity 

1 / x n — 1 \ 2 

~ a: n_1 \ x — 1 / 

40. Prove the identity 

\o _t_1_i_i_I | i _/| i 

1 - 2 ^ 2 . 3 " 1 " 3 - 4 “^ • * ‘ ~ r n(n + i)~ n + i ' 


1 -2-3 + 2-3-4 + 


3° 1 1 2 I 

0 1.3.5^3.5.7^ 


n (/z + l) (/i + 2) 
1/1 1 


_ 1 _ M 
: 2 \ 2 “ 


(71 + 1) (77 + 2); 


' (277 — 1) (271 + 1) (2tz + 3) 

n (77 + 1 ) 

2 (2^ + 1) (2t7 + 3) * 
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Problems 


42. Let «i, a 2 , . a n be an arithmetic progression 
Prove the identity 

—-— | — - —i_... _)—-— = —~ J_\ 

a i a n «2«n-l ' fl n«l «l + «n \ «1 «2 a n > 


43. Prove that 


■ O n n + 1 | | n + P 1 1 

(n+l)! + (n + 2)! + •••+ (re + p+1)! »! (n + p+»)l’ 

11 1 
2 ° (n + lj! + CHh2j! + •' • + (» + p+l)! < 

1 1 1 
n\ (n + p+1)! J 

(n and p any positive integers). 

44. Simplify the following expression 



x+i^ x 2 -\-i ' a: 4 +1 ' ’ ‘ ' x%n -j-1 

45. Let ^ix = 1 —|—^—1 3 —I - • • • + ~ • 

Prove that 

n + p + i r n — p n — p — 1 , _J_ \ _ 

n — p+ 1 l«(p+l) ' (n — l)(p + 2)" 1 " ’ “ ‘ n (H I) J ” 


46. Let 

S.-1+T+T+--+I- 



{ n(n — 1) 


2 

(n — 1) (n — 2) 


-f ... 



Prove that Sn = S n . 

47. Let be the sum of the first k terms of an arithme¬ 
tic progression. * What must this progression be for the 

£ 

ratio to be independent of xi 

o x 

48. Given that a u a 2 , . .., a n form an arithmetic pro¬ 
gression. Find the following sum: 


i=n 


g __ 'Sp a i^i+l^i+2 

^ a i 4" a i+t 
i— 1 
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49. Find the sum 

1 _.1_ 1 _ 

cos cl cos (q -f- P) cos (a + p)cos(a + 2p) 


...+ 


cos [a + (n — 1) P] cos (a + /ip) 


50. Show that 


. . 1 . a , 1 . a , .1. a 

tan a 4- y tan-y + j tan-^+ ... +- 2 ^Ttan-^rr 


: cot 2^i— 2 cot 2a. 


51. Prove the following formulas 

1° sin a + sin (a-\-h) + .. . + sin [a+ (rc — 1) h] = 

sin —sin ( a + ^~2T h ) 

= : i 

sin T 

2° cos a + cos (a + h) + ... + cos [a + (n — 1) h] = 

sin — cos -g—j 

= " h 

sin ~2 

52. Find the following sums 

o . n , . 2jt . . . (ra —1 )jt 

= sin- \- sin-f-_+ sin ---— , 

n 1 n ‘ 1 n 

cv Jt , 2 jx . . (n — l)n 

S' = COS-F COS-h . . . + COS ---— . 

n n 1 n 

53. Show that 

sinq + sin 3q+... +sin(2n — 1) q 
cos q + cos 3q + ... + cos (2n — 1) q 

54. Compute the sums 

Sn = cos 2 x + cos 2 2x + ... -|- cos 2 2 nx, 

S'n = sin 2 x [- sin 2 2x-\- . .. + sin 2 2 nx. 
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55. Prove that 


i=p 


i=i 


S . mTLl . flTLl 

sin sin m 

P +1 P+1 


if m + n is divisible 
by 2(p + l); 
if m — n is divisible 

by 2(p + l); 

0 if m =+ n 

and if m-\-n and m — n are 
not divisible by 2(p + l). 


56. Find the sum 

arctan IT+ + arctan + • • • + 

-f arc tan — n J * + . — (z>0). 

57. Find the sum 


arctan 


r 

1 —(— 


f arctan 


r 


l + a 2 a 3 


. .. + arctan 


r 

1 + a n fl n+l 


if au • • • form an arithmetic progression with a common 
difference r (a x > 0, r > 0). 

58. Compute the sum 

h=n 

2 arc tan 2+ g +fc4 • 

59. Solve the system 


sin+ ;r 2 sin 2 + 

+ ^3 sin 3 • • -f x n _isin(^--l) -2.= a 1? 

sin sin 2 + 

+ x 3 sin 3 -f- ... -j- ar n _i sin (n — 1) — = a 2 , 

ff n, “ 
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. 3jx , « n 3 jx i 

a^sin-^- + x 2 sin + 

+ £3 sin3-f . .. + a; n _ 1 sin(n — l')-^-=a 3 , 


ZiSin 


(^^ + ^ si n2^^ + x 3 sin3 ( ii^+...+ 


+ x n .i sin (n — 1) - 1)Jt = a n _ t . 


8. INEQUALITIES 


Let us recall the basic properties of inequalities. 

1° If a > b and b > c, then a > c. 

2° If a > b , then a + m > b + m. 

3° If a > b , then am ;> 6m for m > 0 and am < bm for 
m < 0, i.e., when multiplying both members of the inequa¬ 
lity by a negative number, the sign of the inequality is 
reversed. 

4° If a > b > 0, then a x > b x if x > 0. 

This last inequality is readily proved for a rational x. 
Indeed, let us first assume that x — m is a whole positive 
number. Then 

a m — b m = (a — 6) (a 7n " 1 -f a m ‘ 2 6 + . . . + 6™- 1 ). 

But either of the bracketed expressions on the right 
exceeds zero, therefore a m — 6 m > 0 and a m >6 m . We now 

put x = -^. Then a x -b x = ^/a- r f/'b. 

We have 

(a-&) = (7'a-7'h) (^'^ + 

Hence, actually, it follows that 

y~a-Yb> 0, i.e. y~a>yb. 
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Let, finally, x = y. We have 

a x - b x = af - bf = 

But aP > b p (as has been proved), consequently, ySa p > 
> y b p . To prove this inequality for an irrational x we may 
consider x as a limit of a sequence of rational numbers and 
pass to the limit. 

5° If a > 1 and x > y > 0, then a x > a y \ but if 0 < 

< a < 1 and x > y > 0, then a* < a y . The proof is 

basically reduced to that of a a > 1 if a > 0 and a > 1 
and can be obtained from 4°. 

6° log„ x > log a y if x > y and a > 1; and log a x < 

< log a V if ^ > y and 0 < a < 1. 

Out of the problems considered in this section, utmost 
interest undoubtedly lies with Problem 30 both with 
respect to the methods of its solution and to the number 
of corollaries. Problem 50 should also be mentioned with 
its inequalities useful in many cases. 

1. Show that 

)TTl + 7^2 + • • • + Tn > T (W) a positive integer ) • 

2. Let n and p be positive integers and n ^ 1, p ^ 1. 
Prove that 

_ 1 _*-1_*-l # # # _l 1 

» +1 w-f P + 1 ^ 1) 2 ' (w + 2) 2 ' * ' * ' (ft + P) 2 ^ 

<1_i_. 

^ n n + p 

3. Prove that the sum of any number of fractions taken 

111 

from among the sequence r , ... is always less 

than unity. 

4. Prove that 

n\^Y n. 

5. Show that if a is a defective value of VA to within 
unity (a < YA < a-\- 1), then 

i A—a 2 _ _ T" ^ , >1—a 2 . 1 

2a+l <K^< a + 2a+l + 4(2a + l) - 
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6 . Prove that 


1 +t7F+-W+-"+W< 2,/ ' !+1 - 2 - 


7. Prove that 


2 Vs 4 s 25 ^ V2s+1 


8 . Prove that 


cot-y^l -f cot 0 (0 < 0 < ji). 


9. Show that if A + B-\- n (A, B, C > 0) and the 
angle C is obtuse, then 

tan A tan B < 1. 

10. Let tan 0 = n tan (p (ft > 0). 

Prove that 


tan 2 (6 — <pX ( " 4ra 1)2 


11. Show that if 

-a + tan a tan 0 = tan 7 , then cos 2 y< 0 . 

cos oc cos p 

12 . Let us have n fractions 

T7 ’ T7 ’ " ’’ ^ (* = 1. 2, • ••,«)• 

Prove that the fraction is contained bet- 

&1 + &2 + •••+&n 

ween the greatest and the least of these fractions. 

13. Prove that m+n+ * ••+£/' a b ... I is contained between 
the greatest and the least one of the quantities 

Va, VX .... V'l- 

14. Suppose 0 <a<p< 7 < 

Prove that 

tan a < ^« + sin p + sin V +• ■ ■+sinX ^ 

^ cosa + cos p + cos v+...+cosX ^ 


} 
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15. Let x 2 = y 2 + z 2 (, x , y, z > 0). 
Prove that 

xh > Z/* + if X > 2, 
< y x + z x if X < 2. 


16. Prove that if 


a 2 + b 2 = 1, m 2 + n 2 =1, 
then jam + ^ 1. 

17. Let a, t, c and a + fe — c, a + c — b , fe-fc — a 
be positive. 

Prove that 

afcc ^ (a + 6 — c) (a + c — b) (b + c — a). 

18. Let 


A -f- B -J- C = jt. 

Prove that 

tan 2 ~ + tan 2 -f tan 2 4p^l. 

19. Let 

A -f- B -f- C = si (A , B, C 0). 

Prove that 


. A . B . C „ 1 
sin -y sin -y sin -y -g- • 

20. Given 

-4 + 5 + C = n(A, B,C> 0). 


Prove that 

3 

1° cos A + cos5 + cosC^y; 

no A B C ^ 3 V 3 
2 COS-y COS-y COS-y^C-g-. 


21. Prove that 

Y( a + c) (b-\-d)^Yab+Ycd («, 6, c and d > 0). 


22. Prove that 

a 3 —&3 


a + b \3 
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23. Prove that 

1° ab (a 6>0); 

2 ° i{ a > b - 

24. Prove that 

■ a . +|j: c abc (a,6,c>0). 

25. Prove that 

V a l a 2 + V + • • • + V a n-\^n —rj— { a i 4 a 2 4 • • • + #n) 

(a, > 0; i =■ 1, 2, ..., n). 

26. Let a* > 0 (i = 1, 2, . . ., n) and a { a 2 . . . a n = 1. 
Prove that 

(1 + #l) (1 + # 2 ) ■ • • (1 4“ ^n) ^ 2 n . 

27. Prove that 


1° (a + fr) {a-\-c) (b + c)^8abc (a, 6, c > 0); 
o° a 1 b 1_L_>iL 

28. Prove that 

(a -f- k) abc + f/klm 

(a, 6, e, k, l, 0). 

29. Prove that 

~ + T + -> -T - ?r (a, 6, c > 0). 

a 1 b 1 c a -f 6 -f c v ' 


30. Prove that 

- + * 2+ ''' +— *,x 2 .. . x n (x/>0; i = 1, 2, 


the equality being obtained only in the case 

X 1 — X 2 = . . . — Xjy . 

31. Let a u a 2 , . a n form an arithmetic progression 

(fl«>0). 


7-1225 
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Prove that V «i«n a i a 2 Ou_!h± . 

In particular 

Vn<^re!<^. 

32. Let a, 6, and e be positive integers. 

ah c 

Prove that a a+b+c -fe a+b+c -c a+6+c ^y (a + 6 + c )* 

33. Prove that if a , 6, c are positive, rational and such 
that the sum of every two numbers exceeds a third one, then 

34. Let a, 6, c, . i be n positive numbers and 

s = a -|— b —|— c “J - • • • “I - 1* 


Prove that 


-+- £ -+ 

s — a ' s — b ' ° — 7 ^ ™ A 


s—l ^ n — 1 * 


35. Prove the inequality 

(aj&i-f- a 2 b 2 \ . . . -f- a n ^) 2 <(^T a\ 


<(a; + a®+ . . . \ al) x 
X {b\ + b\ + ... + bn). 


36. Prove the inequality 

+ a 2 + • • • + Vn {a\ + &2 + ... + «A). 

37. Prove that 

(x y + a: 2 + • • • \ x n) (4 + 4- t ■■■+-^)> n2 - 

38. Let 

*l + *2+ ... + X n =P, 

x^x 2 -f- X\X 2 -f- X\X n 4- x 2 x% -| _ ... - x n _{X n — q . 

Prove that 


P | tt — 1 
n ' n 


9 2n ' ^ p n — 1 / I 

P-7 <7 -1/ P 2 -jfl. 

r n —1^ /2 n V 1 n — 1 * 


39. Let a, fc, c, . . I be n real positive numbers and 
let p and q be also two real numbers. 
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Prove that if p and q are of the same sign, then 


n (a p + q -[ b p+q + . . . + Z p+ «)>(a p + b p + .. . + l p ) x 

X(a* + b tl + ...+Z«). 

And if p and q have different signs, then 

n {a p+q + b p+q + .. . + l v+q )< (a? + b p + . . . + l p ) X 

X{a q +b q + 

40. Prove that 

1° (1 + a)** > 1 + ak (a is any positive number; k > 1 
is rational). 

2° (1 + a) 1 < (a > 0 real, X rational and posi¬ 

tive, ak < 1). 

( 1 \ n 

1 + — J , n is a positive integer. 

1° Prove that 

^n+l Un m 

2° Prove that is a bounded quantity, i.e. there exists 
a constant (independent of n) such that u n is less than this 
constant for any n. 

42. Prove that 

K2>^3>X4>X'5>X6 >...>X«> 

> n+ /7+l > • • • • 

43. Prove that 

2 > K3 > y\> y i > . .. > n ~/n > >.... 

44. Let us have 

011^1 + ^12^2 + • • • + flln^n = */l 
a 2 l^i + #22^2 + • • * + = y 2 


^ni^i H~~ ^n2^2 ~f~ ■ • • “f" ^mv^n 2/n? 
where > 0 and rational, x t j > 0. 
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Furthermore, it is given that 

Uki + d k2 + • • • + a kn = 

CL\k + «2 h + • • • + a nk = 1 (fe = 1, 2, . . 7l). 

Prove that 

y\1/2 • - • y n > *1*2 . • . x n - 

45. Let 

at > 0, b t > 0 (i = 1, 2, . . w). 

Prove that 

(#i &i) (^2 H- ^2) • • • ( a n “F b n )^ j/ a^2 . . . a n -{- 

y^bib 2 • • • b n . 

46. Prove that 

^ x i ~\~ x 2 T • • • ~t~ x n j ^ x l JrX 2~\~-'-'^~ x n 


n and k are positive integers, x t > 0. 

47. Let the function cp (t) defined in a certain interval 
possess the following property 


<p( 


<!+%)< 


(p (ti) -1- cp (fa) 
n 


for any two t x and t 2 not equal to each other. 

Then 

(p ^ *1 + h 4~ • • • ~r tn j ^ 9 (*l) 4~ <P (* 2 ) 4" ■ • » ~f~ <p (£nj 

where t iy t 2 , . . t n are n arbitrary values from the given 
interval not equal to one another. 

48. Find the greatest value of the sum 

S = sin a 4 + sin a 2 + . . . + sin a n 
if 

a t > 0 and a 4 + a 2 + . . . + a n = ji. 

49. Let x , p and q be positive, p and q being integers. 
Prove that 

XP — 1 . xQ—1 


P 


q 
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if p > q (x ^ 1). 

50. Let x > 0 and not equal to 1 , m rational. 
Prove that 


mx m ~ 1 (x-i)>x m -i>m(x-i) 


if m does not lie between 0 and 1. 

But if 0 < m < 1, then 

mx m ~i {x — i) < x m \ < m {x — 

51. Prove that 

(1 + x) m > 1 + mx 


if m does not lie in the interval between 0 and 1; 

(1 + x) m < 1 + mx 


if 0 ^ m ^ 1 (m rational, x > — 1). 

52. Prove that 


i 




q ^ p, both q and p being positive integers. 

53. Find the value of x at which the expression 

(x — Xi) 2 + (x — x 2 ) 2 + ...+(* — x n ) 2 
takes on the least value. 

54. Let Xi x 2 x n = C (C constant). At what 

#!, x 2 , . . ., x n does the expression x\ + x\ + • • • + x% 
attain the least value? 

55. Let x t > 0 (i = 1, 2, . . ., n) and x x + x 2 + 
+ • • • + x n = C. 

At what values of the variables Xi, x 2 , . . x n does the 
expression 

X 1 -p #2 + • • • + x n 

(X rational) attain the least value? - 

56. Given x t > 0 (i = 1, 2, . . n) and the sum x t + 
+ x 2 + . . . + x n *= C = const. Prove that the product 
XiX 2 . . . x n reaches the greatest value when X\ = x 2 = 

C 
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57. Given x t > 0 (i = 1 , 2, . . ., w) and the product 
^ 10 : 2^3 . . . # n is constant, i.e., x i x 2 . . . x n = C. 

Prove that the sum x t + x 2 + . . . + x n attains the 
least value when 

X\ = x 2 = ... =x n = v /r C. 

58. Let x t > 0 (i = 1, 2, . . n) and the sum x t + 

+ x 2 + x n = C = const. 

Show that 

X\ x 2 • • • x n 

takes on the greatest value when 
1 h ~ P2 ~~ * * 


Pn 


P1 + P2 + • •• + Pn ’ 


Pi > 0 (i = 1 , 2, . . n) and rational. 

59. Let 


a t > 0, > 0 (i = 1, 2, . . n) 


and 


diXi + a 2 x 2 + . . . + a n x n m: C. 

Prove that the product x { x 2 . . . x n attains the greatest 
value when 


d\X^ CL 2 X 2 —: ... —- CIjiXji ^ . 

60. Given 

d t > 0, x t > 0 and d& i 1 -f d 2 x | 2 + = C 

(hi > 0 and rational). 

Prove that 

...*£» 


takes on the greatest value when 

Pi ~ P2 ~ Pn 

61. Let xi 1 ^ 2 ... a?n n = C = const. 

Show that 


a 1 a?f 1 + o 2 4 2 + •. • +anXn n 
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attains the least value if 


of* 

_ X 2 _ 

H \<< 

II 

a 4 pi 

a 2 \k 2 

a n\^n 


{at, x t > 0; %i and \i t > 0 are rational). 

62. Find at what values of x, y, z, . . ., t the sum 

X 2 + y 2 +z 2 + _ ' + t 2 

takes on the least value if 

ax + by + • • • +kt — A (a, b, . . k and A constant). 

63. At what values of x, y does the expression 

u = (a { x + &i y + Ci) 2 + (a 2 x + b 2 y + c 2 ) 2 + . . . + 

+ (a n x + b n y + c n ) 2 

take on the least value? 

64. Let x 0 , x u . . ., x n be integers and let us assume 

X 0 < Xi < x 2 < . . . < x n . 

Prove that any polynomial of nth degree x n + aix 71 ' 1 + 
+ • • * -f- a n attains at points x 0 , x±, . . x n the values at 

least one of which exceeds or equals ^ . 

65. Let y. At what value of x does the product 

sin x cos x reach the greatest value? 

66. Let 

x + y+z-=Y, 0<Si/<-f-, 0<z<-|-. 

At what values of x, y and z does the product tan x tan y x 
X tan z attain the greatest value? 

67. Prove that 

1 l 1 i . i ^ * 

n +1 ' n-\-2' - “ + 3re + l ^ 1 

(re a positive integer). 

68. Let a > 1 and re be a positive integer. 

Prove that 

n+1 n—1 

a n — i^n (a 2 — a 2 ). 
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69. Prove that 

T< 1 +T+T+ •' • + 2^1 < n 

(n a positive integer). 

70. Prove that 

1 + ■■ ■■ - — i ——— (a,b,c,'d> 0 ). 

——U ——— __L_ —-1_-— 

a b c d cl -J- c b -j- d 


9. MATHEMATICAL INDUCTION 

This section contains problems which are mainly solved 
using the method of mathematical induction. A certain 
amount of problems is dedicated to combinatorics. 

1. Given 

v n+i = -X — 2n n _! 

and 

v 0 = 2, Vi = 3 . 

Prove that 

v n =2 n + 1 . 

2. Let 

Uji+l “ 

and 

w 0 = 0, Ui — i. 

Prove that 

u n =2 n - 1. 


3. Let a and A > 0 be arbitrary given numbers and let 



*n-VA ( ai-VA \2 n-1 
A ' a i + "l /A ' 


Prove that 
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for any whole n. 

4. The series of numbers 

a 0 , d\<, # 2 , • • • 

is formed according to the following law. The first two 
numbers a 0 and a i are given, each subsequent number being 
equal to the half-sum of two previous ones. Express a n in 
terms of a 0 , a 4 and n. 

5. The terms of the series 


#i, a 2 , CL 3, ... 

are determined as follows 

a { = 2 and a n = 3 a n ^ + 1. 

Find the sum 

cii + a 2 + . . . + a n . 

6. The terms of the series 

d\ 1 ’ * * 

are connected by the relation 

a n = ka n _i + l(n = 2, 3, . . .). 

Express a n in terms of a 4 , /c, l and n. 

7. The sequence a 1? a 2 , . . . satisfies the relation a n+1 — 

— 2a n + a n _t — 1. 

Express in terms of a u a 2 and n. 

8. The ternxo of the series 

a±, a 2 , • • • 

are related in the following way a n+3 ~ 3a n + 2 +3a n+1 --a n = 1. 
Express a n in terms of a i? a 2 , #3 and n. 

9. Let the pairs of numbers 


(a, b) b\) (# 2 > ^ 2 ) * * * 
be obtained according to the following law 


> 


a + b 
1 2 ’ 


1 . _ a i + h _ &l + bl 

-2— ’ 02 - ~2 — ’ 


&2 


0>2 H~ 
2 



106 


Problems 


Prove that 

d n — a -| (b a) ^ 1 — -j— j, 

b n = a + y (6 — a ) (1 + 274n) * 

10. The terms of the series 

0, ^2i #2> • • • 

are determined by the relations 

= 3n-i + 2y n _i sin 2 a, y n m y n . t + 2#, t _ 1 cos 2 a. 

Besides, it is known that x 0 = 0, y 0 # cos a. 

Express and i/ n in terms of a. 

11. The numbers 

*^o» *^2’ • • •» i/o? y\i y2i * • * 

are related as follows 

X n = ax n _1 4- Pj/n-l. 

(afi — Py ^ 0). 

Vn = Y^n-l + 8j/n-i 

Express and y n in terms of x 0 , y 0 and n. 

12. The terms of the series 


%01 ^1 ? #2’ • • * 

are determined by the relation 

~ &3'n -1 “1“ P^n-2* 

Express x n in terms of x 0 , x t and n. 

13. The terms of the series x Q , . . . are connected by 

the relation 

„ _ P^n-l~\-Q^n-2 

" F+F ' 

Express # n in terms of x 0 , x t and n. 

14. The terms x 0 , x ti x it . . . are determined by the equa¬ 
lity 

_a*n-l + P 

Xn Y*n-t+ ^ • 
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Express x n in terms of x 0 and n. 

Consider the particular cases 

r _ x n-l _ _ x n -1 + 1 

Xn 2x n _i +1 ’ * B _i + 3- 

15. The numbers: 

a 0 , i • • *i 

b 29 . . . 

are determined by the following law 

„ _ a n~\~b n u 2a n fr n 

n+1 ~ 2 > On+i a n -j- b n ’ 

a 0 and 6 0 are given, and a 0 >^o>0. Express a n and b n 
in terms of a 0 , b 0 and n. 

16. Prove the identity 

Yl 1 111 1 

2^+1+2*^2 + ' ’ ' +(2n)3_2rt = iH : I+ + 2iT ' 

17. Simplify the expression 

(1 — x) (1 — X 2 ) ... (1 — x n ) 4- x (1 — X 2 ) (1 — X 3 ) ... X 
X (l-x n )-f x a (l-x 3 ) . . . (l-x n ) + . . . + 

+ x h (l- x h+1 ) ... (l —x n ) + .,. + r 1 (i-/)+/ 

18. Prove the identity 



19. Check the identity 


(l + x)(l + x 2 )(l + x 4 ) ... (l + x 2 ’ 1 - 1 )^ 

= 1 + x + x 1 4 - x s + • ♦ * + . r 271 *" 1 
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21. Prove the identity 

a (a + b+ c + ...+£+/) — a (a + 6) ' (a~f-&) (a-f-6 +c) ‘ * * ’ ‘ 

+_ -* _+ + 

~ (a + 6+c)(a + fe + c + d) ~ ~ 

+_ L _. 

(a-\-b-\- .. .■ -j- k) (a+ b-\- ... +^ +1) 

22. Let 

iZ^( 1 - z )+T=r^( 1 - z )( 1 -? z )+ ••• + 

+r£^( 1 -z Hi-gz) ••• (i-g n - 1 z)=F„( Z ). 
Prove the identity 

i + F n {z) — F„(qz) = {i — qz)(i — qh) . . . (1 — q'z). 

23. Prove that 


h—n 

(1— a")(l— a"' 1 ) ... (1 — a n - ft+1 ) 

2j _n - 

ft-i 

24. Compute the sum 

^ a a (a — 1) i a ( a — i)( a — 2) 0 (a— l)...(a — n + 1) 

^ n ~T'b(b — i)' b(b—i)(b — 2) — 1) ... (b — n+T) 


(b is not equal to 0, 1, 2, . . n— 1). 

25. Let 

Sn — a 1 + (#i + 1 ) a 2 + ( a l + 1) ( a 2 + 1 ) a 3 + • • • + 

+ {CL\ + 1) (#2 +1) • • • (^n-l + 1) an* ^ 

Prove that 

S n = {o-i -f 1) {<h + 1) ... (a„+ 1) —1. 

26. Prove the following identities: 


1 ° 2 *(*+!) • ••■(* + ?) • • • (n+g+ 1 ); 

X=i 


S; 


1 


1 f 1 


*«=l 


(* + l) ... (x+q) q 




(n+1) (n+2) ... (»+g) 


}• 
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27. Prove the identity 

( 1 “t _ t) + (t _ t _ t)+ ••• + 

+ (2^=l~4^2~i) = 

= — ( 1_-— -J- 4- - - L \ 

2 \ A 2 ' 3 4 1 ' ' * ^2n-i 2n )' 

28. Let us have a sequence of numbers (Fibonacci’s series) 

0, 1, 1, 2 , 3, 5, 8, 13, 21 , ... . 

This sequence is determined by the following conditions 
u n +1 = u n + w n _i 

and u 0 = 0, = 1. 

Show that there exist the following relations 
1° U n+ 2 — Uq -f- U\ -f- U 2 “f- • • • -j~ U n -f- 11 

2° U 2 n+2 = u \ 4 - ^3 + w 5 ~t~ •••"}■ U 2 n+U 

3 ° i^2n+l = 1 4 " u 2 + u 4 + • • • + u Zn i 

4° — ^2n-l +1—^1 — w 2 “h ^3 + • • • + w 2n-l — ^2n ? 

5 ° U 2n _2 H - 1 — ^1 — W 2 -f- U3 — I/4 H~ ... -j- U211-U 
6° =u\-\-U 2 + • • • + UnJ 

7° = U 1 W 2 + U 2 U $ + • • • + U 2n -iU2n] 

3 ^n+1^7i+2 U n U n -i3 :=z { 1) J 

9° u’-iw^-^f-ir 1 ; 

10° \l\ — U n -. 2 U n -iUn+lU n+2 = 1. 

29. Compute the sum 


—+ —+ 
1-2 ^ 1*3 ^ 

30. Prove the relations 

1 Un+p-l ~ -j- UjiUpj 

2° ^2n-i = + w n-i5 

3 U 2 n-\. = ^n^n+t Un-zUn-i 9 


u n +2 

u n + l u n +3 
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31. Prove that u* -j- m* +1 — = u 3n . 

k 

32. Prove that u n =-- ^ C ft- 1 * 

33. Find the number of whole positive solutions of the 
equation aq -f x 2 + . . . + x n — m (m a positive integer). 

34. Prove that the total number of whole nonnegative 
solutions of the equations 

x 2y = n, 2x + 3y = n — 1, . . ., nx -f- (n + 1) y = 1, 
(n + 1) x + (n + 2) y = 0 
is equal to n + 1. 

35. Show that the total number of whole nonnegative 
solutions of the equations 

x + - 3 n — 1, 4x + 9y = 5n — 4, 9x + 16 y = 

~ In — 9, . . n 2 x + (n + l) 2 y = n (n + 1) 
is equal to n. 

36. There are n white and n black balls marked 1,2,3,..., 
n. In how many ways can the balls be arranged in a row 
so that all neighbouring balls were of different colour? 

37. In how many ways is it possible to distribute kn 
distinct objects into k groups, each consisting of n elements? 

38. Flow many permutations can be made up of n ele¬ 
ments in which the two elements a and b never stand side 
by side? 

39. Find the number of permutations of n elements in 
which none of the elements occupies the original position. 

40. In how many ways can n distinct letters be arranged 
in r squares (first, second, . . ., rth square) so that each 
square contains at least one letter (the order of the letters 
inside the squares is disregarded)? 


10. LIMITS 

We take as known the concept of a variable and its limit, 
as well as the basic theorems on limits which are usually 
treated in elementary textbooks of algebra (the limit of a 
sum, product and quotient). Let us here remind the reader 
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of one of the indications for a limit to exist: if a variable 
increases but remains smaller than a certain constant, then 
such a variable has a limit (likewise, a variable which, 
when decreasing, remains greater than a certain constant 
also has a limit). When dealing with an infinitely decreasing 
geometric progression and, in general, with simple infinite 
series, one should bear in mind that the symbolic notation 

Ui + u 2 + u 3 + . . . + u n + . . . 

denotes none other than lim -f- u 2 + . . . + u n ) if 

n->oo 

such a limit exists. If there is no limit, then the series 

U\ + ^2 H~ u 3 + • • • + H“ • * • 

is said to be divergent, and it is useless to speak of its nume¬ 
rical value. 

1. Let x n — a n and | a \ < 1. Prove that lim x n = 0. 


2. Prove that 


for any real a. 

3. Find 


lim ~ == ~ 0 

n-oo 


do n k + a^n k ~ l + • •. + a k 
\ b 0 nh-J r b l nh-l+ ...+ b h 

(a 0 = 7 ^= 0 , b 0 =£0). 


2 3 — 1 3 3 — 1 

23 —|— 1 * 33 + 1 


Prove that lim P n = -g- 

n->oo 

5. Prove that 

1*4 2 ft + ... + n h 


(k a positive integer). 


(5. Prove that 


1 * 4 - 2 * 4 -••• 


_n _"I J_ 

+ 1 / ~ 2 
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(k a positive integer). 

7. Let us have a sequence of numbers x n determined by 
the equality 

r _ x n~l J r x n-2 

J'n — o 


and the values x 0 and x A . 
Prove that 


lim x n 

Tl > oe 


x 0 + 2xi 
3 


8. Let 0. Let us take an arbitrary positive num¬ 
ber x 0 and form the following sequence 



Prove that lim x n = ]^N. 

n-*-oo 

9. Generalize the result of the preceding problem for the 
extracting a root of any index from a positive number. 
Prove that if 


x r - 

X 2 - 


m— 1 
m 

m — 1 


X 0 - 


N 


x i + 


mx\ 

N 


m -1 » 
o 


r m -1 » 
X 1 


m — 1 


- Xp-i • 


N 


r m-l » 
X V~ 1 


then 


lim x n --=yN. 


n-+oo 






10. Prove that 


11. Let 


10. Limits 


lim i/-V = °- 

TI-.00 V "• 




lim S n . 

n->oo 

12. Let the variable x n be determined by the following 
law of formation 

x 0 = V~a, 

X\ = --‘ y cl “|- 


1/ a -\-y a -\-y a, 


^ 3 = 1/ a + 1/ a + y a +fa, 


lim x n . 


13. Prove that the variable 

“ 1 +■ yr+-w + ■ • + 2 v ' 7 ‘ 

has a limit as n oo. 

14. Let us be given two sequences 

0 1 *^1 ? ^* 2 ’ ■ • •) 

y 0 , j/i, j/ 2 , • • • (*o > i/o > 0), 

where each subsequent term is formed from the preceding 
ones in the following manner 

„ _ x n-l + yn-i „ _ 1 rz ~ 

An — 9 » — r 


8-1225 
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Provo that x n and y n have limits which are equal to each 
other. 

15. Let 

S\ = 1 + g + g 2 -f- . . . | <71 <1 1 9 

£-*+<? + <? 2 + ... KM <1. 

Find 

1 +qQ + q 2 Q 2 + • • • • 

16. Let s be the sum of terms of an infinite geometric 
progression, a 2 the sum of squares of the terms. Show that 
the sum of n terms of this progression is equal to 

*{'-[-££]*}• 

17. Prove that 

1° lim n h x n = 0 if | x I < 1 and k [is a positive integer; 

n-*> oo 

2° lim n— 1. 

7 l-*oo 

18. Find the sums of the following series 

1° 1 \ 1 _ L . J_1_L 

1 -2 ‘ 2-3 ' 3*4^ ' »(/i+l) ^ * * * ’ 

9° ^ j 1 i i_i_ l 

* 1 - 2 - 3 ^ 2 - 3 - 4 ^ * * * ^ n(n + i)(n + 2) 1 * * 


19. Prove that the series 


A . 1 , 1 , 1 , - 1 . 

1 +T + T + T+ ••• +~+ ••• 

is a divergent one. 

20. Prove that the series 




is a convergent one if a>l. 

21. Find the sums of the following series 

1° 1 + 2x + 3a; 2 +...+- nx n ~ x 

2° l + 4a: + 9a; 2 + .. . + n?x n ~ 1 + . . . ; 

3° 1 -f 2 3 x- J r 3 3 a; 2 -f- ... + n 3 x n ~ 1 + ... (| x | < 1). 
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22. 1° Prove that the variable u n = ^1 f (n= 1, 2, 
3, . . .) has a limit. 

2° Denoting the limit u n by e so that lim (1 + —) =e* 

n-*-oo ' w • 

prove that 

, i , t . t | , i _ , e 

e 1 - 2-3 ... k 1 - 2-3 ...k-k 

(0 < 0 < 1). 


23. Let 0 < x < -J- . 

Knowing that lim slI - ~ = 1, prove that 

x-*0 x 

. ^ 1 3 

x — sin x<Z-z-x 6 . 

o 

24. 1° Prove that the series 

-w+~m+ J w+■■■+-&+■■■ <°<*< 9 > 


is a convergent one. 

2° Prove that for any real number co (0 < co <1) it is 
always/possible to find, and in the unique way, a t (0 ^ a t ^ 
^ 9; a t being integers), such that 

a i | a 2 | a 3 1 | a n | 

10 102 “T 1Q3 "T * * * T IQn “T * * * 

(i.e. to expand the real number in decimal fractions). 

3° Show that if a decimal fraction 


G) 


10 


102 


a 3 

103 


a 


n 


10 n 


is finhe or periodic (i.e., for instance, a n +i = a { , a n + 2 ~ 
= a 2 , . . ., a 2n = a n , . . ., so that the period contains n 
digits: at, a 2 , . . ., a n ), then to is a rational number. 

25. Prove that the numbers determined by the following 
series are irrational ones 

1 <,) = T + ”F+ir + irr-t-• • •+-^r+• • • - 

8 * 
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where l is any positive integer. 

2 ©= T + + ^1-2*3 "t" ~jT~- 2 • 3 4 

-f- . . . -f 2 ~ 3 -^"+ .. . , where l is any positive integer. 

26. Prove that e is an irrational number (see Problem 22). 

27. Let 

1 I 1 ! 1 I , 1 , 

“ h ' + hh + + ’ ' ' + hl 2 

where l<ij^Z 2 ^ h ■ ■ ■ and Z ; are integers. Prove that 
to s rational only when l h (beginning with a certain k) 
are all equal to one another. 

28. Prove that the variable 

= 1 + + T + — logra 

has a limit. 

29. Prove the following formula: 

jt_1_ 




SOLUTIONS 


SOLUTIONS TO SECTION 1 


1. Proved immediately by a check. 

2. If we remove the brackets from the right member 
and apply the formula for a square of a polynomial, then 
it is easily seen that all the doubled products are cancelled 
out, and we get the required identity. 

3. If the identity of the preceding problem is used, then 
from the condition of our problem it follows that 

(a 2 + b 2 + c 2 + d 2 ) (; x 2 + y 2 + z 2 + t 2 ) = 0, 

whence either a 2 + b 2 + c 2 + d 2 == 0, or x 2 + y 2 z 2 + 
+ t 2 = 0. 

But the sum of the squares of real numbers equals zero 
only when each of the numbers is equal to zero. Therefore, 
from the equality a 2 + b 2 + c 2 + d 2 = 0, we get a = b = 

= c = d = 0, and from the equality x 2 + y 2 + z 2 + t 2 — 

= 0 we have x = y= z = t~ 0. 

Hence follows the required result. 

4. This identity can be checked directly, and also can 
be obtained from identity (2) if we put in it d — t = 0 
and replace y by —y and z by — z. 

5. If we expand the right member of the equality, then 
all doubled products are cancelled out and the validity of the 
identity becomes obvious. 

6. Put in identity (5) a x = a 2 = a 3 = . . . = a n — 1, 

b\ cl, &2 b, . . ., b n _i — Jc , b n = l . 

We then get 

n{a 2 + b 2 + c 2 + ...+ k 2 + l 2 ) = 

= (a + b + . . . +l) 2 + (b - a) 2 + 

» + ... + (*- I) 2 , 
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But since by hypothesis 

n {a 2 -f~ b 2 -j - . ♦ • “f* k 2 -(- l 2 ) = (ci -f- b -f- . . . -f* k -f- Z)*% 
we have 

(6 - a) 2 + (c - a) 2 + • • • + (k ~ l) 2 = 0. 

Hence a = b= c = ...=k — 1. 

7. Make use of identity (5). By hypothesis 

a \ + a l + • • • + a n == 1» &i + ^2 4" • • • + = 1 • 

Therefore we have 
(dibi + CL 2 b 2 + . . . + a n b n ) 2 = 

= 1 — («1&2 — ^i) 2 — («1&3 — «3^l) 2 — . . • ~ 

— — a n b n . i) a . 

Whence 

0 ^ + a 2 b 2 + . . . + a n b n ) 2 ^ 1. 

Thus, 

— 1 ^ <Zi&i + d, 2 b 2 + . . . + ^ +1- 

8. We have 

(y + z — 2x) 2 — (y — z) 2 + (z + x — 2y) 2 — (z — a:) 2 + 

+ Or + y — 2z) 2 — (x —y) 2 =0. 

But 

(y + z — 2x) 2 — (y — z) 2 = 4 (y — a:) (z — x) 

(using the formula for a difference of squares). 

Likewise we find 

(z + x — 2y) 2 — (z — x) 2 - 4 (z — y) (x — y), 

(x + y — 2z) 2 — (a; — y) 2 = 4 (a; — z) (y — z). 
Consequently, 

4 (y — a:) (z — x) + 4 (z — y) (a; — y) + 

+ 4 (a: — z) (y — z) = 0. 

Removing the brackets, we get 

2a: 2 + 2y 2 + 2z 2 — 2.rz — 2yz — 2a;y = 0 
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or 

(x — z/) 2 + (x — z) 2 + (y — z) 2 = 0, 

whence 

X == y == z ~ 0. 

9. The first identity is obvious. Let us rewrite the second 
one in the following way 

(6a 2 — 4 ab + 4fr 2 ) 3 — (4a 2 — 4 ab + 6fc 2 ) 3 = 

= (3a 2 + 5 ab - 5 b 2 f + (5a 2 - 5 ab - 35 2 ) 3 . 

Applying the formula for a difference of cubes to the left 
member and the formula for a sum of cubes to the right 
member, we find that it suffices to prove the following iden¬ 
tity 

(3a 2 - 2 ab + 2 b 2 ) 2 + (3a 2 - 2 ab + 2b 2 ) (2a 2 - lab +3 b 2 ) + 
+ (2a 2 - lab + 36 2 ) 2 - (5a 2 - 5 ab - 3b 2 ) 2 - 
- (5a 2 - 5afc - 3b 2 ) (3a 2 + 5a6 - 5b 2 ) + 

+ (3a 2 + 5 ab - 56 2 ) 2 . 

This identity is proved by directly removing the brackets. 

10. To see whether the identity under consideration is 
valid, we may rewrite it as 

(p 2 — g 2 ) 4 = (p 2 + pq + g 2 ) 4 — (2 pq +g 2 ) 4 + 

+ ( p 2 + pg + ? 2 ) 4 — (2 pg + p 2 ) 4 . 

It remains to simplify the right member and to show that 
it is equal to the left one. 

Using the formula A 4 —5 4 = (^4 + B) (A — B) (A 2 -^B 2 ), 
we get the following expression for the right member 

(. P 2 + 3 pq + 2g 2 ) (p 2 — pg) [(p 2 + pq + g 2 ) 2 + 

+ (2pg + g 2 ) 2 ] + (2p 2 + 3pg + g 2 ) (g 2 — pg) X 
X l(p 2 + pq + g 2 ) 2 + (2pg + p 2 ) 2 ] = (p + 2g) x 
x p (p 2 — g 2 ) [(p 2 + pg + g 2 ) 2 + (2pg + g 2 ) 2 ] + 

+ (2p + g) g (g 2 — p 2 ) Kp 2 + pg + g 2 ) 2 + 

+ (2pg + p 2 ) 2 ] = (p 2 — g 2 ) {(p 2 + pg + g 2 ) 2 x 
X [p 2 + 2pg 2 — 2pg — g 2 ] + (p 2 + 2pg) (g 2 + 2pg) X 
x [2pg + g 2 — 2pg — p 2 ]} = (p 2 — g 2 ) 2 {(p 2 + pg+g 2 ) 2 — 

— (p 2 + 2pg) (g 2 + 2pg)} = (p 2 — g 2 ) 4 . 
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11. Check by direct substitution. 

12. Check by substitution. 

13. 1° The cases n = 0, 1, 2 are readily checked directly. 
At n = 4 let us rewrite the identity in the following way 

(ix — kyY — (ix — kzY + (iy — kz ;) 4 — 

— (iy — fcz) 4 + (iz — fcr) 4 — 

— (iz — kyY = 0. 

Transform the first two terms 
(ix — kyY — (ix — kzY m [(ix — kyY + 

+ (ix — kzY 1 (2 ix — ky — kz) k (z — y). (1) 

By virtue of the equality x -j- V + z = 0, we get 
2 ix — ky — kz = (2i + k) x. 

The expression in square brackets can be rewritten as follows 
(2 i 2 + 2 He) x 2 + k 2 (y 2 + z 2 ). 

Thus, we have 

(ix — kyY — (ix — kzY = 

= k (2i + k) (y 2 - z 2 ) [(2 i 2 + 2 ik) x 2 + k 2 (y 2 + z 2 )). (1') 

It remains to transform the following expressions 

(iy — kzY — (iy — kxY , (2) 

(iz — /co:) 4 — (iz — kyY • (3) 

But it is easily seen that expression (2) is obtained from the 
first one, already considered, by means of a circular permu¬ 
tation of the letters x , y and 2 , i.e. when x is replaced by 
y, y by z, and z by x. Expression (3) is obtained from (2) 
also through such a permutation. Therefore, there is no 
need to repeat computations for simplifying expressions (2) 
and (3); it is sufficient only to apply appropriate permuta¬ 
tions to the result obtained. We then have 

(iy — kzY — (iy — kxY = 

= k (2i + k) (z 2 - x 2 ) l(2i 2 + 2 ik) y 2 + 

+ k 2 (z 2 + X 2 )], 


(?) 
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(iz — kx)* — ( iz — ky)* = 

= k(2i + k) ( x 2 - y 2 ) r(2i a + 2ifc) z 2 + 

+ k 2 (x 2 + j/ 2 )]. (3') 

And adding expressions (1'), (2') and (3'), we get 
k (2 i + k) {(2i 2 + 2 ik) [(y 2 — z 2 ) a; 2 + (z 2 — a: 2 ) y 2 4~ 

+ (x 2 — y 2 ) z 2 ] + 

4- k 2 (y 4 — z 4 + z 4 — a: 4 + 

4- a: 4 — y 4 )} = 0. 

2° At n = 0 the relation is obvious. Let us denote, for 
brevity, the sum in the left member of the equality by 

2 (* + k) n , 


and the sum in the right member by 

2 (* + i) n - 

At n = 1 we have to prove that 

Sx -j- h = Sx -j- l , 

i.e. we have to prove that 

2 * = 2 *. 

Finally, we have to check that 

2* = 2*- 


But 


2* 


2* = i 



15 = 60, 

+ 13 + 14 = 60. 


At n = 2 we have to prove that 

2 (* + W = 2 (* + o 2 , 

i.e. that 

8a; 2 + 2x2 k + y>k 2 = Sx 2 + 2x2 * 4- 2 

And so, it remains to prove that 

2* 2 = 2**. 
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which is easily checked directly. 

Likewise, to prove the last case (n = 3) we have only to 
show that 

S &* = 2 p - 

14. The first identity is proved in the following way 

(a + b + c d) 2 -\- (a -\~ b — c — d) 2 -\- 

+ {a + c — b — d) 2 + (a + d — b — c) 2 = 

— \{ci + b) -j~ (c + d)] 2 -j- [(a + b) — (c + d )] 2 + 

T" — b) ( c — d)] 2 + [{a — b) — (c — d)] 2 = 

= 2 (a + b) 2 + 2 (c -f d) 2 + 2 {a - b) 2 + 2 (c - d) 2 = 

= 2 l(a + b) 2 + (a - b ) 2 ] + 2 l(c + df + 

+ (c - d) 2 ] =4 (a 2 + b 2 + c 2 + d 2 ). 

The second and third identities are also proved by a direct 
check with some preliminary transformations. 

15. Rewrite our equality as follows 

\{a + b + c) 4 — (a 4 + b 4 + c 4 ) ] + [(b + c — a) 4 — 

— (a 4 + b 4 + c 4 )1 + [(c + a — b ) 4 — 

— (a 4 + 6 4 + c 4 )] + [(a + b — c) 4 — 

— (a 4 + b 4 + c 4 )] - 24 (a 2 b 2 + A 2 + b 2 c 2 ). 


Consider the first term. 

We have 

( a 2 + b 2 + c 2 -j- 2 ab + lac + 2 be) 2 — a 4 — b 4 — c 4 = 

= ( m 2 b 2 + 6 a 2 c 2 + i)b 2 c 2 -j- 4 ac (a 2 + c 2 ) + 

+ Aab ( a 2 + b 2 ) + Abe (b 2 + c 2 ) + 12a 2 6c + 

+ 12fr 2 ac + Hc 2 ah. 

The remaining terms are obtained from the first one by 
means of successive substitutions: —a for a, —b for b , 
—c for c. Adding the terms, we make sure that our identity 
is valid. 
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16. We have 

s (s — 26) (s — 2c) + s (s — 2c) (s — 2a) + 

+ s (s — 2a) (s — 2b) = (s — 2a) (s — 2b) (s — 2c) + 

+ 2 a (s — 26) (s — 2c) + s (s — 2a) (2s — 2c — 26) = 

= (s — 2a) (s — 26) (s — 2c) + 2a (s — 26) (s — 2c) + 

+ s (s —- 2a) 2a. 

Transform the sum 

2 a (s — 26) (s — 2c) + s (s — 2a) 2a = 

— 2 a l(s — 26) (s — 2c) + s (s — 2a)] m 

= 2a l(s - 26) (s - 2c) + (s - 2a) (s - 26) + 

+ 26 (s - 2d)] = 2a [(s - 26) (2s - 2c - 2a) + 

+ 26 (s - 2a)] - 2a l(s - 26) 26 + 26 (s - 2a)] m 

— 2a-26 [5 — 26 — 2a] = 4a6-2c = 8a6c. 

17. Expanding the expression in the left member in 

powers of s , we get 

(a + 6 + c) s 2 - 2s (a 2 +' 6 2 + c 2 ) + a 3 + 6 3 + c 3 + 

+ 2s 3 - 2s 2 (a + 6 + c) + 

+ 2s (a6 + ac + be) — 2abc. 

Since a + 6 + c = 2s, we have 

2s 3 — 2s (a 2 + 6 2 + c 2 ) + a 3 + 6 3 + c 3 + 2s 3 — 4s 3 + 

+2s (ab + ac + 6c) — 2abc = —2s (a 2 + 6 2 + c 2 ) + 

+ a 3 + 6 3 + c 3 + 2s (ab + ac + be) — 2abc = 

= a 3 + 6 3 + c 3 + (a + 6 + c) (a6 + ac + 6c — 

— a 2 - 6 2 — c 2 ) - 2a6c. 

Directly transforming the last expression, we make sure 

that it is equal to abc (see also Problem 20). 

18. We have 

(2a 2 - 2a 2 ) (2a 2 - 26 2 ) = (a 2 + c 2 - 6 2 ) (6 2 + c 2 - a 2 ) - 

- C 4 - (a 2 - 6 2 ) 2 , 
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Using a circular permutation, we obtain 

(2a 2 - 2ft 2 ) (2a 2 - 2c 2 ) = a 4 - (b 2 - c 2 ) 2 , 

(2a 2 - 2c 2 ) (2a 2 - 2a 2 ) = ft 4 - (c 2 - a 2 ) 2 . 

Hence 

4 [(a 2 — a 2 ) (a 2 — ft 2 ) + (a 2 — ft 2 ) (a 2 — c 2 ) + 

+ (a 2 — c 2 ) (a 2 — a 2 )] = a 4 + ft 4 + c 4 — (a 2 — ft 2 ) 2 — 
_ (ft* _ c 2 ) 2 _ (c 2 _ a 2 ) 2 = -a 4 - ft 4 - c 4 4- 

+ 2a 2 ft 2 + 2a 2 c 2 + 2ft 2 c 2 = -[a 4 - 2 (ft 2 + c 2 )a 2 + 

+ (ft 2 - c 2 ) 2 ] = -[a 4 - 2 {b 2 - c 2 ) a 2 + 

( b 2 — c 2 ) 2 — 4a 2 c 2 ] = 4a 2 c 2 — (a 2 — b 2 + c 2 ) 2 = 

= (2ac + a 2 — ft 2 + c 2 ) (2ac — a 2 + b 2 — c 2 ) = 

= (a + b + c) (a + c-=- ft) (ft — a + c) (ft 4~ a — c). 

But 

a + ft + c = 2s, a + ft — c = 2 (s — c), 
a + c — ft = 2 (s — ft), ft + c — a = 2 (s — a) 

and we see that the identity is valid. 

19. We have: 

(x + y + z) 3 = x 3 + y 3 + z 3 + 3a: 2 (y + z) + 

+ 3 y 2 (x + z) + 3z 2 (a: + y) + 6.r!/z. 

Hence 

(x + y + z) 3 — x 3 — y 3 —z 3 = 3 {a: 2 !/ + x 2 z + y 2 .z f y 2 z + 
+ z 2 x + z 2 y + 2xyz) = 3 {z ( x 2 + y 2 + 2 xy) + 

+ z 2 {x + y) + xy (x 4- J/)} = 3 (x 4- y) (z (x + y) + 

+ z 2 4- xy) = 3 (x 4- y) (z + z) (y + z). 

Thus, 

fa 4- y + z) 3 — x 3 — y 3 — z 3 = 3 (a; + #) (a: + z) (#4- z). 
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20. We have 

(x + y + z) 3 = x 3 + y 3 + z 3 + 3xy (x + y + z) + 

+ 3xz (x + y + z) + 3i/z (a: + y + z) — 
— 3.ri/z. 

Consequently 

x 3 + y 3 + z 3 — 3zz/z — (a; + y + z) 3 — 3 (a: + y + z) X 
X (xy + xz + yz) = (x + y + *) X 
X (x 2 + y 2 + z 2 — xy — xz — yz). 

21. Put a + b — c = x, b + c — a = y, e + # — & = 
= z. It is readily seen that x y z — a + b -\- c and, 
hence, we have to simplify the following expression 

(x + y + z) 3 — x* — y 3 — z 3 . 

On the basis of Problem 19 we have 

(x + y + z) 3 — x 3 — y 3 — z 3 = 3 (x + y) (x + z) (y + z) 

But x + y — 26, x + z — 2a, y + z = 2c, therefore, 

(a + b + c) 3 — (a + b — c) 3 — (b + c — a) 3 — 

— (c + a — b) 3 = 24 abc. 

22. On the basis of Problem 19 we have 

a? + y 3 + z 3 = (x + y + z) 3 — 3 (x + y) (x + z) (y + z). 

Putting here x — b — c, y — c — a, z = a — b, we find 
x + y + z = 0, x + y = b — a, 

x + z = a — c, y + z == c — b. 

Hence 

(b — c) 3 + (c — a) 3 + (a — b) 3 = 

= 3 (a — b) (a — c) (c — b). 

23. Readily obtained from Problem 20. But it is possible 
to use the following method 

(a + b + c) ( a 2 + b 2 + c 2 ) = 0. 
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since 

cl -{- b -|- c = 0. 

Hence, 

a 3 + b 3 + c 3 + ob (a + b) + ac (a + c) + be (b + c) = 0. 
But 

a + b = —c, a + c = —b, b + c = —a. 

Now the required identity is obvious. 

24. We have 

(a + b + c) 2 = 

a 2 + b 2 + c 2 = -2 (ab + ac + be). 

Squaring both members of the latter equality, we get 

(a 2 + b 2 + c 2 ) 2 = 4 [a 2 b 2 + a 2 c 2 + b 2 c 2 + 2 a 2 bc + 

+ 2 b 2 ac + 2e 2 a6] = 4 [a 2 b 2 + ct 2 c 2 -f b 2 c 2 -f 

+ 2afrc (a + b + c)] — A [a 2 b 2 -f- a 2 c 2 -f- b 2 c 2 ]. 

On the other hand, 

(a 2 + b 2 + c 2 ) 2 = a 4 + fc 4 + c 4 + 2 (a 2 /? 2 + a 2 c 2 + b 2 c 2 ). 
Hence 

4 (a 2 & 2 + a 2 c 2 + b 2 c 2 ) = 2 (a 2 + b 2 + c 2 ) 2 - 

- 2 (a 4 + 6 4 + c 4 ). 

Comparing it with the equality 

4 (a 2 fr 2 + a 2 c 2 + b 2 c 2 ) = (a 2 + b 2 + c 2 ) 2 , 

we get the required result. 

25. Since 

(a — b) + (b — c) + (c — a) = 0, 

the result follows immediately from Problem 24. 

26. 1° We have (see Problem 23) 

a 3 + b 3 + c 3 = 3a6c. 

Whence 

(a 3 + 6 3 + c 3 ) (a 2 + b 2 + c 2 ) = = 3afo (a 2 + b 2 + c 2 ). 
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Then, transforming the left member, we obtain 
a 5 + b 5 -f + a 2 b 2 (a + b) + cl 2 c 2 (a + c) + 

+ b 2 c 2 (b + c) = 3abc (a 2 + b 2 + c 2 ) 
or 

a 5 + b 5 + c 5 — a 2 b 2 c — a 2 c 2 b — b 2 c 2 a =3 abc ( a 2 + b 2 + c 2 ). 
Hence 

a 5 + b 5 + c 5 — abc (ab + + be) = 3 abc (a 2 + b 2 + c 2 ). 

But 

—2 (ab + ac + be) = a 2 + b 2 + e 2 . 

Hence follows the final result. 

2° The answer follows immediately from Problem 23 and 1°. 
3° Let us write the relations 

2 (a 4 + b 4 + c 4 ) - (a 2 + b 2 + c 2 ) 2 (Problem 24), 
a 3 + b 3 + c 3 = 3 abc (Problem 23)- 

Multiplying these equalities, we find 
2 [ a 7 -f- b 7 -f c 7 + a 3 b 3 (a -f b) + 0 3 £ 3 (a + c) + 

+ b 3 c 3 (b + c)l = 3 abc (a 2 + b 2 -f c 2 ) 2 . 

Hence 

2 [a 7 -f b 7 + e 7 — a 3 b 3 c — a 3 e 3 b — b 3 c 3 a] = 

- 3abe (a 2 + b 2 + c 2 ) 2 
or 

2 (a 7 + b 7 -|- e 7 ) — 2 abc (a 2 b 2 + a 2 c 2 + b 2 e 2 ) = 

- 3flbc (a 2 + b 2 + e 2 ) 2 . 

But 

a 2 b 2 + a 2 e 2 b 2 c 2 = -i- (a 2 -f- b 2 + £ 2 ) 2 (Problem 24). 
Therefore 

2 (a 7 + b 7 + e 7 ) = — abc (a 2 + b 2 + c 2 ) 2 . 

Using the result of 1°, we finally get the required relation 
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27. For the sake of convenience let us introduce the sum¬ 
mation symbol. And so, we put 

k=n 

“i + “2 + • • • + a„= 2 “ft- 

h —1 

Using this symbol, we can now write 

k=n k=n 

afii -j- a 2 £? 2 4" • • • “i" a nbn — 2 ~ a $i + 2 

k=\ h =2 

But it is obvious that 

&& — (^i + b 2 + • • • + b k ) — (&i + b 2 4~ • • • + b k _ i) = 

:=: -i > 

therefore our sum takes the following form 


h=n ft=n—1 k=n 

01^1 + 2 a h { s k — s k-\) — 2 a kSk — 2 a k$k-i 4“ 

k= 2 ft=2 fe==3 

/i=n — 1 

4~ 0n$n— ^2^1 = ( a l — a 2) s i 4~ a nSn 4“ 2 a kSfi — 

h~2 

h=n —1 fe=n—i 

2 0&+i^& ~ (#1 ^ 2 ) ^1 4" 2 (0fc 0&4-l) + ttnSn ~ 

k=2 k=2 

= ( a i — a 2) s i 4* (#2 — ^ 3 ) s 2 4" • • • 4“ (0n-t — CLn) $n-l + 0n$n • 

28. Readily proved if we remove the brackets in the 
left member and use the relation 

fll 4” 02 4“ • • • 4 ~ a n ~ ~2 ' S - 

29. Substituting into the given expression x' and y' 
for x and y , we find that 

A = Ao c 2 4~ 2iJBocy Cy 2 * 

C - ^p 2 + 2£p5 4- C8 2 , 

= ^ap + B (a6 + Py) 4" CyS. 

Making up the expression B' 2 — A'C", we easily check the 
required identity. 
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30. We have 

i—n i—n i—n i—n i=n 

S PiQi = S pi (i — pi) = X pi — 2 pf = n P — 2 p?. 

i—1 i=l i=l i— 1 i=l 


»P = Pi + Pi + • • • + Pn- 


1=1 

i=l 

since 

rap 

Further 


i—n 

i^n 

S PiQi ~ 

i=l 

np— 2 1 
1=1 


= pn - 2 l(Pi —P) 2 + 2p/)i —p 2 ] = np— 2 (p«-p) 2 - 

i=l i=l 

i=n t=n 

— 2p2 P;-fwp? = rep — 2 (Pi — p) 2 —rep 2 . 

i=l i=l 

But 

rap — rap 2 — rap (1 r p) ~ rapg. 

Thus, we get 

Pi?l + P2?2 + • • • + Pn?n = «Pg — (Pi — P) 2 — 

~ (P2 — P) 2 — • • • — (P» — P) 2 - 

31. Indeed 

1 1 i 1 , ,1 1 

1 * 2rc— 1 + 3 * 2n-3 2» —1 * 1 ~ 

1 r (2n —1)4-1 (2/1 —3)+3 , , 1+ (2/1 — 1) ) 

~ 2n \ 1-(2/i-l) + 3(2*-3) ‘ * * * * (2/i — 1) • 1 J ^ 

—sr {r+ 2 =+t+tct+---+t=t+t} = 

=4-(‘+4+4-+-+i^)- 


32. 1° It is obvious that 

'«=*+■* -+i+--.+-r = 


=»+[(i-i)+(4~ i )+ 

( 4 - 0 +-+( t - 0 ]“ 

/ 1 | 2 , , n —1 \ 

= "-(t+t+-"+—) 


9-1225 
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h*~n h~~n 

2° ».= 2 [• “»=3 " r*- 

i ■* 

c 

1! 

fc=i 1 

h=l 

Hence, 


, / M —1 . M — 2 , 

1 - 1 ) 

— n-\- i . 1 2 . 1 * 

* * 1 m — t r 



33. Add to and subtract from the left member the follo¬ 
wing expression 


*a+-r+T+-+i)- 


We get 

1 _J_j-J-L_l 

1 9 ' 3 4 I 


1 


— 1 


_1_ 

2m 


== ( 1 +T + T+---+2^t) _ (t + T+---+4t) 
= f 1 +T + T+ • ’ •+'2^=T ) + 

+ (t+t+-- •+ 4 - ) -2 (t+t+- ••+ 4 r) == 

, I 1 , 1 , 1 , , 1 ,1 

~~ 1 ‘ 2 ‘ 3 ' 4 ‘ ' 2 m — 1 + 2 m 

" ( 1 +T + T + • 1 • +V ) = ~^T + Tf2"+ ' •' + 

34. We have 


(‘+dr)(‘-=b-)(‘+Tib-)-x 

X ( 1 (2ra — 1) a— 1 ) ( 1 “ 2«a —1 ) = 

— a (2a — 2) - 3q ... (2m — 1) q (2mq6 — 2) _ 

(a—1) (2a — 1) (3a — 1) ... (2na — 1) 

_ l-a-3-a*5-a ... (2m — l)-a»(2a — 2) (4a — 2) ... (2na — 2) __ 

(a — l)(2a — 1).. .(Ma— l)[(M + i)a— l][(M-f-2)a—1].. .[(M+M)a— .1] ~~ 

l-a-3-a-5-a ... (2m — l)a-(a — 1) (2a — 1) ... (ng — 1) _ 

~[(M+l)a — 1] ... [(m -J- m) a — 1 ] (a 1) (2a — 1) ... (na — 1)’ 

__ l-a-3-q-5-a ... (2m — l)-a ~ n 

l(» + l)a — 1] ... [(MH-M)a — 1] 
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But 


1.3.5 


(2/2 — 1) • 2 n 


1 - 2 - 3 - 4-5 ... 2 n 
2 . 4-6 ... 2n 


1 - 2 - 3 - 4.5 ... 2 n 
1 - 2-3 ... n 




... 2n, 


wherefrom we obtain the required identity. 

35. Let a ^ x < a + 1, where a is an integer. Subdivide 
the interval between a and a + 1 into n parts. Then x will 
lie in one of these subintervals, i.e. we can find a whole 
number p (0 ^ p < n — 1) such that 

< fl-f- 

1 ^ 1 n 

Therefore 


a ++r-< x +T< a + 


p + 2 


-— < a +ii 

a+i<*4 ~ < > 


Hence 


w-r*+i]- 


=[-+ J! =F 1 ]=« 

=r*+ i i i -]“ a + t - 


Consequently 


[*]+[*+4]+ • ••+[ x ++r'J == 

— (ft — P) a + P (a + 1) = an + P • 
On the other hand, from the inequality 


a-\ r —<Cx < a 
' n ^ ^ 


P+1 


9 * 
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we get 

an + p ^ nx < an + P + 1 > 

hence, 

[to] = aw + p, 

and the formula is proved. 

36. We have 

cos (a + b) cos (a — b) = 

= [cos a cos b — sin a sin b] X 

X [cos a cos b + sin a sin b\ = cos 2 a cos 2 b — 

— sin 2 a sin 2 b = cos 2 a (1 — sin 2 b) — 

— (1 — cos 2 a) sin 2 6 = cos 2 a — sin 2 6. 


37. Expanding the bracketed expressions in the left 
members, we easily prove the equalities. 

38. We have 


(1 — sin a) (1 — sin b) (1 — sin c) = 

(1 — sin 2 a) (1 — sin 2 b) (1 — sin 2 c) 
(1 -|- sin a) (1 + sin b) (1 + sin c) 
cos 2 a cos 2 b cos 2 c __ 
cos a cos b cos c 


cos a cos b cos c. 


39. Multiplying both members of the given equality by 

(1 + cos a) (1 + cos P) (1 + cos y)> 

we get 

[(1 + cos a) (1 -f cos P) (1 + cos y)] 2 = 

= sin 2 a sin 2 P sin 2 y. 

40. Using the formula 

sin x cos y = y f sin ( x + y) + ( x ~ y)h 

we get 

2 cos (a + P) sin (a — P) = sin 2oc — sin 2p, 

2 cos (P + y) sin (p — y) = sin 2p — sin 2y 
and so on. Hence follows the identity. 
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41. Using the formula 

sin x sin y = y [cos (a: — y) — cos (a: + y)], 

we get the identity 

(cos 2b — cos 2a) (cos 2d — cos 2c) -\- 

-}■- (cos 2b — cos 2c) (cos 2a — cos 2d) 

+ (cos 2b — cos 2d) (cos 2c — cos 2a) = 0. 

Let cos 2b = a, cos 2a = |3, cos 2d = y, cos 2c — 6, 
then 


(a — P) (Y — 6) + (a — 6) (P — y) + (a — y) (8 — P) = 

= (a — P)(Y — 6) + (a — Y + Y — 8)(P — Y) + 

+ (a — Y) (8 — P) = (« — P) (Y — 8) + 

+ (a — Y) (P — Y) + (Y — 8) (P — Y) + 

+ (a - Y ) (8 - P) = 0. 


But (a — P) (y — 8) + (y — 8) (P — y) = (Y — 8) (a — y) 

and (a — y) (P — Y) + ( a — y)"(8 — P) = (a — y) (6 — y); 

hence the required sum is equal to (a — y) (Y — 6) + 

+ (a — y) (8 — Y) = 0- 

42. 1° Summing the first two cosines, we get 

2 cos y cos (p — a); the sum of the second two cosines 
yields 2 cos (a + j3) cos y. The further check is obvious. 

2° Analogous to 1°. 

43. We have 


sin ^ A + cos ^ A =sin ^ A-[—+ 

+ sin (-y — A f-) = 2sin-yCOS (y-al-f-) . 

With the aid of a circular permutation we obtain (denoting 
the transformed sum by S) 


V2 


cos 


s (^~ A __ r) +cos (~t~ b —r) + 


+ COS (y C y) — 2 COS (y 


X cos 


(■ 


cos 
B , B+C 


A+B B + C 


X 


) + sin +*t) • 
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Making use of the relation A-\- B -\-C = it, we can show 
that 


cos 


(t 


A + B B + C 


)=sin (x + -T + -f)- 


Therefore we have 


S 0 . / it . C . A \ I A—B B—C \ 

y§ “ 2 sm ( 8 + 2 8 ) cos ( 2 + 8 ) ^ 

+ 2sm (t+t + t) cos (t + T + t) _ 

= 2sin (4+4+4) [ cos (4r-+44)+ 

+ COS (-§- + 4 + 4)] = 4sin (4 + 4+4) x 

Xsin (4 + 4 + 4) sin (4 + 4 + 4)' 


44. Carrying out some transformations analogous to the 
previous ones, we obtain the following result 

sin -j- + sin + sin -j- + cos -j- + cos — + cos — 

= 4 J+2cos (x + -t) cos (4 + 4) cos (4 + 4) • 

45. We have 

sin 2a = 2 sin a cos a, 
sin 4a = 2 sin 2a cos 2a, 
sin 8a = 2 sin 4a cos 4a, 


sin 2 n a = 2 sin 2 n 1 a cos 2 n x a. 

Multiplying term by term and dividing both members by 
the product 

sin 2a sin 4a . . . sin 2 n_1 a, 

we get 

sin 2 n a = 2 n sin a cos a cos 2a . . . cos 2 n_1 a, 
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whence 


cos a cos 2a . .. cos 2 n_1 a = 


sin 2 n a 
2 n sin a 


46. We have 

. 2n n . jt jc 

Sln IF = 2 sin TeT cos "IF 
8jt o . 4 jt An 

sm ir =2sm ¥ cos ¥ 


4ji 0 . 2n 2ji 

sln ir =2sin ¥ cos ¥’ 

16jc o . 8 ji 8 ji 

sin ir= 2sm T5' C0S iF- 


Multiplying the equalities and noting that sin-— L = 


• n 8jt 7 jr n i 

= —sin , cos= — cos-jg-, we hnd 


Further 


n 2jx An In 1 

COS -Jc- COS -Jc- COS -7=- COS -7=- ssfc -777 
15 15 15 15 2 4 


cos 1F = -2- 


• 6jt n . 3 jt 3ji 

sm ir = 2sin iF cos ir 

Hence 


The rest is obvious. 

47. We have 


0 . 6jt 6ji 

2 sln -Jjf COS -Jg- . 


6jt 

• COS -Jc- : 

15 


tan 64 + 2?) _sin (4 + 2?) cos A _ sin (24 + 2?) + sin B 

tan A ~~ cos (4 + B) sin A ~~ sin (24 + B) — sin B 

48. From the given relations we get 
sin 2Z? = -|-sin 2^4, 

3 sin 2 A — 1 — 2 sin 2 B — cos 2 B, 

hence 

cos (41 + 2 B) = cos A cos 2 B — sin4 sin 2 B = 

3 

s= cos ^4 • 3 sin 2 A —^ s* 11 ^ sin 2A = 0. 




13G 


Solutions 


49. We have 

2 cos a cos cp = cos {a + 9 ) + cos (a — cp). 
Consequently the expression under consideration is equal to 
cos 2 <p + cos 2 (a + 9 ) — [cos 2 (a + cp) -f 

+cos (a + cp) cos (a — cp)] = cos 2 cp — 

— cos 2 a cos 2 cp + sin 2 a sin 2 cp = sin 2 a . 

50. We have, for instance, 

a 2 + a! 2 + a" 2 = cos 2 cp cos 2 ip + sin 2 cp sin 2 ip cos 2 6 + 

+ cos 2 cp sin 2 \p + sin 2 cp cos 2 cos 2 8 + sin 2 cp sin 2 8 

(the doubled products in the first two squares are cancelled 
out). Hence 

a 2 + a 2 + a" 2 m (cos 2 cp cos 2 ip + cos 2 cp sin 2 ip) + 

+ (sin 2 cp sin 2 \p cos 2 8 + sin 2 cp cos 2 ip cos 2 8) + 

+ sin 2 cp sin 2 8 = cos 2 cp + 

+ (sin 2 cp cos 2 8 + sin 2 cp sin 2 8) = 1. 
The remaining equalities are proved similarly. 


SOLUTIONS TO SECTION 2 


1. Rewrite the identity in the following way 


q* + q 3 


(2p 3 — g 3 ) 3 

(P 3 -r1 3 ) 3 


— P 3 — P 3 


(p 3 — 2g 3 ) 3 

7FTi¥~ * 


It is evident that the right member can be obtained from 
the left one by permuting p and q. Let us reduce the left 
member to such a form, wherefrom it would be seen that 
after the permutation its value remains unchanged. Then 
the validity <5f the identity will become clear. 

We have 

(P 3+W {(P 3 + 9 3 ) 3 + (2 p 3 - q 3 ) 3 } = (P 6 4 -q 6 - PY)- 
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2. We have 

P 3 +g 3 ■ 3 t 6 (p + g) 

(p + q)3p3 q 3 -r (p + g) 4 (p + g) 5 pg 

p 2 —pg—g 2 , 3 / l , l , 2 \ 

— (p+g) 2 p 3 g 3 ' (p+g) 4 \ p 2 g 2 pg / 

__ p 2 —pg + g 2 | 3 M , J_\ 2 = 

(p+g) 2 p 3 g 3 ’’ (p+g) 4 V p g / 

p 2 —pg+g 2 , 3 _ _ \ y 

(p+g) 2 p 3 g 3 i_ (p+g) 2 p 2 g 2 ^ (p+g) 2 p 3 g 3 

l 

x {p 2 — pg + g 2 + 3pg} = • 

3. Grouping the last two terms of the sum, we get 

2 g 3 —p 3 | 2 g —p _ 

(p+g) 4 p 3 ? 3 ' (p+g) 4 p 2 g 2 

_ 2 (g P) i 2 . 2 : p _ 2 (g p) 

~ (p + g) 4 p 3 g 3 ( p + q)2p3q3 ■ 

Adding now the first term, we find 

1 g 4 —p 4 , 2(g — p) g — p 

(p+g) 3 p 4 g 4 (p + g) 2 p 3 g 3 p 4 g 4 

4. We have to prove that 

1 + * 1 + y 1 + z _ | 

1 — x 1 — y 1 — z 

Replacing x by its expression, we find = y- Since 

y and z are obtained from x by means of a circular 
permutation of the letters a, b , c, we have 

1 4-y & 

1 -y c ’ 

1 + z c 

1 — z a 

Hence, the required identity is obvious. 

5. We have 

a -j- b + c + d _ a — b-\-c — d 
a+fc—c— d — a—6—c+d * 
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But if 7f = ~D ’ ^ en I-:§ = an( * conversel y if 

there exists the second of these equalities, then the first 
one exists as well. Reasoning in the same way (putting 
A. — a -f" b “j - c -f~ d , B = a -}- b — c — d , C — cl — b -j- c — d, 
D=a — b — c + d, we find 

cl -j— & a ■— l) cl -j- b c 4- d 

— rz r =-x or — ~r 7=1 —~~r * 

c~\-d c — d a — b c — d 

Hence 



6. The denominator has the form 

bey 2 -f hez 2 — 2 beyz + acz 2 + acx 2 — 2acxz + abx 2 + 

+ aby 2 — 2abxy = c (ax 2 + by 2 ) + b (ax 2 + cz 2 ) + 

+ a (cz 2 + by 2 ) — 2 beyz — 2acxz — 2abxy = 

= (a + b + c) (ax 2 + by 2 + cz 2 ) — c 2 z 2 — b 2 y 2 — 

— a 2 x 2 — 2 beyz — 2acxz — 2abxy — (a + b + c) x 

X (ax 2 + by 2 + cz 2 ) — (ax + by -f cz) 2 . 

Since, by hypothesis, ax + by + cz — 0, the denominator 
turns out to be equal to 

(a + b + c) (ax 2 + by 2 -f cz 2 ), 

and our fraction is equal to 

1 

CL —{~ b -j— c 

7. Reduce to a common denominator the expression on 
the left. The numerator of the fraction obtained will be 
equal to 

x 2 y 2 z 2 (a 2 - b 2 ) + b 2 (x 2 - a 2 ) (y 2 - a 2 ) (z 2 - a 2 ) - 

— a 2 (x 2 - b 2 ) (y 2 — b 2 ) (z 2 -b 2 ). 

It is obvious that 

(a 2 — x 2 ) (a 2 — y 2 ) (a 2 — z 2 ) — 

= a 6 - (x 2 + y 2 + z 2 ) a 4 + (x 2 y 2 + x 2 z 2 + y 2 z 2 ) a 2 - 

— x 2 y 2 z 2 . 
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Hence 

(b 2 x 2 ) (b 2 - y 2 ) (b 2 - z 2 ) = 

= ¥ - (x 2 + y 2 + z 2 ) h 4 + 

+ (x 2 y 2 + xH % + y 2 z 2 ) b 2 — * 2 i/ 2 z 2 . 

Substituting these expressions into the numerator and 
performing all the necessary transformations, we obtain the 
required value of the fraction. 

O C __f_j_1_]_ \ _ 

0 (a — h)(a — c) ' (b — a) (b — c) (c — a) (c — b) 

Reducing the fractions to a common denominator, we have 

S ° = - ( a -b)(a^c) - (>r- c - « b -c)-(a-c) + ( a-b )} = 0 , 

c __“_I_^_I_£__ 

1 (a — b) (a —c) (b-a)(b — c) ' (c—a)(c-b) 

= -p -b)(a-cHb-c) {“(b-c)-b(a-c) + c(a-b)} = 0, 

o _ _^_j_^_,_ (? _ __ 

2 (a — b)(a — c) ' (b — a) (b — c) (c — a)(c — b) 

Consider the numerator. 

We have 

a 2 (b — c) — b 2 (a — c) + c 2 (a — b) = 

= ab (a — b) — c (a 2 — fc 2 ) + c 2 (a — 6) = 

= (a — b) (ab — ca — cb + ° 2 ) = 

= (a — 6) [a (b — c) — c (b — c)l = 

= (a — b) (b — c) (a — c), 

wherefrom it follows that S 2 — 1. 5 3 , 5 4 and S 5 can be 
computed analogously, but we shall proceed here in a some¬ 
what different way. 

It is easily seen that there exists the following identity 
(x — a) (x — b) (x — c) = x z — (a + b -\-c )x 2 + 

+ (ab + ac + be) x — abc. 
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Putting, x = a, x — b and x = c, in turn, we get the fol¬ 
lowing equalities 

a 3 — (a + b + c) a 2 + {ab + ac + fee) a — afre = 0, 

b 3 — (a + b + c) b 2 + ( ab + ac -p be) b — abc = 0, 

c 3 — (a + & + c) c 2 + (aft + ac 4 fee) c — abc m 0. 

Further, divide the first of them by (a — b) (a — c), 

the second by {b — c) (b — a) and the third by (c — a) X 
X {c — b), and add them term by term. Then 

S 3 — (a b -\- c) S 2 {ab 4 ac 4 be) S * — abc Sq = 0 . 

But since it is known that S 0 = = 0, S 2 = 1, we have: 

5 3 — a -\- b c. 

To compute S 4 let us take the preceding identity and 
multiply its members by x. We obtain 

x (x — a) (x — b) (x — c) — x 4 — (a 4 b 4 c) x 3 4 

4 {ab 4 ac 4 be) x 2 — abex. 
Proceeding analogously, we find: 

5 4 — {a -f- b -j- c) S 3 4 {ab 4 ac 4 be) S 2 — abc S\ — 0 . 
Hence 

S 4 => {a 4 ^ 4 c) S 3 — {ab -j- ac -T be) S 2 — 

= {a -r b ~\- c ) 2 — ab — ac — be = 3 = 

= a 2 + b 2 4 c 2 4 ab 4 ac + be. 

Likewise, for computing S 5 (multiplying the original iden¬ 
tity by x 2 ), we find 

5 5 — (tz —J— b —f- c) jS 1 4 —{ab -p ac 4 be) S 3 — abc S 2 = 0. 
Consequently 

S 5 = {a 4 b 4 c) {a 2 4 b 2 4 c 2 + ab 4 ac 4 be) — 

— {ab 4 ac 4 be) {a -p b -p c) -p abc = 

= {a + b 4 c) {a 2 -f b 2 4 c 2 ) 4 abc = 

= a 3 4 b 3 4 c 3 + a 2 b 4 a 2 c 4 b 2 a 4 b 2 c 4 

4 c 2 a 4 c 2 b 4 * abc . 
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9. This problem is solved analogously to the preceding 
one. Namely, the equalities S 0 = S 4 ^ S 2 = 0, S 3 = 1 
are established by a direct check; and to compute £ 4 we 
may resort to the following identity 

(x — a) (x — b) (x — c) (x d) = 

= x 4 — (a + b + c + d) .r 3 -f 
+ (ab + ac + ad + be -j- bd + dc) x 2 — 

— (abc + abd + acd + bed) x + abed 

Hence 

S 4 == {a -f- b T - c -T d) S 3 = a -|- b -f- c -f- d. 

10. Put as before 

~ __a™_._ b™ __ c™ _ 

m (a — b)(a — c) ' (b — a)(b — c) •" (c — a) (c — b) 

Let us take the first term of our sum a m and transform it 

( a + fr)( fl + c ) _ (a-\-b-\-c) am-l-abc 

a (a — b) (a — c) {a — b)(a — c) 

Making use of a circular permutation, we get similar 
expressions for the second and third terms of o m . Adding 
now all these terms, we find: o m = (a + b + c) S m+i + 
+ abc S' m _ 1 . Hence (after some transformations) 

ai = {a + b + c) S 2 + abc S 0 = a + b + c 

(S 2 = 1, S 0 = 0), 

o 2 = ( a b T" c ) $3 ~P a bc Si = (a -f- b -p c) 2 , 

since S 3 = a — 1 ~ b ~p c, S 1 " 0 , 
o 3 ~ (a - f- b T" c) S 4 -f- abc S 2 = 

= {a + b + c) {a 2 + b 2 + c 2 + ab + ac + be) + abc , 
o > 4 = (a - j- ~j - c) iS '5 —}— abc S 3 ~ 

= (a + b + c) [( a + b + c) (a 2 + b 2 + c 2 ) + 2 abc]. 
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11. Transform the left member of our identity in the 
following way 

h ( (a —q)(fl —P)(g —y) (ft — a) (ft — P) (6 — V) , 

\ K a-0)(a — b)(a-c) ~ r (b-0) (b-a) (b — c) 

(^c a) (c P) (c 7 ) ( 0 - a) ( 0 -P)( 0 - Y ) aPy ^ 

' {c — 0 ) (c — a) (c — b) (0 — c) (0 — a) (c — b) abc /’ 

Consider the first four terms of the sum in braces. Expand¬ 
ing the numerator of the first term in powers of a , we get 

a 3 — (a + P + y) + ( a P + ay + Py) a ~~ a Py* 

Performing an analogous operation with the remaining 
three terms and adding them, we find that the sum of the 
first four terms is equal to 

S 3 — (a + P + y) S 2 + + ay + Py) — aPy^o, 

where S k is the known sum (see Problem 9, where it is neces¬ 
sary to put d = 0). Proceeding from the results of this 
problem, we find that the sum of the first four terms under 
consideration is equal to unity, and, consequently, the 
sought-for expression takes the form 

abc 11 —=abc — apy. 

12. Consider the following sum: 

9 I P 4 i 

4 (a — P) (a — 7 ) (a — 6 ) ‘ (P — a) (P — y) (p — 6 ) ~ r 

' (V — «) (v — P) (v — 8) ^ (6 — a) (6 — p)(6 — y) 

From Problem 9 we have: 5 4 = a+ P + y + 8. Put a = 
= abc, p = abd, y = acd, 8 = bed. Then 

a 4 _ a 4 i 4 c 4 

(a — p) (a — v)(a — 6) (abc —abd) (abc —acd) (abc —bed) 

a 2 5 2 c 2 

(c — d) (b —d) (a — d) 

Using a circular permutation, we get analogous expression 
for the remaining three terms. Thus, the given identity 
is proved. 
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13. 1° Transform one of the terms in the following way: 

J_ 

1 1 ab * ac __ 

a(a — b)(a — c) a / I 1 \ / 1 1 \ 

\ b a f \ c a ) 

, (4-r 


abc I 1 1 \ / 1 1 \ 

l o> b ) \ a c ) 

Then the required Sum is equal to 



But (see Problem 8) £ ?j = 1, and, hence, we get: 

_1_,_1_ + _1_= JL . 

a (a — b) (a — c) ' b(b — c)(b — a) ' c(c — a)(c — b) abc 

However, this result can be obtained in a somewhat diffe¬ 
rent way. Let us consider the four quantities: a, fr, c and 0, 
and form S 0 for them. 

We then have 

9 1 ! 1 1 1 1 

0 a(a — b)(a — c) ' b(b — a)(b — c) ' c(c — a)(c — b) ' 


+ (0-a) (0 — b) (0 — c) 

since S 0 = 0. Hence we get the previous result. 

2° Likewise the sum can be transformed as 



1 

t 


I 


1 


; 



J 

i 
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And so 


a 2 (a — b) (a — c) ' b 2 (b — a) (b — c) ' c 2 (c — a) (c — b) 


ab-\-ac-{- be 
a 2 b 2 c 2 


A similar method can be applied when computing other 
sums of the form 


a h (a — b) (a — c) b h (b — a) (b — c) c h (c — a) (c — b) 

14. We have 

a h , b h 

(a — b) (a — c) (a — a) ' (b-a)(b — c)(b — x) ' 

s*k 

j_I_1- z -= o 

' (c — a) (c — b) (c — x) ‘ (x — a) (x — b) (x — c) 

at k = i and at k = 2 (Problem 9). 

Hence 

a h . b h i 

(a — b) (a — c)(x — a) ' (b — a) (b — c) (x — b) ' 


‘ (c — a) {c — b) (x — c) (x — a) (x — b) (x — c) 

15. We have 


(&** 1 , 2 ). 


b-\-c-\-d _ (a -f- b c -f- d — x)-{-(x — a) 

(b — a)(c — a)(d — a)(x — a) ~~ (b — a)(c — a)(d — a)(x — a) 

— (ab C d — X ) —r } -7-7-7-7-7-77-r " 4 “ 

v ' (b — a) (c — a) (d — a) (x — a) 


’ (b — a)(c — a) (d — a) 

Applying a circular permutation to the letters a, b, c, d 
and adding the expressions thus obtained, we find that 
the sum in the left member is equal ( to 


(a + b + c + d — x) | 


\ ( a -b)(a-c)(a-d)(a-x) ^ 

-|--- 1 _ - _|_ 

(b— a)(b — c)(b — d) (b — x) ' (c — a) (c — b) (c — d) (c — x) 


(d — a) (d — b) (d — c) (d — x) 



Solutions to Sec. 2 


145 


since the second sum equals zero. 

It remains only to make sure that 


(a — b) (a — c) (a — d) (a — x) ' (b — a) (b — c) (b — d) (b — x) 1 
1 1 

4___1___L 

• (c — a) (c — b) (c — d) (c — x) ' (d — a) (d — b) (d — c) (d — x) 1 

-i- - -=o 

‘ (x — a) (x — b) (x — c) (x — _d) 

It is possible to reduce these fractions to a common deno¬ 
minator and, on performing necessary transformations in 
the numerator, to obtain zero. But we can, however, proceed 
in a different way. 

Multiplying the left member by (a — x) (b — x) (c — x) x 
X (d — x ), we get 

(«-6) (a-c) (a-dj ~ (b ~ X) (C ~ X) (d ~ X) + 

+ (b -a)(b-c)W-d) (a-x)(c~x)(d-x) + 

+ {e -a)(c-b)(c-dl '*) ^ - *) '*) ■+ 

+ (d_a)(d_6)(d-c) ( a — a: ) ( b ~ x ) (c—x) + l. 

It is obvious that we deal with a third-degree polynomial 
in x . It is required to prove that it is identically equal to 
zero. For this purpose it is sufficient to show (see the beginn¬ 
ing of the section) that it becomes zero at four different 
particular values of x. Replacing x successively by a, 6, 
c, d, we make sure that our polynomial vanishes at these 
four values of x, and, consequently, it is identically equal 
to zero. 

16. Transposing x 2 to the left, we get there a second- 
degree trinomial in x. To prove that it identically equals 
zero it suffices to show that it becomes zero at three diffe¬ 
rent values of x. Putting x — a, b, c, we make sure that 
the identity is valid. 

17. Solved analogously to the preceding problem. How¬ 
ever, Problem 16, as well as this one, can be solved by making 
use of the quantities S k (see Problem 8 and the following 

ones). 
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18. Put 


a — b 


b — c 


c — a 


c “**’ a b 

The left member of our equality takes the form 

(-+v+»(l+{+4)”3+4 i +^ i +4 £ 

Consider the fraction - - - . We have 


y±l = (±zl ; £z±\ _ L 

x \ a b ) a — 


b a — b 


b 2 — be + ac — a 2 
ab 


c b 2 — a 2 — c (b — a) c . , . v 

--- : = lF(- a - fe + c ) = 


a — b 


ab 


-■£■<- a-b-c + 2 c )- 


2c 2 

ab 


since a + b + c 

y-\~z x + z 


= 0. Using a circular permutation, we find 

x + y _2c* , 2a2 , 262 = 2 fe3 

ac abc v ' 1 ’ 


ab 


be 


But if a + b 4 c = 0, then a 3 + fo 3 + c 3 = 3afo (see 
Problem 23, Sec. 1). Consequently 


y + z , x + z x + y g 

and the equality is solved. 

19. Miltiplying the given expression by (a + b) (b + c)x 

X (c + a ), we get (a — 6) (a + c) (b + c) + (a + c) X 
X {cl 4* b) (b — c) + {cl + b) {c — a) (b -j- c) + 

+ {a — b) {c — a) {b — c). 

This expression is a second-degree trinomial in a which 
becomes zero at a = b, a = c and a = 0 and, consequently, 
is identically equal to zero, i.e. 

a — b . b — c c — a (a — b) (b — c) (c — a) ~ 

a + b ' b + c ' c-|-a ‘ (a + b) (b+ c) (c + a) 

We assume here b =+ c. If b = c, then it is easy to make 
sure directly that the identity holds true. 

20. We have 

_ b — c _ lb — a) + (a — c) 1 1 

(a — b) (a — c) (a — b)(a — c) a — b a — c 
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Treating the remaining two terms in a similar way, we 
arrive at the proposed identity. 

21. Answer. 0. Solved analogously to Problem 19. 

22. It is required to prove that 


d m (a — b) (b — c) + b m (a —d) (c — d) b — d 
c m (a — b) (a — d) + a m (b — c) (c — d) a — c 


Reducing to a common denominator, let us prove that 
the numerator equals zero. However, if the numerator 
is divided by the product (a — b) (a — c) (a — d) (b — c) (b — 
— d) x (c — d), we get the following expression 
a m ,b' m 
(a — b) ( a — c) (a — d ) (b — a) (b — c) (b — d) ' 

,_ c™ _._ d™ _ 

' (c — a) (c — b) (c — d) ' (d — a) (d — o) (d — c) 

At m = 1,2 this expression is equal to zero (see Problem 9). 

23. Let us first prove that 

J_* | x(x — ai) X (x — on) (x — a 2 ) 

a 4 ' aia 2 aia 2 a 3 • • • ~r 

, / j\n — ai)(x — a 2 ) ... (x —a n .!) ^ 

‘ ' aia 2 . •. a n 

/_ ( x a l) ( x a a) ••• ( x <%q) / \ 

' ' aia 2 ... a n * 


Likewise, it is evident that the second bracketed expression 
is equal to 

(a + ai) (x + a 2 ) ... (x+a n ) 

aia 2 ... a n 

And the product of the bracketed expressions yields 

/ __ A\n (x 2 —qf) (x 2 q|) . .. (z 2 — a\) 

' cl(ol\ ... q ^ 

Replacing here x by x 2 and a t by a\ and applying the 
equality (*) in a reverse order, we get the required identity. 

24. Given 


/ fc 2 -f-c 2 — a 2 
\ Wc 


1 


, ( t l * 2 • '- 2 

^ V 2 ac 

, /fl2 + 62 —c2 

+ l 2a6 



(*) 


10* 
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The first bracketed expression is equal to 

(i6— c) 2 —a 2 (b — c — a)(b — c-\- a) 

2 be 2 be ’ 

the second to 

(a — c) 2 — b 2 (a — c — b) (a — c + 6) 

2ac 2 ac 

Likewise, the third one takes the form 

(a+6) 2 —c 2 _(a + 6 + c)(a + 6 — c) 
lab ~ lab 

Consider the sum of these expressions 

(a + 6— c)(a + c— 6) (a + 6— c)(c + 6— a) 

26c 2ac ‘ 

(a + 6—c) (a + b + c) 

lab ~ 

= a 2afe7" ( c ( a + 6 + c) —&(c + fe —a) —a(a + c —&)} = 

__ + ^ — c )( c + ® — 6) (c — a-f-6) 

2abc * 


Thus, we are given that 

(a + 6 —c) (a + c —6) (c + 6— a) ^ 

2a6c ~ U ’ 

wherefrom follows that at least one of the factors in the 
numerator equals zero. Suppose a + b — c = 0; then all 
the three bracketed expressions in the equality (*) are equal 
to zero, and, consequently two of the given fractions are 
equal to 1, while the third one to —1. The remaining 
two possibilities yield the same result. 

25. Reducing the original equality to a common deno¬ 
minator and cancelling it out, we get (after some trans¬ 
formations) 

(a + b) (a + c) ( b + c) = 0. (1) 

But the second equality (which is to be proved) can 
also be reduced to the form 

(a 71 + b n ) (a n +c n ) ( b n + c n ) = 0. 


( 2 ) 




Solutions to Sec. 2 


149 


It is quite obvious, that with an odd ri equality (2) 
follows from (1), since if, for instance, a + b = 0, then 
a=— b and a 11 + b n = a n + ( — a) n = a n - a n = 0. 

26. Rewrite the given proportion in the following way 

(bz + cy) yz _ (cx + az) xz (ay + bx) xy 

— ax-\-by-{-cz ax — by-\-cz ax A-by — cz 

But from the proportion = -jj = y- follows ^ 

C -j- E A E f . . i i .. A 

= jjrf jr =: b+f ~ \ li 1S easy t0 check > P uttln £ -g- = 
CE 

= — = —=X and expressing ^4, C and E in terms of K. 

B, D, F) . 

Therefore we have 


c(x 2 + y 2 ) + z (ax + by) <*(z 2 +j/ 2 ) + J ( fc y + cz) 

c a 

_ b (x 2 4 z 2 ) + */ (cz 4 


Subtracting x 2 + y 2 + z 2 from each term of this equality, 
we get 

z (axby — cz) x(by-\~cz — ax) y(cz-\-ax — by) 

c a b 

Take the original equalities 

ay-\-bx _ bz-\-cy cx -\-&z 

z (ax-\-by — cz) x (— ax 4 by 4 cz) ~ y(ax — byA~cz) 


Multiplying these equalities, we find 

ayA-bx bzA~cy cx + az 

c a b 

Hence 

c = (ay + bx) ja, 
b = (cx 4 az) Pm 
a = (bz A- cy) \i. 


Multiplying the first of these equalities by c, the second 
by b and the third by a, and forming the expression b 2 + 
4- c 2 — a 2 , we find b 2 c 2 — a 2 = 2\ibcx. 

Analogously, we get 

c 2 A- a 2 — b 2 = 2\icay , a 2 4- b 2 — c 2 = 2p,a6z, 
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Hence, finally 

_ X ___ y _ z _ 

fl(62-j-c2 — a2) — b%) c(a2-|-&2— c2) 

27. Since a + b + c = 0, we may write 

(u 4“ b -J- c) (dec -|- bp ~j— cy) = 0. 

Expanding the expression in the left member, we find 
a 2 a + b 2 p + c 2 y + ab (a + p) + ac (a + y) 4~ 

+ cb (p + y) = 0. 

But a + P = —y» a + y = — P, p + y = — a > therefore 
a 2 a + b 2 p 4- c 2 y — aby — acp — cba = 0, or a 2 a + 6 2 P + 

+ c 2 y — abc[— 4-+—) = 0, and since— + -f- + ^ = 0 

' ' \ a b c I a b ' c 

(by hypothesis), we have: a 2 a + b 2 P + c 2 y = 0. 

28. From the equalities 

(b 2 + c 2 — a 2 ) x = (c 2 + a 2 — b 2 ) y — (a 2 + 6 2 — c 2 ) z 
follows 

x y __ z 

1 - 1 — 1 * 

1)2 q2 — q2 q2 _J_ #2 — })2 q2 _|_ j ^2 — q2 

Put for brevity 

b 2 + c 2 — a 2 = A , c 2 + a 2 — b 2 = B, a 2 + b 2 — c 2 = C. 

It is evident that our problem is equivalent to the follow¬ 
ing one: if the equation a? + */ 3 + z 3 = (# + y) + z) X 
X {y + z) has the solution 

x = a, y = b, z = c, 

then it also has the following solution 



We know the following identity (see Problem 19, Sec. 1). 
(* + y + z) 3 — z 3 — y 3 — 2 s = 3 (x + y) (x + z) (y + z). 
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Using this identity, we can easily prove that the equalities 
or* + y 3 + z 3 = (x + y) (x + z) (y + z), ( 1 ) 

(x + y + z) 3 = 4 (x 3 + y 3 + z 3 ) = 

= 4 (x + y) (x + z) (y + z), (2) 

(x + y — z) (x + 2 — y) (y + z — x) = —4 xyz (3) 


are equivalent, and the existence of any of them involves 
the existence of the remaining ones. Thus, it is sufficient 
to prove that 


(4+i+4) 1 = MT+4)(4+4)(4+4). 


i.e. that 

(AB + AC + BC) 3 = 4 (A + B) (A + C) (B + C) ABC. 
But 

A + B = 2c 2 , A + C = 2fr 2 , B + C = 2a 3 . 
Therefore we have to prove 

(AB + AC + BC) 3 = 32 a 3 b 3 c 3 -ABC. 


Let us first compute AB + AC + BC, and then ABC. 
We have 

AB + AC + BC = A (B + C) + BC = 

= (b 3 + c 3 — a 3 ) -2a 3 + [ a 2 + (b 3 — c 2 )] X 
X [a 3 - (b 3 - c 2 )] = 2 a 3 b 3 + 2a 2 c 2 - 2a 4 + 

+ a 4 — 6 4 _ c 4 -f 2 b 3 c 3 = -a 4 — b* - c 4 + 

+ 2a 2 h 2 + 2a 2 c 2 + 2b 3 c 3 = 4a 2 6 2 - (a 2 + b 3 - c 2 ) 2 = 
= (a — b + c) (—a + b + c) (a + b — c) (a + b + c). 


By virtue of equality (3) 

(a + c — 6) (fe 4 - c — a) (a + b — c) = —Aabc. 
Therefore 

AB 4- AC 4- BC = —4a6c (a + b + c). 
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IF,2 


Compute ABC. Put 

a 2 + b 2 + c 2 = s, 

then 

ABC = (s- 2a 2 ) (s - 2b 2 ) (s - 2c 2 ) = 

= s 3 — 2 (a 2 + b 2 + c 2 ) s 2 + 4 (a 2 6 2 + a 2 c 2 + b 2 c 2 ) s — 
— 8a 2 b 2 c 2 = 4 (a 2 b 2 + a 2 c 2 + 6 2 c 2 ) 5 — s 3 — 8a 2 b 2 c 2 — 

— s {4a 2 6 2 + 4a 2 c 2 + 4 b 2 c 2 — (a 2 + b 2 + c 2 ) 2 } — 

-8 a 2 b 2 c 2 = - s {a 4 + 6 4 + c 4 - 2a 2 6 2 - 2a 2 c 2 - 

— 26 2 c 2 } — 8a 2 b 2 c 2 = s (a + c — 6) (6 + c — a) X 
X (a + 6 — c) (a + 6 -f- c) — 8a 2 b 2 c 2 — 

= —Aabc (a + 6 + c) (a 2 + fr 2 + £ 2 ) — 8a 2 b 2 c 2 = 

= —4a6c {a 3 + 6 3 -f c 3 + # 2 (6 + c) + 6 2 (a + c) + 

“f - c 2 {a -f- 6) -f- 2#6c}. 

But 

(a + 6) (a + c) (6 + c) = a 2 (6 + c) + 

-f 6 2 (a + c) + c 2 (a + 6) + 2a6c. 

Therefore, by virtue of equality (1), the bracketed expres¬ 
sion is equal to 2 (a 3 + 6 3 + c 3 ). 

But, by virtue of equality (2), 

2 (a 3 + b 3 + c 3 ) = i (a + b + c) 3 . 

Therefore ABC = —2abc {a + 6 + c) 3 . 

But, as has been deduced, AB + + BC = 

= — Aabc (a + 6 + c). 

Therefore, 

(AB + AC + BC) 3 = 32aW -ABC. 

29. 1° We have: 

~ #n^n-1 "P -2’ ^n-2 = # 71 -^ 77 -1» 

$n = a nQn -1 “1“ Qn-2i Qn $ 71-2 ~ #ti$77-1* 


The left member of the equality in question is transformed 
by the following method 


Pn+2 Pn+1 Pn-1 


71 + 1 


: # 71+2 


71 + 1 


# 71+1 


P 7 I 


P7I + I 


: # 71 + 2 * # 77+1 * 
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We get quite analogously that the right member also 
yields a n+l -a n+2 • Thus, the identity is proved. 

2° We have 

Pk iVi _ Pfcgft-i - QkPk- 1 _ (- D^ 1 
(?&-i QkQh-i QkQk-i 

Putting here k = 1, 2, . . n and adding termwise, we 
obtain the required result. 

3° We have 

Pji+zQti -2 Pn -zQn+2 ~ (#77+2-^77+1 “f“ ^n) Qn-2 

Pn-2 (C?7i+l#77+2 ~f" $ 71 ) ~ #■« + 2 {Pn+iQn-2 P TI- 2 Q 11 + l) “l~ 

+ PjiQn -2 — Pn-2Qn = 

= fln+2 {(# 77 + 1^77 + -l) C^n-2 - -2 (#77+l(?7i + (?n-l)} + 

+ ( a nPn-l + ^n-2) <?n-2 “ ^n-2 (#t?(?77 -1 + @71 - 2 ) = 

= # n -fi#;n,+ 2 {P71Q71 -2 Pn- 2 Qn) "f" 

+ # 77+2 (Pn-iQn-2 ~ Pn-lQn-i) + 

+ a n (Pn-iQn-2 ~ Pn-2Qn-i) = 

— # n +i#77+2 {(a n P n _ 1 P n - 2 ) Qn-2 — 

— ^77-2 (^nQu -1 + ^71-2)} + # 7 7 + 2 (— 1 )™ + #77 (~“l) n = 

— (#n+2#7i+l fl 7i + #n+2 + a n) (“l) n * 

4° It is known that P n = a n P n „ 4 + P n _ 2 * Therefore 


Pn :a n + -^=a n 


1 


D *^71 T P li 7 X T* P #77 T ~ P | p 

^71—1 “n-1 "*77 — 1 a 7l-n 71-2 “T^71-3 

1 


1 


71-2 


- #77 ~+~ 


1 


a 77 —1 + 


Pn-2 

jvr =an+ ^T+\ , 1 

Pn-2 


a 2 + 


Po 


= #-77 + 


077-1 + * . 


fl l + 


1 * 


The expression for is found in a similar way. 

V 77— 1 
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30. On the basis of the results of the preceding problem 
we have 
Pn 


Pn -1 


Qn-U • • ■) a 0 ) (a 0 , Q, 2 i • • • ? #n) ; 


P n 

Cn # 


Consequently, P n = <? n . 

31. We have to prove that 


or 

But 


Pji+ 1 P n~\P n+1 — P nP n+ 2 — Pn? 

Pn+l(Pn+i — P n_l) = P n{P n + 2 — Pn)* 


Pn+i a Pn Pn —1 > Pn+2 ~ a Pn+i H - Pn• 

Consequently, 

P n +1 Pn- i @Pni Pn+2 Pn ^Pn+ 1* 

Hence, follows the validity of our identity. 

32. By hypothesis 

1 Pn 1 


X = 


Or 


(a, 6, Z, a, (?n 


(a, 6, 


0 


£ = — , 1 
fl +T+- 


* * +y ! Jjl 

Pn 


Thus, z is obtained from if l is replaced by Z + 

vn 

H-Ja. in this fraction. But ^ L = ~ 1 1 • 

<?n Vn ^ vn-1 i vn-2 


Therefore 


x = 


( ,+ «r) p "- +p - 


PnQn H PnPn-1 




% + Pn0n-l 


33. It is obvious that at & = 0, 1 our formula holds true. 
Assuming that it is valid at k = n — 1, let us prove that 
it takes place also at k ~ n. And so, we assume 

Pn-i 


b 0 + 


a i 

bi + . 


a n -1 

fen-1 


Qn -1 
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However, according to the rule for composing P h and Q h , 
we have 

Pn-1 bn-lPn-2~\~ a n-lPn-3 


Qn- 1 ^n-l^n-2 + a n-l9n-3 ’ 

where P n - 2 , P n - 3 i Qn- 2 , (V -3 are independent of a n _i and 

^n—1 • 

On the other hand, it is clear that the fraction 


*+£+. 


a n-l 


-T - 1 “71 

&71-1 I 


is obtained from the fraction 

*«+•?+. 


by replacing by fc n -i + -r 2 - 

°n 

Therefore 


-'n-1 


* + £+. 


^71-1 “f"" 


I 

f h 1 ^n y 

bn ~ l + ~K 1 

| Pn-2 + a n-lPji-3 


th 1 a n \ 

r-'+'d 

| <?n-2 + a n-lQn-3 


bn-lPn-2 + a n-\Pn-3 + -r~ P n-2 
__ 

^71-1^71—2+ fl n-l^?n-3 + -T^- (?n~2 
u n 


Pn-l+-jrPn-2 
.___ 

< ?n-l + *7~“ Qn -2 

u n 

- ^nPn-l ~\~ a nPn-2 . 

bnQn-1 + a nQn-2 
Pn 


Qn 


34. Denoting the value of our fraction by we have 

Qn 

Pi = r, Qi = r + 1 , 

P 2 = r(r + 1 ), <? 2 = r 2 + r + l. 

Using the method of induction, let us prove that 

r n — 1 ^ 7* n+ l — 1 


Pn = r 


r — 1 ’ 


<?n = 


r— 1 
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At n = 1 these formulas are valid. Assuming their validity 
at n = m, let us prove that they also take place at n — 
= m + 1. 

We have 

P m+i ~ bm+lPm “l” ^m+l^m-1* 

In our case we find 


r m — 1 


r m -i_ \ r m+t _ \ 


P m+l = (r + l)r 1 = r -r*- 7 - r -=i r _ 4 

Analogously we obtain that 

r m+2— 1 


35. Put 


Then we find 


Therefore 


Vm+l— r _| 

1 1 1 

u r u r +1 a r -f-^r 




w r + w r+ l 

1 1 _ 1 
^2 ““ „ U l 

U i - 


Further 


where 


1 1 1 


u i + u 2 
1 


‘ Wa u 3 Ml m 2 + ^ 2 + ’ 


Thus 


^ = r-i_ 

2 MJ + M2 + X2 


1 , 1,1 


Wj u 2 u 3 


U\- 


u i + u 2 x 2 


U l~ 


u i~\~ u 2~ 


U 2 +U 3 


Using the method of induction, we also get the general 
formula. 
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36. Let us denote the fraction 


a i 


TT* + — i 

‘ fro + ‘ . | j in 


p 

by , and put the fraction 
Yn 


Clbl + +••.!_ c n-l c n a n 

C n^n 


pt p p' 

equal to 757 - . It is required to prove that -jr = ~7T f° r an Y 

Yn Yn Yn 

whole positive n. 

We have 

P 1 _ ^2 _ a i^2 

Ql ^1 ’ <?2 ^l^+ a 2 ? ’ 

P[ __ Cjfli Pj __ 

Q'l ~~ Cih ’ <?2 ~ ^l c 2 (¥2 + ^ 2 ) ’ 

We may put P 4 == a u Q t = b u P 2 = aib 2 , Q 2 = M 2 + a 2 , 

and then the following relations take place (see Problem 33) 

P n+1 == b n +\P n 4" ^n+l-^n-1’ 

(?n+l ~ ^n+l(?n 4“ a n+lQn-l* 
Put 

C\Cli) P 2 

(?i = ^ 1^1 * == c i c 2 (^1 b 2 + a 2 ) 

Let us prove that for any n we then have 

P n — C\C 2 . . . C n P n , Q n = C 1 C 2 . . . C n Q n * 

Let us prove this assertion using the method of induction, 
i.e. assuming its validity for a subscript smaller than, oi 
equal to, n , we shall prove the validity for the subscript 
n + 1. 

We have 

Pn +1 ^u+i^n+l^n 4" CuCn+ldn+lPn-h 

Qn +1 — + l^n+lC¥4" 
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Hence (with the asumption) 

Pn+1 — ^n+l^n+l^l c 2 • • • Cji^n "1“ 

~l~ c n c n+l a n+t ( 'l c 2 • • • c n-l^n-l = 

“ Ci^2 . . . £ n +1 (b n+l P n -)- ci n -\-\P n -\) — 

= CiC 2 . . . £ n +l^nfl- 

Likewise prove that 

Qn+i ~ c \ c 2 • • • c n+iQn+l- 
Now it is easy to find that 


37. 1° Put 


2 cos x - 


1 


2 cos x - 


Qn ~~ Qn * 


1 


2 cos x — •. 


1 


Qn 


2 cos x 


We have 


Q i 


- = 2 cos x. 


Therefore we may put 


Further 


D sin 2x n sin x 

r \ — —:- , U\ — —- 

1 sin a: ’ x 1 sin x 


P 2 o 14 cos 2 x — 1 

-TP- = 2 COS X — 7i -= — s - 

Q 2 2 cos x 2 cos x 


Consequently, we may take 


_ sin 3a: ~ _sin 2.r 

2 sin a: ’ sin x 


t . .i . .. n sin(«-fl)^ sin no:- 

Let us prove that then P n = —V--, Q n = —-— for any n. 

sin x sin x 

Assuming that these formulas are valid for subscripts 
not exceeding n, let us prove that they also take place at 
n + 1. We have (see Problem 33) 


P n+i = 2 cos x 


sin(rc+l)a: sin nx _ 1 


sin x 


sin x 


sin x 


sin (n + 2) x. 
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In the same way we find that Q n+i = - ri ^ n .~ r ^ x , and there- 

J V H-hl Sill x 

fore 

P n sin (ft + 1) x 

Q n sin nx 

for any whole positive n. 

2° Let us denote the continued fraction on the right by 

P 

. We have to . prove that 

Yn 

'jr- = 1 + b 2 + b 2 b 3 + • • • + b 2 b 3 ... b n . 

Vn 

We have 

1 P 2 _^2 + l 

<?i “ 1 ’ <?2 ~ l * 

Therefore we may take: P t = 1, = 1, P 2 = ^2 + 

(? 2 = 1* Then, using the method of induction, it is easy 
to prove that 

Pn = 1 + b 2 + b 2 b 3 + • • . + b 2 b 3 . . . b n , 

Qn = 1,3 

and, consequently, our equality is also true. 

38. 1° We have 

sin a -|- sin b -f sin c — sin (a + b -f- c) — 

= (sin a + sin b) + [sin c — sin (a -f 6 + c)\ = 

0 . a-f-fc a — b 0 . a-j-fe a + fc + 2c 

= 2 sin — cos —^-2 sm - cos 1 — = 

0 . a + & / a — b a-\-b-\-2c\ 

= l sin (cos—^- cos——I = 

j . cl -4- b . ci --j- c . b -4- c \ 

= 4 sin —sin sm —J. 

2° Analogous to the preceding one. 

39. Consider the sum 


tan a + tan. b + tan c. 
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We have 


tan a + tan b + tan c 


sin (a + b) 
cos a cos b 


sin c 
cos c 


sin (a + b) cos c + sin c cos a cos b _ 

cos a cos b cos c ~~ 

sin(a+6) cos c +cos (a-\-b) sin c — cos (a+6) sin c + sin c cos a cos b 
cos a cos b cos c 

sin (a + b + c) + sin c [cos a cos b — cos (a + 6)]_ 

cos a cos b cos c 


_sin (a + b + c) + sin a sin b sin c 

cos a cos b cos c 

Hence follows the required equality. 

40. The equalities 1°, 2° and 3° are easily obtained from 
Problems 38 (1°, 2°) and 39 putting a = A, b = B, c = C 
and a-\-b J rc = A-\-B-{-C = n. 

Now let us prove 4°. Rewrite the left member in the follo¬ 
wing way 

S = tan y tan y + tan y (tan y -f tan y j . 

But since 

A + B + C = ji , 

we have 


Lan- 


= tan 


n A + B \ 

~l 


= cot 


A + B 


tan 


A + B * 


Hence 


c . A . B 
6 = tan y tan y 


* A , 4 5 

tany+ tany 


tan 


A + B 


i, 


tan 


,4 + 5 


tan y + tany 


' . A B 

1 — tany tan — 


since 
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5° Indeed 

sin 2A + sin 2 B + sin 2 C = 

= sin 2,4+2 sin (B + C) cos (B — C) = 

= 2 sin + cos A + 2 sin ,4 cos (B — C) = 

= 2 sin A [cos A + cos (B — C )] m 
= 4 sin 4 sin 5 sin C. 

41. 1° It is necessary to find how a , 6, and c are related if 

cos a + cos b + cos c — 1 — 4 h sin y sin y sin y = 0. 

To this end let us reduce the left member of the equality 
to a forih convenient for taking logs, i.e. try to represent 
it in the form of a product of trigonometric functions of the 
quantities a, b and c. 

We have 

cos a + cos b = 2 cos ~— cos —^— = 

= 2 (cos 2 y cos 2 y — sin 2 y sin 2 y J, 
cos c — 1 = — 2 sin 2 y . 

Therefore the left member takes the form 
2 cos 2 y cos 2 y— 2 sin 2 y sin 2 y — 2 sin 2 y — 

— 4 sin y sin y sin y = 

2 1” n CL 9 b / . o fl . n I) n ■ CL . b . C 

| COS 2 y COS 2 -5- — y Sin 2 y Sill 2 y + 2 Sin y Sill y Sin y + 

+ sin 2 y) J = 2 [cos 2 y cos 2 y — (sin y sin y -fsiiiy) 2 J = 
o r / a b a . b \ c 1 

= 2 | ^COS yCOSy+ siny sin yj 4-sinyl X 

w r/ a & .a.6\ .cl 

X [ (cos y cosy-silly Sin y) ~SinyJ = 

n / a — b . c \ ( a-\-b . c \ 

= 2 ^COS -y- + Siny ) ^COS —£-Silly) = 


11-1225 
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= 2 [cos^ + cos (y--£)] [cos ^ —COS (|-y)J = 

o . n-' r b-\- c — a . n-\-a4-c — b 

— — 8 sin —!—J-sin — ^ - X 

• JT —(— CL -4- b — C . CL —J— h C — JT 

X sin —!—7 -sin — 1 —7 -. 

4 4 

By hypothesis, this expression must equal zero and, conse¬ 
quently, at least one of the factors must be equal to zero. But 
from the equality sin a = 0 follow^ a = kn (where k is 
any whole number). Therefore, among a, 6 and c, satisfying 
the original relationship, there exists at least one of the 
four relationships 

a + b + c = (4/c + 1) it, a + b — c = (4/c — 1) jt, 
a -|- c — b = (4k — 1) it, b + c — a = (4k — 1) n. 


2° We have (see Problem 30) 
tan a -f- tan b + tan c — tan a tan b tan c 
By virtue of our conditions 

sin (a + b + c) — 0 and a + b + c — kn 


sin (fl + 6+c) 
cos a cos b cos c 


3° Transform the original expression. We have 

1 — cos 2 a — cos 2 b — cos 2 c + 2 cos a cos b cos c — 

= 1 — cos 2 a — cos 2 b — (cos 2 c — 2 cos a cos b cos c + 

+ cos 2 a cos 2 b) + cos 2 a cos 2 6 = 1 — cos 2 a — cos 2 6 — 
— (cos c — cos a cos 6) 2 + cos 2 a cos 2 6 = 

= (1 — cos 2 a) (1 — cos 2 6 ) — (cos c — cos a cos 6) 2 = 

= (sin a sin 6 — cos c + cos a cos 6 ) x 
X (sin a sin 6 + cos c — cos a cos 6 ) = 

= [cos c — cos (a + 6 )] [cos (a — 6 ) — cos c] = 

. . a-\-b-\-c . a-\-b — c . a-\-c — b . c4-b — a 

= 4 sin sin ——— sin —h.-sin - 1 -r-. 


Consequently, there exists at least one of the following 
relations 

a + 6 + c = 2 /cjt, a + 6 — c = 2kn, a + c — 6 = 2kn , 
6 + c — a — 2kn. 

42. Put 

x = tan y , y = tan , z =. tan y . 
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Then 

2x . 2y , Q 2z , 

= tan «. jzr^2 = tan p, = tan y, 

and our problem takes the following form. Prove that 
tan a -f- tan p + tan y — tan a tan p tan y 
if 

tan- 2 - tan-|- +tan 2 - tan-j -(-tan-|-tan -j = 1 . 
Rewrite the last equality as 

tany (tan-|-f-tan-|-) — (l —tan tan-|-j = 0 . 

Dividing both members by 1 — tan tan , we get 

tan - 2 . tan — 1 = 0 , tan - 2 - = cot = tan (- 2 - — j. 
Hence 


& t P + V 

2 “1“ 2 



(if tangents are equal, the corresponding angles differ by 
the multiple of jt) and 

<x — J— P —j— y = (2ik ~\- 1 ) Jt. 


And ro the proposition is proved (see Problem 40, 3°). 
43. Put b — tanp, c = tany, a — tana. Then 


b — c tan P — tan y . /Q \ 

1 + bc 1 + tan (3 tan y tan 

and, hence, our equality is equivalent to the following one 
tan (P — y) + tan (y — °0 + tan (a — P) = 

= tan (P — y) tan (y — a) tan (a — p). 

Put 

P — y = x, y — a = y, a — P = z. 


Let us finally prove that 


tan x + tan y + tan z = tan x tan y tan z 
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if 


But then we have 


x + y + z = 0. 


tan (x -f y) «= — tan z, 


tan x -f- tan y 
1 — tan x tan y 


— tan z. 


Hence follows the required equality. 

It is obvious, that the last two problems can be solved by 
direct transformations of the considered algebraic expres¬ 
sions. 

44. We have 


tan 3a 


sin 3a 
cos 3a 


sin a (3 —4 sin 2 a) , 3 — 4 sin 2 a 

cos a (1—4 sin 2 a) ana i— 4 sin 2 a’ 


Divide both the numerator and denominator of this 
fraction by cos 2 a and replace by 1 + tan 2 a. 

We get 


tan 3a = tan a 


3 —tan 2 q 
1 — 3 tan 2 a 


tan a 


1/3 + tan a 
1 — 1/3 tan a 


1/3 —tan a 
1 +1/3 tan a 


Hence 


tan 3a = tan a tan 


(i + djtan (f- 


)• 


45. Multiplying both members of the equality by a + b 
and replacing unity in the right member by (sin 2 a + 
+ cos 2 a) 2 , we get 

sin 4 a 4- cos 4 a + — sin 4 a + -£■ cos 4 a = 

= sin 4 a cos 4 a -f 2 sin 2 a cost' a, 


— sin 4 a —2 sin 2 a cos 2 a -{- -2- cos 4 a = 0, 

a 1 b 1 

( j/^~sm 2 a —-j/ ~cos 2 aj =0, 

b • A, & A. 

— sin 4 a = --eos 4 a, 
a 6 ’ 


whence 
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sm 4 a_ cos 4 a 
a 2 “ 


Substituting it into the original equality, we find 


Therefore 


sin 8 a , cos 8 a 
+ ""P -: 


(a+ 6)2 * 


— J___ 

A4 > 


(a + 6) 3 


46. Prom the second equality we have 

(«! cos a 4 + a 2 cos a 2 + • • • + ct n cos a n ) cos 6 — 

— («! sin <*! + a 2 sin a 2 + ... + sin a n ) sin 0=0. 

On the basis of the first equality and since sin 0 0, we get 

di sin oci + a 2 sin a 2 + ... + a n sin a n = 0. (*) 

Multiplying the first equality by cos X and the equality (*) 
by sin 1, and subtracting the second result from the first 
one, we have 

a { cos (ctf + X) + a 2 cos (a 2 + X) + . . . + 

+ a n cos (a n + X) = 0. 

47. It is obvious that the left member is reduced to the 
following expression 

(tan p — tan y) + (tan y — tan a) + (tan a — tan P) = 0. 

48. 1° We have 


p(p—a) 


Hence 


Therefore 


ap (p — a) 


— ^-{ a (p — a)-\- b (p — b)+c{p — c)}. 
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But 


s 2 = p(p — a)(p — b) (p — c ). 


Hence 


{ a . b . c "1 __ 

(P — W(P— ‘) MP — a) (p — c)~^(p — a) (p —&)/ — 
(p —6) + (p —c) (p — a) + (p— c) (p —a) + (p —6) 


„ f (P — o) + (P- 

\ (P~b)(p- 


2° We have 


c) 


(p —a) (p — c) 


_ - a )~Hp—fr) 1 __ 

(.P — a)(p — b ) / “ 

= 2 (r a + r b -fr c ). 


i> 2 r b 


(a — b) (a — c) 1 (b — c)(b-a) 1 (c —a)(c—6) 
a 2 , fc 2 


{ (p_ fl ) ( a _ 6 ) (a _ c ) + (p-6)(6-c) (6-a) 1 

+_f!_ 

-t-(p_ c) (c—a) (c—b)) 


But (see Problem 9) 


fl2 


62 


(p — a)(a — b)(a — c) 1 (p — b) (b — c) (b — a) 


+ 


(P — c) (c — a) (c — b) (p—a) (p — b) (p — c)' 


Therefore 


a = 


sp A 


sp 3 p3 p 2 


(p — a) (p — b) {p—c) s 2 s 


3° We get 

r i r _!_ r = S /_J _I_1_1 \ _ c(afc + ac + 6c-p 2 ) 

a ' b ' c \p — a'p—b^p — c) (p — cl) (p — b) (p — c)* 


Further 


^- + ^r + -y-=Y{a(p-a) + b(p-b) + c(p-c)} = 
= 1(2 p 2 _a 2 - 6 a -c 2 ) = 

= y (— p 2 + ab -f ac + be). 
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The rest is obvious. 

4° Consider the first sum 

_ 1 ( bc(p — a) 2 ac (p — b) 2 ab (p — c ) 2 _ 

° ~ s 2 \(a — b)(a — c)'(b — c)(b — a)'(c — a)(c — b) J ~~ 

1 f 2 , r be ■ ac . ab ~| 

s 2 [ (a — 6) (a — c) ' (fr — c) (b — a) ' (c — a) (c — b) J 

2pabc (a — c) (b — c) (b — a) (c — a) (c — 6)] 

~^ abc [(a —6) (a — c) + (6 —c)(ft —a)"*"^ — a) (e — 6)] }' 

But (see Problem 8) 

_!_i_1_i_1_— 0 

(a— 6)(a —(b — c)(b— a)^ (c — a) (c — b) 


_£_+_5_+_£_= 0 . 

(a — b)(a — c)^ (b — c)(b — a) ' (c — a) (c — b) 


Therefore 




be ac ab 1 

(a — b) (a — c) ' (b — c) (b— a)' (c— a))c — b) ]’ 


further 

be , ac , aft 

(a —ft) (a — c) + (ft —c) (ft —a) + (c — a) (c — 6) : 


111 

. a(a^ftHa37) + ft7ftH7)76ir^j + ' 


And so 


_1_] + _L) = i. 

) — a) (0 — ft) (0 — c) J ~ abc / 


^ P 2 _ 1 


Let us go over to the second sum. We have 

o=_L_ /___i_ *2 _ + 

r a r b r c \(a — b)(a — c)^(b — c)(b — a)'^ 

I c2r c } _ _£_ f__, 

^ (c — a) (c — b) J r a r b r c \ (a—b) (a — c) (p — a)~^ 

j_ b l _j _fL__\ 

' (b — c) (b — a) (p — b)^ (c — a) (c — b) (p — c) J ' 
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But 


fl 2 


62 


(a-b) (a-c) (a-p) ^ (b-c) (b-a) (b-p) 
. c 2 


(C — a) (c — b) (c-p)^(p — a) (p — b) (p — c)' 


Therefore 

_ s(p — a) (P — b)(p — c) 

~ S 3 

5° We have 

ar n 


(P — *) (P — b) (p — c) 


JL 

2 r 2 


br h 


cr r 


(a — b)(a — c) 1 (b — c) (b — a) (c — a) {c — b) 

1 (a —6) (a —c) (p — a) *" (6 — c) (b — a) (p — b) "* 

(c — a) (c — b) (p — cj } “ ~ 5 { (a — b) (a — c ) (a — p ) + 

^ (b — c)(b — a)(b — p) ^ (c — a)(c — b)(c — p) ^ 

, P 


_ E _ 

? _ fl ) (p — b) (p — c)J 


(p — a) (p — b) (p — c) (p — a) (p — b) (p — c ). 

S P 


Further 

(b+c)r a 


(p — a) (p — b) (p — c) 

(c-\-a) r h (a + b)r c 


P 

r 


(a — b) (a — c) 1 (b — c) (b — a) 1 (c — a) (c — b) 

_ „ / _ + _ I _ ( c ~l~ a ) _ I 

\ (a — b) (a — c) (p — a) ' (b — c) (b — a) (p — b) 

+ (7 Z^iz^fZT) }=s(a + b + c) { 


a) 


1 


1 


(b — c) (b—a) (p — b) “ (c — a) (c—b) (p 
a . b 




{, 


(a — h) (a — c) (p — a) ' (b — c) (b — a) (p — b) 
(c — a) (c — b) (p—c) } ' 
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But 

1 1 

(a — b) (a — c)(a — p) (b — c) (b — a)(b — p) 

1 1 
(e—a) (c—b) (c— p) + (p — a) (p—b) (p—c) ~ 

Therefore, the first braced expression is equal to 

- — - zr-, -r. The second braced expression is equal 

(P — a) (p — b) (p — c) 1 

to -V . Hence 

s 2 

_ s (a4-b-\-c) p 2 2 p 2 p 2 p 2 jD 

(p—~ a )(P — ty(p — c) s s s s r 

49. Rewrite the supposed identity in the following way: 
sin (a + b — c — d) sin (a — b) = 

= sin (a — c) sin (a — d) —- sin (b — c) sin (6 — d). 

1 

Using the formula sin A sin B = -g- {cos {A — B) — 
— cos (^4 + 5)}, we find 
sin (a + b — c — d) sin (a — b) = 

4 

= y {cos (2b —c — d) — cos (2a—c — d)}, 
sin (a — c) sin (a — d) = — {cos (c — d) — cos (2a — c — d)}, 
sin (6 — c) sin (b-d) — -^- {cos (c — d) —cos (2b — c — d)}. 


The rest is obvious. 

50. 1° We have: 1 + tan 2 

where a-{-b~\-c — 2p. 

Hence 

14- tan 2 y +1 + tan 2 +1 + tan 2 


2 C0S 2® 1 + cos0 
z 


b+c 


(6+ c ) + ( fl + c ) ++ _/ 

- _ 4 , 
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and, consequently, tan 2 -|--|-tan 2 -|- + tan 2 -^-= 1 . 
2° tan 2 4- = —— — 1 = . Therefore 


tan 4 tan -f- tan \ = ( ^ (p ~ c) . 

But, as is known 

tan 4 tan f tan £ = / E5IE E E1 . 

Hence, tan tan tan ~ = tan tan tan . 

51. The left member of our equality can be rewritten as 

—- v r —./ - . . ,, -r-{sin (b — c) — sin (a — c) + 

sin (a — b) sin (a — c) sin (b — c) 1 v 7 v 71 

+ sin (a — b)}. 

But we have 

sin (b — c) — sin (a — c) = 2sin—g— cos ——g-. 

Therefore, the braced expression is equal to 

n • b — a b-\-a — 2c 0 . 6 —a b — a 
2 sin —7T- cos —7^-2 sin -77— cos —jr— 


, . b — a . b — c . c — a 

= 4 sin —g— sin —g— sin —g— . 

But 

sin (a — b) sin (a — c) sin (b — c)=- 

8 . a — b . a — c . b — c a —b a — c b — c 

sin —sin —sin —g- cos —g- cos — 2 “ cos —g— . 
The rest is obvious. 

52. 1° The fraction in the left member has the form 
\ 

—7 -tt—t —7 -- . 77 - - 7 {sin a sin (6 — c)4- 

sin (a — 6) sin (a — c) sin (b — c) 1 V 71 

+ sin b sin (c — a) + sin c sin (a — b)} = 

=- ~slii ( <T — fc) sin (a — c) sin (b — c) ‘ 2 sin « si » ( b ~ c )> 
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where summing is applied to all the expressions obtained 
from the one under the summation sign by means of a 
circular permutation. But 

1 

sin a sin (6 — c) = ^ I cos ( a ~~ b + c) — cos (a + b — c)] . 
Therefore we have 

2 sin a sin (b — c) = {cos (a -f c — 6) — cos (a -f b — c) -f 

4- cos (6 + a — c) — cos (6 -f c — a) + cos (c -f b — a) — 

— cos (c + a — a)} = 0, 

and our identity holds true. 

2° The given identity can be proved similarly to case 1°. But 
we can get the same formula immediately from formula 1°, 

replacing a by y — a, b by y — 6 , and, finally, c by - c, 

53. 1° We have to prove that 2 s * n a s * n (b — c)x 

X cos (b + c — a) — 0. Here summation is applied to all 
the expressions obtained from the original one by means of 
a circular permutation. But 

I 

sin a sin (6 —c) = -g- {cos (a — b -f c) — cos (a + b — c)}. 
Therefore 

2 sin a sin (b — c) cos (b -f- c — a) = 2 cos (& + c — a) x 

1 VI 

X cos (a — b + c) — y 2 cos ( aJ t~b — c) cos (b + c — a) = 

= i 2 [cos 2c + cos (2b — 2a) — cos 26 — cos (2c — 2a)] = 

= { cos 2c — cos 26 + cos 2a — cos 2c + cos 26 — 

— cos 2a + cos (26 —■ 2a) — cos (2c — 2a) + cos (2c — 26) — 

— cos (2a — 26) + cos (2a — 2c) — cos (26 — 2c)} — 0. 

JI 

2° Can be obtained from 1° by replacing a by — a, b 
by — b and c by -y —c. 
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3° Likewise we find 
2 sin a sin (b — c) sin (b + c — a) = 

= {sin 2 (b — a) + sin 2 (c — fc) -f- sin 2 (a — c)}. 
It only remains to show that 

~ {sin 2 (6 — a) + sin 2 (c — 6) -f- sin 2 (a — c)} = 

= 2 sin (b — c) sin (c — a) sin (a — b ). 

4° Proved analogously to 3° or by replacing a by ~— a, 

b by —6 and c by —c. 

54. 1° We have 

2 sin 3 A cos (B — C)~ 2 sin 2 A sin A cos (B — C) — 

— -i- 2 sin 2 A {sin {A-\~B — C -j- sin (A — B + C)}. 

But since 4 B + C = ji, we have 

2 sin 2 A cos (B — C) 2 sin2 A (sin 2 C + sin 2B) = 

= 2 sin 2 A (sin B cos B + sin C cos C) = 

= sin 2 A sin B cos B + sin 2 A sin C cos C + 

+ sin 2 B sin C cos C + sin 2 B sin A cos A + 

+ sin 2 C sin A cos A + sin 2 C sin B cos B — 

= sin A sin B (sin A cos B + cos A sin B) + 

+ sin A sin C (sin A cos C + cos A sin C) + 

+ sin B sin C (sin B cos C + cos C sin C) = 

= sin A sin B sin (A + B) + sin A sin C sin (A + C) + 

+ sin B sin C sin (B + C) = 3 sin A sin B sin C. 
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2° We have 

2 sin 3 A sin (5 — C) = 2 sin2 A sin A sin ~ C ) = 

= ^ sin 2 A sin ( B + 0 sin ( B ~~ B) = 

=+ SsinM{ c °s2C- cos 2B } = 2 sin 2 4 (sin 2 5 — sin 2 C) = 
=sin 2 A sin 2 B sin 2 5 2 (~ iE+e) =sin2 A sin2 B sin2 C x 


X { sin 2 C sin 2 B sin 2 A sin 2 C sin 2 B sin 2 A / u ' 

55. 1° We have 

sin 3x = 3 sin x — 4 sin 3 x. 

Therefore 

2 sin 3 A sin 3 (5 — 5) = ^ 2 s * n 3^4 {3 sin (5 — 5) — 

— sin 3(5 — 5)} = 2 s i n 3(5 + 5) sin (5 — C) — 

~t 2 sin3(6 + 5) sin 3(5 — 5) = 

= 2 { cos (25 + 45) — cos (45 + 25)} — 

—2 ( cos ^— cos ®5) = 

= -|{cos2 (5+ 25)-cos2(5+ 25) +cos 2 (5 + 2 +)- 

— cos 2 (+ + 25) + cos 2 (+ + 25) - cos 2(5 + 2+)}- 

— -g- (cos 65—cos 65+cos 6 +—cos 65 + cos 65—cos 6 +}. 


}= 0 . 


cos (25 + 45) — cos (25 + 4,4), 

cos (25 + 45) = cos (25 + 4,4), 

cos (2 A + 45) =■ cos (2A 4- 45). 
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And so, we finally have 

2 sin 3 A sin 3 (B — C) = 0. 

2° Since cos 3x = 4 cos 3 x — 3 cos x, we have 
2 sin 34 cos 3 (B — C) = 

= ^ 2 sin 3 (£ + C) {cos 3 (B - C) + 3 cos (B - C)} = 

= j 2 sin 3 (B + C) cos 3 (B-C) + 

+ j 2 sin 3 (B + C) cos (B-C) = 

= | 2 ( sin QB + sin 6C > + T 2 ( sin + 1C ) + 

+ sin (2 B + 4 C)} = -L (sin 64 + sin 6 B + sin 6C) = 

— sin 3 A sin 3 B sin 3 C. 


SOLUTIONS TO SECTION 3 

1. The validity of the given identity can be checked, for 
instance, by the following method. From the formulas (*) 
(see the beginning of the corresponding section in “Problems”) 
we get 

V 2 + V3 = ]/| + y r - 4 , U2-/3 = |/|-|/I . 


Therefore we have 


2 + 1/3 




V2+V2+V3 ys+j/f+j/i 


(1 + 1/3)-- p'2 
2 (3+ 1/3) 


(l + V3) a -l/2 1+1/3 

2l/3(l + V3)' 1/6 
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Likewise we get 
2-T/3 

1/2-]/ 2-1/3 


Consequently 

/ 2 + 1/3 

\ 1/2 + ]/ 2+1/3 


(/Mil 

l/a-i/^+j/^T 

(l-l/3) 2 -l/2 1/3-1 



2 (3-1/3) 

I/O 

2-1/3 ' 

| 2 _/1 + V3 

1/3—1 \ 2 _ 

l/2_/2-i/3 ) 

i VS 4 

V6 / 


(W ) 2 = 2 


2. Let us prove the proposed identities by a direct check. 
1° Put |/^2 = a, i.e. a 3 = 2. It is required to prove that 


(1 — a + a 2 ) 3 = 9 (a — 1). 

We have 

(1 — a + a 2 ) 2 = 1 + a 2 + a 4 + 2a 2 — 2a 3 — 2a = 

= 3 (a 2 - 1), 

since 

a 3 = 2, a 4 = 2a. 

Hence 

(1 - a + a 2 ) 3 = 3 (a 2 - a + 1) (a 2 - 1) = 

= 3 (a 2 — a + 1) (a + 1) (a — 1) = 

= 3 (a 3 + 1) (a — 1) = 9 (a — 1). 
2° We have to prove that 


(,^2 + ^ 20 -^ 25 )* = 9 (^ 5 -^ 4 ). 

Squaring the left member, we find 
Yk + ^400 + ^6254 - 2 ^ 40 - 2 ,^ 50 - 2^500 = 

= y^A + 2 ,^ 50 + 5 yi + 4 yi -2 ^ 50 - 10^4 = 

=9(/5— y\). 
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3° Proved as in the preceding case. 

4° We have to prove that 

/ j/5 + l \ 4 3 + 2 V 5 

\ i/ ^ — 1 ' 3—2 ^5 

Put 

■!/ b = a. 

We have 

/ >/*5-f-1 \ 4 (a+1) 4 1+4a + 6a 2 + 4a 3 + a 4 __ 

(a— l) 4 ~ 1 — 4a + 6a 2 — 4a 3 + a 4 ~ 

3 -j- 2a -“j - 3a 2 -j- 2a 3 
~~ 3 — 2a + 3a 2 — 2a 3 ’ 

since a 4 = 5. 

Further 

/ >/5 + l\ 4 _3 + 2a+a2(3+2a) 3 + 2a_3 + 2^ 

[yi-il _ 3-2a+a2(3-2a)”3-2a _ 3_ 2 4 /5 * 

5° It is required to prove that 

(l + ^3-^9) 3 = 5 (2-^27). 

Put 

3 —a, i.e. a 5 — 3. 

We have 

(1 + a — a 2 ) 2 = 1 + a 2 + a 4 + 2a — 2a 2 — 2a 3 = 

= 1 + 2a — a 2 — 2a 3 + a 4 . 

Further 

(1 + a — a 2 ) 3 = 1 + 3a — 5a 3 + 3a 6 — a°. 

But 

a 6 == 3a, a 5 = 3. 

Therefore 

(1 + a - a 2 ) 3 = 10 - 5a 3 = 5 (2 - ^27). 

6° Put y 2 = a and prove the first equality which can be 
rewritten in the following form 

5 (1 + a + a 3 ) 2 = (1 + a 2 ) 5 . 
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The right member is equal to 
1 + 5a 2 + 10a 4 + 10a r> + 5a 8 + a 10 = 

- 5 (1 + a 2 + 2a 4 + 2a 6 + a 8 ), 

since 

a 10 = 4. 

Further 

a 5 = 2, a 6 = 2a, a 8 = 2a 3 , 
and, consequently, 

(1 + a 2 ) 5 — 5 (1 + a 2 + 2a 4 + 4a -|- 2a 3 ). 

It only remains to prove that 

(1 + a + a 3 ) 2 = 1 + 4a + a 2 + 2a 3 + 2a 4 . 

The last equality is readily proved by removing the bra¬ 
ckets in the left member and performing simple transfor¬ 
mations. To prove the second equality we have to show that 

VhV l-(KI+^S+ Vi-Vk r. 

or 

5 (l + ^4) = (/l6 + X§ + >^2-l) 2 . 

Put 

i V~2 = a, a 5 = 2, a 6 = 2a, a 7 = 2a 2 , a 8 = 2a 3 . 

Then we have to prove that 

(a 4 + a 3 + a - l) 2 = 5 (1 + a 2 ). 

Expanding the left member, we find 

1 + a 2 + a 6 + a 8 + 2a 7 + 2a 5 — 2a 4 + 2a 4 — 2a 3 — 2a. 

Making use of the equalities enabling us to replace high 
powers of a by lower ones, we find the required identity. 
3. Put 

a b c d 

Then 

A = ak, B = bk, C = ck, D = dk. 


12-1225 
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Consequently 

yA^ + Vm+V(Tc + VM = Vk (a + 6 + c + d). 

But 

A -\- B -\- C D — % b c d) 

and 

« A-\-B-\-Cy D 

a+b+c+d ’ 

i.e. 

l/X = + 

Va -j- 6 + c + d 

Replacing Y% in the equality 

yM+ym+yte+yi)d^yi(a-\-b+c+d) 


by the found value, we obtain the required identity. 
4. Put for brevity 


y ax 2 -f by* + cz 2 = A . 


We have 

3 


. ax 3 by 3 cz 3 - /" / 1 . 1 , 1 \ 3/~ 

K —+ T+ —= K axi (- + T + ~) ==x ' /a ’ 

since 

ax 3 ~by 3 = cz 3 and —+ —+ —= 1. 
v x ' y ' z 

Likewise we find 

A — y^b and A-z^c. 

Hence 


_£ 

X 


-y-a, ±=y-b, 4=/c. 


Adding these equalities termwise, we get 

^(“r+y+-r) = K /<i +v / M-y /c - 
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Hence, finally, 


5. Put 


where ap = y. 
Prove that 


We have 


a+yi + ^c. 


1+4= = “’ 1 -7= = P‘ 

+2 1/2 v 


a n = a" + p n , b n = a n — P", 


n n “m-n _ - 

UntUn 2 n — u m+n • 


a m a„= (a m + fT) (a"+P”)- am ~ n + pm ~ n = 
= a w+n + p m+n + a n p n (a m ~ n + p m “ n ) - 

a m-n _|_ pm-n 

2n * 


“T = 4r> 


consequently, 


^21^- = a m+n + p m+n = a m+n . 


The second relation is proved in the same way. 
6. Put 

1 + 1/5 „ 1-V5 _ R 

2 —a, 2 p. 


a + P = 1, aji = —1. 


Furthermore 


a 2 — a — 1 = 0, P 2 — p — i = 0 


12’ 
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and 

»n = ^|( a n -n* 

Proof. 1° We have 

»» + u n _y = ^ (a" - P") + (a"' 1 - P”- 1 ) = 

= ^ 1 {(a" + a n -i)-(P n 4-p n - 1 )}. 


Multiplying both members of the equality a 2 —a —1 = 0 
by a n-1 , we get 

a + 1—a 2 . a n + a n_1 = a n+1 . 

Analogously, it is easy to conclude that 

p n + p n - 1 = p"+ 1 . 

Therefore 

U n + «n-l = (a " +1 — P” +1 ) = U n+1 . 

2° We have 

U-hUn-h Uh-iUn-h-i = 


= -£-{(a' , -p'*) (a" _A —p n-ft ) + (a 1 —P 1 ) = 

= y {a n + p n - a h p n_ft - p ft a n-ft + a"- 2 + p"- 2 - p h -i a n - ft - 1 _ 

— pn-fe-l a ft-l| __ 


-4.{a* + a- + P" + pn--pn(“ r + «^)_ 

-« n (|r+£)} = 


=T { an + a ”' 2 +P n + P n_2 - P n - «" - JJT 1 } = 

= |{a"+a"- 2 +p n +P n - 2 -P n -~ p^ ± !) -cc n } = 


= 4{ a ” + a n - 2 + P n +P n - 2 }, 
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since ap + l=0. Then we perform the following trans¬ 
formations 

| {a « +a «- 3 + P n + pn- 2}== |{ a n-l( a + ±) + p„-l(p + j)} == 

= j K _1 (« - P) + r 1 (P- a)} = 2 LzP (a" -1 - r 1 ) = 

= ^g(a n_1 -P n_1 ) = Wn-i- 

3° Obtained from 2° by putting n = 2k, and then repla¬ 
cing k by n . 

4° We have to show that 

5 ( a 3n _ pan) _ ( a n _ pnj 3 _ ( a n+l _ pn+l)3 + ( a «-l _ p*-l)3 = 0. 

The left member is transformed in the following way 
5 (a 3» _ p 3 n } _ a 3n ( a 3 + 4 _ J_) + 3a 2 ”p” ( a 2 p+l - ) - 

3a n p 2n (ap 2 +1 -^2) + P 3n ( P 3 + ! jpr) • 

It is easy to show that a 2 p + 1 — ^ = 0, ap 2 -|- 1 — —p = 0. 
On the other hand, we can easily make sure that 

« 3 + 1 = p 3 + 1 a3+= 

= (a+p) (a 2 - ap + p 2 )+l = a 2 - ap + p 2 +1 = 5. 

Hence follows the validity of our identity. 

5° We have to prove that 

(a n - p n ) 4 - (a n-2 - p n - 2 ) (a 71 ' 1 - p”' 1 ) (a n+1 — p n+1 ) X 

X (a” +2 — p n+2 ) = 25.. 

First prove that 

(a n - 2 — p’ 1 - 2 ) (a n+2 — p n+2 ) ^ a 2 ' 1 + p 2n — (— l) n (a 4 + p 4 ), 
(a n -i - p’ 1 - 1 ) (a n+1 - p n + 1 ) = a 2n + p 2 “ + (- 1)" (a 2 + p 2 ). 

But 

a 2 + p 2 = (a + P) 2 - 2aP = 3, a 4 + p 4 = 

= (a 2 + p 2 ) 2 - 2a 2 p 2 = 7. 
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Therefore 

(a"”* - P n ~ 2 ) (a 11 - 1 - p"' 1 ) (a n+1 - p n+1 ) (a n+2 - p n+2 ) = 

= (a 2n + p 2n ) 2 - (- l) n 4 (a 2n + p 2 ") - 21. 

On the other hand 

(a n - p n ) 4 = a 4 ” — 4a 3n p n + 4 - 4a n p 3n + p 4 ” = 

= a 4n + p 4n + 4 - 4 (- l) n (a 2n +p 2n ). 

Subtracting the last-but-one equality from the last one 
termwise, we find the required result. 

6° and 7° are proved analogously to the previous cases. 
7. 1° We have 

2 [(a 2 + b 2 ) 2 — a] [(a 2 + b 2 ) 2 — b] — 

= 2 (a 2 + h 2 ) -2 (a + b) (a 2 + ft 2 ) 2 + 2ah = 

= (a 2 + 6 2 ) -2 (o+6) /?+F+ (« + &) 2 + 

+ (a 2 + fe 2 )+2afe-(a + h) 2 

(singling out a perfect square). 

Consequently 

j_ _i_ 

2 [(a 2 + b 2 ) 2 - a] [(a 2 + b 2 ) 2 -b] = (a + b- YaF+b 2 ) 2 . 

Hence follows the first identity. 

2° Multiplying the braced expressions on the left, we get 

2_ 

3 (a 3 -f- ft 3 ) 3 -3 (a + b)(a 3 + b 3 ) 3 + 3ab = 

2_ _2_ J_ _4_ 

= 3 (a 2 — afe+6 2 ) 3 (a + b) 3 -3 (a 2 -ah+6 2 ) 3 (a+6) 3 + 

_2_ J_ 

+ (a + h) 2 — (a 2 — ab + b 2 ) — [(a+6) 3 - ( a 2 -ab + b 2 ) 3 ] 3 . 
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The rest is obvious. 


8. It is easily seen that ax = j/ r ~ b -, hence 


2 (b —a) V 

Analogously, we find 


(1 — 2/2^+^) = 


,,/2 a —6 

— 


1 /” 14 ~ bx 

V i-bx : 


<+ 4 /^ *+!/*?-* 

*-7K-r 


2a—6 2a-fc . , , / 2 a-b 

a-{-by —g— a -]- 6 J/ —g— a -f 6 J/ —g 

~ y a 2_2«6+P ~ y(6_a)2 

(since 6 — a>0). Multiplying the two obtained expres¬ 
sions, we find 


a ~ b V‘^r L a + b V 


2a — b . , 2a — b 

—-— a 2 — b 2 — t — 

0 0 

i (b-a) 2 


9. Factor the expression 


a 2 — 2 ab-\-b 2 
(b — a) 2 


n 3 — 3n — 2. 


We have 


n 3 — 3n — 2 — n 3 — n — 2n — 2 ~ n (n 2 — 1) — 

— 2 (n + 1) = (n + 1) (n 2 — n — 2) = 

= (n + l) 2 (n - 2)» 


Likewise 


7i 3 — + 2 = (w — l) 2 (n + 2). 
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Now we may write: 

n 3 — 3 n — 2 -\-(n 2 — 1) ~\/ n 2 — 4_ 

72 3 — 3n-\~2 J r (n 2 — l) — 4 

_(n + l) 2 (n- 2)-|-(rc 2 — 1) ~\/tz 2 — 4 {n-\-i)~\/n — 2 ^ 

(n — l) 2 (n2)(n 2 — 1) ~]/n 2 — 4 (n — 1) ”\/n + 2 

v (n + \)~\/1^2 + {n-- l)V^+2 _ (n-f 1)V^=2 
(n — 1) "|/n + 2 + (n + l)l/^ — 2 (n— l)"j/ n + 2 

10. Consider the second one of the fractions contained in 
the first brackets, namely: 

1 — a 1 —a ~\/1 — a 

V1 — a 2 — 1 + a "Y/1 — a 2 — (1 — «) ~\/l-\-a — ~Vl — a 

And so, the transformed expression takes the form 

f Vl + g _ L Vi — a 1 # Vl —a 2 —1 __ 

L "l/l+a — ~\/1 — a ' ~\/l + a — ~]/i — a J a 

_ Vi+x+yi^ yrr^2-i _ 
y 1+a—i/i— o> a 

= _2a_ (yr^g-l) = 

“ (yrM-yr=^) 2 ’ 

2(yr=^-~i) _ d 

(l-J-a + l — a— 2y 1 — a 2 ) 

11. From the formula (*) it is easy to get: 

V A-^VB + V A — VB = 2y^ 

In our case 


A — x, B — Ax — 4, A 2 — B = x 2 — 4a: + 4, 


/^-5 = /(x-2) 2 ={ 

In the first case we have 


if £>2, 
if #<2. 


Kx + 2/s-1 + Kx-2Kz~1=2] A Z + 2 2 = 


= 2fi-l. 
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The second case yields 

+ + = •—^—— = 2 . 

It is easy to see that at x = 2 the expression under con¬ 
sideration is also equal to 2. 

12. In this case 

A = a + 6 + c, B = 4ac + 46c, 

A 2 — B = (a + 6 + c) 2 —- 4ac — 46c = 

= a 2 + 6 2 + c 2 + 2a6 - 26c — 2ac = 


If 

then 

If 

then 


= (a -f- 6 — c) 2 . 

a + 6 — c > 0, 

]/~A 2 — i? = a + 6 — c. 

a + 6 —c < 0, 

)/* A 2 — B = c — a — 6. 


Hence, we easily obtain that the given expression is equal 
to 2J/^ a + 6 if a + 6 > c, and to 2 |/^c if a + 6 < c. At 
a + 6 = c these values coincide. 

13. Let us denote 



Then 

x = a + v. 

Consequently 

x 3 = (u + v) 3 = u 3 + v 3 + 3 uv ( u + a). 

But 

U 3 + y 3 = — <7, UV = —~ . 

Therefore 

x 3 = — q — px 


or 


x s + px + q = 0 


which is the required result. 
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14. We can proceed, for instance, in the following way. 
Put 

} /r x-{-a + Y x -{-b = z. 

Then (multiplying and dividing the left member by Y x + « — 
— Y x + b) we find. 

a — b 


or 


Hence 


Yx-\-a — Y x ~\~b 

Y x ~\-a — Y xJ rb = • 

2 Y xJ r a — z + -—- , 2 Y xJ rb — z —^ , 


i.e. both roots are expressed in terms of z without radicals. 
15. Put 

a _ b _ c _ 1 

a' ~ b' ~~~ — ~Y ' 

Consequently 

a' = ak, b'=bk, c’=ck, k = • 

a + & + c 

Therefore 

Va + Vb + Vc + V~J + Vb 7 + V? = 

= (i + yi)(Ya + Vb+]Tc). 

Our fraction takes the form 

(i-Vx) (Vz + Vb-yi) 


(1 +Vl)(VZ+Vb+VS)~ (l-M(a+l.-c+2V^) 

(l-VK) (1/5+1 /b-VT) (a-f i>—c—2l/a&) 

(1— k) (a2-f-6 2 +c2— 2ab — 2ac—Zbc) 

__ (Va+ft+c—l/a'-f-b'+e') (l/a-j-Vb—l/c-f)(a+ft—c— 2~[/ab) Va-f-ft-f-c 
(afb-J-c—a'-6'-c') ( a 2-ffr2-|-c2_2a&-2ac-26c) 

16. Put 

V^2 = p + ]/"g. 

Hence 

2 = p 3 + 3pq + (3p 2 + q) Yq, 
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since q is not a perfect square, it must be 3p 2 + q = 0, 
which is impossible. 

17. 1° We have 

tan ^ 4^— a j = tan ^ jx + — a j — tan (— a j — cot a, 
cos — a ) = cos + — a) = — cos (y- — a) = 


cos (2 ji — a) = cos (— a) = cos a 

cos (a— y ) " cos ('T"“ a ) ==sina 
sin (jx— a) — — sin (— a) = -f- sin a 
cos (jx + a) = — cos a 
n \ 

a- 2 " 1 = — sin 



(f-°)= 


■cos a 


— sin a (2°, 4°), 
(1°, 3°), 

(3°, 4°), 

(2°, 3°), 
( 2 °), 
(3°, 4°). 


Now we get 

— cot a-sin a 
cos a 


sin 2 a + cos 2 a = — 1 + sin 2 a + cos 2 a = 0. 


2° In this case we obtain 


sin (3jx — a) = ( — l) 3 sin (— a) = — sin ( — a) = sin a (2°, 3°), 
cos (3jx + a) = (— l) 3 cos a = — cos a (2°), 

sin — a) = sin ^jx + -^— a) = — sin ^—a) = 


/ 5 n. \ 

/ 

( 2 a ) 

= COS ( 


- — cos a (2°, 4°), 


(1° or 2°, 4°). 


Thus, we have 

(1 — sin a — cos a) (1 + cos a + sin a) + sin 2a = 

= [1 — (sin a + cos a)] [1 + (sin a + cos a)] + sin 2a = 

= 1 — (sin a + cos a) 2 + sin 2a = 

= 1 — sin 2 a — cos 2 a — 2 sin a cos a + sin 2a = 0. 
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3° Analogous to the previous ones. 

18. Indeed, we have 

1 — cos a — 2 sin 2 ^ 7 

whence 

a , t f 1 *— cos a 

sm 2 = ± ]/ -2-* 

But in our conditions 

(<><■?•< 4 

Then 

sin ~ = sin [lm + -y-) = (— 1)'* sin y , 

where 

sin -y-^0. 

Therefore, indeed 

a , A\kn f 1 — cos a 
sm _ = (_ i )'‘|/ —_—. 

The second assertion is proved analogously. 

19. Let us prove the validity of some of the proposed for¬ 
mulas. Let us, for instance, prove that A 16 = 0 if n = 0 
(mod 2). Put n ~ 21. Then 

yA l6 = cos^- T -+Ji — 32 n) +cos ^^ ^ — 32 ^ + 

+ cos(^ + |k)+cos(^ + 4^) = 

= -cos (^~4")-cos + 

+ cos (y- + /n + 4^) + cos (2/jt — -^• + 4 3X ) = 

--cos(^~ 4 n )-(-l)'cos(-j- + 4") + 

+ (-!)'cos (i£L + |n) + cos 
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Let us prove, for instance, that An = 0 if n == 1 , 3, 4 
(mod 7). We have: 

2 -^u == cos nn — ^ nj + cos (y ran — + 

+ cos ( y nn — ^ n j. 

If we replace here n by a number, which is comparable with 
it by modulus 7, then all the cosines will acquire only a 
common factor equal to ±1. Indeed, let us assume that 
n == a (mod 7), i.e. n — a + IN, where N is an integer. 
Therefore 

cos ( *2L_p) _C0S ( ijg+H >» -n) = 

=cos(522+Wn-p) =<-!)""cos (^-p) = 

since in our case k = 1, 3, 5 and, consequently, is odd; (p is 
equal either to or to ^ n\ . Therefore, in order to prove 

that A n = 0 at n == 1, 3, 4 (mod 7), it is sufficient to prove 
that it will take place at n = 1, 3, 4. The validity of this 
is readily checked. 

First put n = 1. Then we prove that 
COS (yJl —+COS (yJt — ^rltj+COS (y Jl - ^ JI) = 0. 

After transformations we get: 

11 3 7 / 3 \ , 3 

cos n -f cos at•+cos ^ n = cos I n — ^ Jt J -f-cos 

. n 3 . 3 n 

+ COS y== — COS ^ Jt + COS ^ Jl = 0. 

Let now n — 3. Then we have to prove that 

cos \y i 4 n ) +cos (y it—+cos (y n —14 n ) = 

= cos^n + cos ^ Jt + cos ^ it = cos + + 

+ cos [2n — = — cos -^- + cos-^ = 0 . 
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Reasoning in the same way, we make sure that at n = 4 
we also obtain zero. 

In conclusion, let us prove that A 8 never becomes zero, 
i.e. at no whole values of n. We have 

j = cos (-irat — +cos ( — jnn + rm — = 

= cos (jnn — + ( — l) n cos (-[nn + 

Consider the following cases: 

1° Let re = 0 (mod 4), re = AN. Then 

•i^l 8 = cos — + (— l) 4iV cos + = 

= ( —l^cos + ( —l) w cos^jt = 

= (~ 1) N ( cos i n +COS ^ n ). 

The bracketed expression is not equal to zero, since it 
represents a sum of cosines of two acute angles. 

2° Let n = 1 (mod 4), i.e. n = 1 + 47V. 

-i-4 8 = cos (-|- + fVji — ^n) + COS (-^- + 3iVrt — ijt) = 

= (-1)^ {cos (f-B n ) + cos (^-^ n )} = 

= ( —1) W {cos^n + cos^jt}. 

It is obvious that the braced sum is not equal to zero, 
and, consequently, in this case A 8 is also not equal to zero. 
It only remains to consider the cases: n = 3 (mod 4) and 
n = 2 (mod 4), but we leave them to the reader. 

20. It is required to prove that 

2 P (*) = 0 

if k = n, n — 1, ra — 2, rc — 4, rc — 5, n — 6, and the 
sign before p (Zc) is chosen accordingly. 

It is evident that 

2 p w^ 2 + 3 ) 2 + c 2 (-^ S cos • 
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The first two sums on the right are equal to zero. It remains 
to prove that 

2 1 2 nk n 

, cos —= 0. 

If k is a whole number, the following cases are possible: 
1 °k is exactly divisible by 3, k = 3 1; 

2° A, when divided by 3, leaves the remainder 1, k = 
= 31+ 1; 

3° k , when divided by 3, leaves the remainder 2, k = 
= 31+2. 

In case 1° 

Ink . 
cos —p = 1. 

r rto j Qo 2nk _ 2n 

In cases 2 and 3 cos —p = cos -p . 

Let us first assume that n is divisible by 3. Then 

S 2nk cos 2 nn 2nin—i) 2n (n — 2) . 

co® 3 == 3 - cos - y - -cos — h —• + 


+ cos 


2 n (n — 4 ) 


+ COS 


2 n (n — 5 ) 


2 n (n — 6) 


2 = -1 (mod 3) 


k == k' (mod 3). 

Since by the assumption n = 0 (mod 3), we have 
n — 1 == —1, n — 2 = 1, n — 4 = —1, 

n — 5 = +1, rc — 6 = 0, 

and our sum takes the form 

. 2n 2n . 2n . 2n , n 

1 — cos —~ cos —o—|- cos —o —\~ cos —« 1 = 0. 


It remains to prove that our sum is also equal to zero in 
the cases when n = ±1 (mod 3). The proof is similar to the 
previous case. 
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21. We have 


sin 15° = sin (45° — 30°) = sin -) = sin cos — 

_ « JL_ VI. Vi 1/2 . 1 V6-V2 


— cos X sm "6" = 2 

Analogously we find cos 15°. 
We have 


2 2 


. m no • Jl 2n 

sin 18 = sin - 77 J- = cos . 

10 5 


0 . n n 2n 

2 sm y cos -y = sin -y, 

n . 2n 2n 4n n 

2 Sin -y COS — y = Sin -y = Sin -y . 

Multiplying these equalities termwise, we find 

it 2 ji 1 


cos -=- cos — r — = -r • 
5 5 4 


On the other hand 


n 2jt 0 . 3ji . n 0 Jt 2n 1 

cos -r— cos -r- = 2 sin - 777 - sin - 777 - = 2 cos -=- cos —= -7 
5 5 10 10 5 5 2 


Thus, if we put 


we have 


2jc Jt 

= COS —y = X, COS -y = */, 


1 1 

y~~ x ~~ 2 ' x v=-£* 


(x + y) 2 = (x-y) 2 + 4a:y = i- + l = |. 


Consequently, 


, 1/5 

* + y = -y-* 


Using this relation and the relation y — £ = y, we get 

. Jl -XOO —1+1/5 
x = sin^ = sin 18 =-—. 

Now cos 18° is readily found. 
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22. Indeed 

sin 6 ° = sin (60° — 54°) = sin 60° cos 54° — cos 60° sin 54°. 


sin 54° = cos 36° =1 — 2 sin 2 18° =1 — 2 


6-2 1/5 1 + 1/5 


cos54° =1^1 — sin 2 54° — 10-2 j/ 5 . 

To obtain the result we have to substitute these values into 
the first formula; cos 6 ° is found in the same way. 

23. Bear in mind that 

( 1 ) — -^-Carcsin + -y , —< arctan x < + y , 

O^arccos x^,ji, 0 < arccot x < jt, 

( 2 ) sin (arcsin x) = x, cos (arccos x) = x, 
tan (arctan x) =x, cot (arccot x) = x. 

Let us now prove that 

cos (arcsin x) = |/T — x 2 . 

Put 

arcsin x = y, 

then 

sin y = x. 

We have got to compute cos y. But it is known that 

cos y = V 1 — sin 2 y = ]/1 — x 2 , 

and the radical is taken with the plus sign, since 

n n 

-+ ~2 ’ 

and, consequently, 

cos y ^ 0 . 

Let us, for example, also prove that 

cos (arctan x) = ■ * . 


arctan x = y, tan y = x. 


13-1225 
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We have to find cos y. We have 

_^_ == l + tan ^=l + ^. 

Consequently 

1 

COS 2 y = - 7 - ] -7T 

y 1 -M 2 

and 

1 

cos y = cos (arctan x) = —j=~ , 

where the radical is taken with the pins sign again, since 

cos y ^ 0. 

The rest of the formulas are proved in the same way. 
24. By definition, 

— -y < arctan x < -f , 

0 < arccot x < jt. 

Therefore 

—Y < arctan x + arccot x < -\- . 


Let us compute sin (arctan x + arccot x). We have 
sin (arctan x + arccot x) = 

= sin (arctan x) cos (arccot x) + 

+ cos (arctan x) sin (arccot x) ~ 

x x ,_ 1 1 _ . 

~]/l + x 2 Vt + - r2 l/l + ^ 2 Vl+z 2 

However, if the sine of a certain arc is equal to 1, then this 
arc equals 

~ 2 ~ _ 1“ 2/cjt, 


where k is any whole number, i.e., in other words, 
arctan x -f- arccot x 

can attain one of the following values 

— 7jt —3 jt jt 5jt 9jt 

...» 2 * 2 ’ ~2~ ’ ~~2~ 1 ~2~ 1 • * • • 
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7t 

But only one of them, namely y, is contained in the 

interval between —~ and -f -y- • Therefore it is obliga¬ 
tory that 

arctan x -j- arccot x = ~. 

Likewise, let us prove that 

arcsin x + arceos x = y. 

First of all we have 


n ^ 

—arcsin # +arccos #^-y-- 

On the other hand, 

sin (arcsin x + arccos x) = 

= sin (arcsin x) cos (arccos x) + 

+ cos (arcsin x) sin (arccos x) = 

= x 2 +1/1 - = 1, 

wherefrom follows that 

arcsin x + arccos x — ~ . 


25. First of all it is easy to prove that the quantities 


and 


arctan x + arctan y 


arctan y 
1 —xy 

differ from each other only by en, where e is an integer. 
Indeed, 

tan (arctan , 

\ 1 — xy J 1 — xy 

tan (arctan x -|- arctan y) = 

tan (arctan x) j-tan (arctan y) _ x-\-y 
1 — tan (arctan x) tan (arctan y) ~~ 1 — xy ' 
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But if two quantities have equal tangents, then they differ 
from each other by a term divisible by n. 

Therefore, indeed, 

arctan x -j- arctan y — arctan j^_^ y + ejt. (*) 

Let us find out the exact value of 8. Since 

— y < arctan x < < arctan y < + , 

we have 

— n < arctan x arctan y < + n 

and, consequently, 

I , v ^ 

arctan— — — \-tn < n. 

1 — xy 1 ^ 

And since 

-^-<arctan^±^-<+^, 

then 1 s | <C 2 and, consequently, 8 may attain only one of 
the following three values 

0 , + 1 , - 1 . 

To find the value of 8 let us write the following equality 

cos (arctan x -f arctan y) = cos ^ arctan ) • 

Hence 

cos (arctan x) cos (arctan y) — sin (arctan x) sin (arctan y) = 

= cos (arctan ~ ) cos en. 

\ 1 — xy ) 
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We have 


1 f A , / x + y ) 2 = -eY (1 + * 2 )(1 + y 2 ) = V(l+:c 2 )(l + ff 2 ) 
V "Ml— xy ) V (1 — xyj* V(l — XU) 2 


V(l —xy ) 2 


Y ( 1 — xy) 2 = 1 — xy if 1 — xy > 0, i.e. if ;zz/< 1 , 

and 

1^(1 — xy) 2 — — ( 1 — .ry) if 1 — < 0 , i.e. if £#> 1 . 

Therefore, cos en = 1 if xy < 1, and cos en = —1 if 
zy > 1. Since en can attain only the values 0, jx and —ji, 
it follows that if xy < 1 , then e = 0 , and if zz/ > 1 , then 
e = ±1. What sign is to be taken is decided in the follo¬ 
wing way: if xy > 1 and z > 0 , then also y > 0 , then 

arctan £ > 0 and arctan z/ > 0, and arctan y <C 0. 

1 — 

The left member of the equality (*) is a positive quantity, 
consequently, the right member must also be positive, and 
therefore eit must exceed zero, and e = +1. Quite in the 
same way we make sure that if xy > 1 and x < 0 , y < 0 , 
then 8 = — 1 . 

26. We have 


4 arctan ■ 


: 2 arctan -f- 2 arctan -=-= 2 arctan 


2 arctan ■ 


acrtan - 777 - 4- arctan - 777 - — 
12 12 


= arctan 


12 ^ 12 


= arctan - 


Further 


arctan + arctan ( — 259 ) 


= arctan 


1+120. _L 

M19 239 


= arctan 1 = -7- . 

4 


27. Using the formula of Problem 25, we easily obtain 
the result, 
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28. First of all let us notice, that since arcsin x is con¬ 
tained between — y and + y , and 2 arctan x lies between 
—n and +Jt, we have 

3jt _- q , i • 2x -- | 3it 

- 7 T~ ^ 2 arctan x -f- arcsin +- 77 - . 

2 ^ 1 + z 2 1 2 

Let us now compute the sine of the required arc, i.e. find 
what the expression 


sin ^ 2 arctan x + arcsin ^ ^ 2 -) 

is equal to. 

We have 

sin ^ 2 arctan x + arcsin yyy f j = 

«= sin (2 arctan x) cos ^ arcsin 1 J.+ 

+ cos (2 arctan x) sin | arcsin 
First compute sin (2 arctan x). Put 

arctan x = y, tan y = x. 

sin (2 arctan x) = sin 2y = tan 2 y*cos 2y. 


2x 


)■ 


Then 

But 


. 0 2 tan y 0 1—tan 2 y 

tan2z/ = i—7— 7T- » cosZu—r— 7—^ 

y 1 — tan 2 y' * 1 + tan 2 1/ 


Consequently, 


sin (2 arctan#) = 


2 tan 1 / 


2 * 


1 + lan 2 1/ 1 + a : 2 * 


Further 


cos ( arcsin ^) = j/l-fj ^) 2 = 

= y d-^ 2 ) 2 


r 2 _l 


since a: > i. 

Further, it is obvious that 
cos (2 arctan x) 


(l+z 2)2 l_|_z2 


sin (arcsin 


1 + £ 2 
2 * 


\ + x' 


•2 * 
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therefore 


sin (2 arctan x -f arcsin = 


— 1 I 1 — x ^ x fk 

~ 1 + x2> 1 + £ 2 ’ 1 + 1 + x 2 ~~ 

Thus, the sine of the required arc is equal to zero, consequ¬ 
ently, this arc can have one of the infinite number of values: 

* * •, 3n, 2 jt, jt, 0, | it , 2jt, 3jt, 4jt , * . . • 

But among these values there are only three (—n, 0 and Jt) 
lying in the required interval between — ^ and + ^. On the 
other hand, x > 1 and, consequently, 2 arctan x > 0 and 
arcsin j >> 0, and therefore the required sum 

2 arctan x + arcsin . 

1 

will also be greater than zero and, consequently, can be 
equal only to jt. 

29. It is evident that 


— jt arctan x -{- arctan—^ -\-n. 


Let us form 


sin ^arctan £ +arctan 

The required sine turns out to be equal to (see Problem 23) 
sin (arctan x) cos ^arctan-i- j -)-cos (arctan x) sin ^arctan—^ = 


Vl + s 


/ i +-k 


i yi+j 


V 


~\/i~\-X 2 ~\/l-\-x 2 l/l-j-X 2 x-~]/l-j~x 2 


1 + ^2 T 1 _)_^2 
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if £>0 (since in this case j/V 2 = ;r). And if x < 0, then 
Y x l — — x and we have sin ^ arctan £ + arctan -- j = — 1. 

Hence follows that 

arctan x -f arctan — = db 4r + 2 /cjx, 

a: 2 

where plus is taken when x > 0, and minus when a:<0. 
But since, on the other hand, it must be 

1 

—arctan x + arctan —<C +jt, 

our problem has been solved. 

30. Compute the expression 

sin (arcsin x + arcsin y). 

We have 

sin (arcsin x + arcsin y) = sin (arcsin x) cos (arcsin y) -jr 

-f-cos (arcsin x) sin (arcsin y) = xV 1 — y 2j ry V i — x 2 . 

Thus, considering the two arcs 

arcsin x + arcsin y 

and 

arcsin (x vr= y 2 +y VT — X 2 ), 

we may assert that their sines are equal to each other. 
However, if 

sin a =; sin p, 2 sin - a ~ 2 ^ cos = 0, 

and, consequently, either -~ = kn or ° ~(2k' + i)~ 

(k and k ' integers), i.e. either 

a = p + 2 /cjt 
or 

a = —p + ( 2 &' + 1) n. 

Therefore we may assert that 

arcsin x + arcsin y ■== t) arcsin {x Y \ — j/ 2 + y ]/" 1 — x 2 ) + en. 




Solutions to Sec . 3 


201 


where r\ = +1 if e is even, and r) = —1 if e is odd. To de¬ 
termine e more accurately, let us take cosines of both 
members. We get 

cos (arcsin x + arcsirt y) = 

= cos [r\ arcsin {xV \ — y 2 + y V 1 — x 2 ) + bjx] . 

Hence 

Y 1 —x 2 • V i — y 2 — xy = 

= (— l) 8 cos [arcsin (x ]/ 1 — y 2 -\-yV l — x 2 )] • 

Further 

Y 1 — x 2 • Y 1 — y 2 — xy = 

= (-i) E ]/i-(xlAi^rp+i / VT^F a ) 2 . 

The radicand on the right can be transformed as 

i-(x]n^+ y \nr^) 2 = 

— 1 — x 2 (1 —y 2 )—y 2 (1 — x 2 ) — 2xi / V 1 — a; 2 *]/ l—y 2 = 

= (1 — x 2 ) (1 — y 2 ) — 2xi/ V l — x 2 • y 1 — i/ 2 -f x 2 i/ 2 = 

= 0/i—x 2 y i—i/ 2 —xy) 2 . 

If it turns out that 

y i—x 2 -y 1 — y—xy > o, 

then 

j/1—(x y l—y+yy i—x 2 ) 2 = 

— j/ (]/ 1—a; 2 *y 1 — y 2 — xy) 2 = y 1 — x 2 • ]/ 1— y 1 — xy. 
Therefore, in this case 

(-1) E = +1, 

i.e. e is even. 

And if 

y i—x 2 y i— y —xy < o, 

then 

(-D* = -l. 

and, consequently, e is odd. 
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Let us now consider the expression 
1 — x 2 — y 2 . 

We have 

1 — x 2 — y 2 -=l— x l — y' 1 4- £V 2 — x 2 y 2 — 

= (1 — x 2 ) (1 — y 2 ) — a: 2 !/ 2 = 

= {V 1 — a: 2 • ]A — y 2 — xy) (]/1 — x 2 • ]A — + xy). 

The quantity 1 — x 2 — y 2 can be greater (smaller) than or 
equal to zero. Let us consider all the three cases. 

1° Suppose 1 — x 2 — y 2 > 0, i.e. x 2 + y 2 < 1. If the 
product of two factors is positive, then these factors are 
either both positive simultaneously, or both negative simul¬ 
taneously. And so, we have either 

]/1 — x 2 • Y 1 — y 2 — xy > 0 , Y 1 — x 2 y 1 — y 2 + xy > 0 
or 

]/1 — x 2 Y \ — y 2 — xy < 0, Y 1 — x 2 Y 1 — y 2 -f xy < 0. 

But the second case is impossible, since, adding the last two 
inequalities, we get 

|/TZ^2 y\—y* < 0, 

which is impossible. If, however, the first two inequalities 
exist, then 

Y \ — x 2 Y 1 —- y 2 — xy > 0. 

Consequently, in this case e is even. 

Thus, if x 2 -f* y 2 *< 1, then in our formula e is even. 

2° Let now 1 — a; 2 — y 2 < 0 and, consequently, either 

]/l — z 2 ]/1 — # 2 — ^ > 0, ]^1 — (/1 — y 2 + xy < 0 

or 

1 — x 2 y 1 — y 2 — xy < 0, ]/ 1 — x 2 V^I — y 2 -f- xy > 0. 

But from the first two inequalities we easily obtain xy < 0. 
If this inequality is fulfilled, then it will obligatory be 

Vi — x 2 V i—y^—xyyo, 

and, consequently, e is even, 
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From the second pair of inequalities we get xy > 0, and 
e is odd. 

3° Finally, suppose 1 — x 2 — y 2 = 0. Then again two 
cases are possible: either xy ^ 0 or xy > 0. 

In the first case]/1 — x 2 -]/l — y 2 — xy > 0, and, hence, 
e is even. Likewise, the second case gives an even e (e = 0), 
since there exists the following relation: 

arcsin x + arcsin Yi — x 2 = (x > 0). 

Thus, we can judge whether e is even or odd. Now let us 
consider the value of e. We have 

| arcsin x + arcsin y | < n. 

Consequently 

| p arcsin (xY\ — y 2 + yV 1 — x 2 ) + 8JX | < Jt. 

Hence 

I 8 1 < 2. 

And so, 8 may attain only three values: 0, +1, —1. 
Comparing the results obtained, we may now assert that 

if x 2 + y 2 ^ 1 or if xy < 0, then e = 0, r) +1, 

and if x 2 + y 2 > 1 or if xy > 0, then e = ±1, r\ = —1. 
To find out when e = +1 and when 8 = —1, let us notice 
that at x > 0, y > 0 arcsin x + arcsin y > 0 and, con¬ 
sequently, 

— arcsin (x Y1 — y 2 + y Yi —x 2 ) + en > 0, 

and therefore in this case 8 = +1. If, however, x < 0, 
y < 0, then it is obvious that 8 = —1. 

31. We have (see Problem 24) 

arccos x + arccos (\ \ }/ 3 — 3x 2 j = 

= n — arcsin x — arcsin (\ \ V 3 — 3x 2 j; 

on the other hand (Problem 30), 

arcsin x + arcsin 3 —3x 2 ) = r] arcsin £ -j- en, 
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where 

+ V Tzr? - 

But 

(VT=T 2 -V3x) 2 , 


and since x ^ , we have Ax 2 ^ l: 3x 2 ^ 1 — x 2 and 

Therefore 



Consequently 

. o JX 

arcsin | . 


The only thing which is left is to find r\ and e (see Prob¬ 
lem 30). 

Let us prove that 



We have 

** + x + T (! ~ xi ) + T V* x 


Consequently, 

Therefore, 




q = —1, e = +1. 


arccos x-{- arccos 
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32. We have tan A = , tan B = -y . Let us compute 


cos 2/1. 

Since 


1 + tan 2 A — cog2 A , 

we have 

1 a | 1 i o 4 — 15 

C0S 2 A _ 1 +49 49 and C ° S A 50 

But 

cos 2A = 2 cos 2 A —1 = — 1 = • 

Further 

sin 4 B = 2 sin 2 B cos 2 B. 

But 



cos2i? = 2cos 2 £ — l| = f+4^B — i = T ’ 

sin 2B = 2 sin B cos B = 2 tan B cos 2 B = = -g- • 

Consequently, 

sin45 = 2*y= and sin 4B = cos 2A 

33. By hypothesis we have 

(a + 6) 2 = 9«6 or (-y^) 2 — 

The rest is obvious. 

34. Put 

loga n = x, log ma n = y. 

Then 

a x = n, m v a v — n. 

Hence 

X 

a x = m v >a v , aM = ma. 

Taking logarithms of this last equality to the base a , we get 
the required result. 

35. Put 

x(y + z — x) y (z + x_—y) z(x + y—^) _ 1 _ 

loga: log j/ log2 t 
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log x = tx (y + z — x ), log y = ty (z + x — y), 

log z — tz (x + y — z). 

Hence 

y log x + x log y = 2 txyz, y log z + z log y = 2 txyz, 

z log x + x log z = 2txyz. 

Consequently 

y log x + x log y = y log z + z log y = z log x + x log z, 

log x v y x = log z v y z = log x z z x . 

Finally 

x v y x = z y y z = x z z x . 

36. 1° Put log 6 a — x. Then 

b x = a. 

Taking logarithms of this equality to the base a, we get 
x log a 6 = 1. 

But x = log 6 a. Consequently, indeed, log 6 a log a 6 = 1. 
2° We have 

a l0S o- b = 6. 

Therefore 

logfedogb a > 1 

a l0 Sf,“ = ( a ‘°K& a y°S&(log b a) _ ( a log a (log 6 a) _ 

-(.““"““’-log... 

37. From the given relations ut follows that 

yi-lOgX = IQ, = 10. 

Taking logarithms of these equalities to the base 10, we get 
(1 — log x) log y = 1, (1 — log y) log z = 1. 

whence 

i .1.1 1 

& log y , 1 1 —logz 


and, consequently, 


# = lO 1 - 10 ^ z . 
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38. The original equality yields 

a 2 = (c - b) (c + b). 

Hence 

2 log c+h a = logc+6 (c — b) + 1, 

2 log c _ b a = log c _b (c + 6) + 1. 
Multiplying these equalities, we find 
4 log c+b a-log c _ b a = log c+b (c — b) + log c _ 6 (c -f b) + 

+ 1 + log c+b (c — b) log c _ b (c + b). 

However, 

logc-b (c + b) log c+ b (c — b) = 1. 

Therefore 

4 log c+ b a log c _ b a = 2 log c+b a — 1 + 2 log c _ b a — 1-f 2. 
Finally 

logc +5 a + logc-b a = 2 log c+6 a log c _ 6 a. 

39. Put 

logo N = x, log c N = y, log y- N = z. 

The last equality yields 


Hence 


(ac ) 2 = N. 

! 

logo N (1 +l°g n c), logc N ( 4 + lo gc«)- 


Therefore 


~~ — 1 — logo c, ?± — \ = log c a. 


Consequently 


(¥-*)(■ 


1=1 


40. We have 
logairi2. . . an% = T 


y z—y 


l __1_ 

a l a 2 • • • a n l°Scc a \ 4~ l°Sa: a 2 “l - • * • 4“ log x a r\ 
1 

11 1 

7og a) .r + log a2 T + ‘' ‘ + “log an x 
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41. Let 


Then 
log a n 

Hence 


a n = aq n , b n = b + nd. 

= log a + n log g, log a n — b n = 

— log a + n log q — b — nd == log a — 

n log g — nd = 0, logp q = d, = q. 


b. 


And so 

P = A 


SOLUTIONS TO SECTION 4 

1. We have 

T+F- c ) + (-7T^- 6 ) + (TT^- a ) =0 - 

Hence 

a: — afc— ac— be . x — ac — ab — be . x — be — ab — ac 

a-\-b ‘ a-\-c ' b-\-c ~ 

or 

(x — ab — ac — be) ( — r 4- - -=0. 

v ’ \ a-\-b 1 a + c 1 6 + c / 

Assuming that 

111 

—- 1 --- 1 -— 

n —j- b CL —j— c b -j— c 

is not equal to zero, we obtain 

x = ab + ac + be . 

If, however, 

—-—4 - 1 -_ = 0 

a-\~b ' a-\-c ' b-\-c ’ 


then the given equation turns into an identity which holds 
true for any value of x. 

2. Rewrite the equation as follows 
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We have 


x-a-b-e x — b — a — c x-c-a-b = Q 
be 1 ac ‘ ab 


Hence 


(z_ a _ 6 _ c) (^ + J_ + J_) = 0, 

and, consequently, 

x = a -j- b -j- c. 

It is assumed, of course, that none of the quantities a, b 
and c, as also 4- + ~ + 4 is equal to zero. 

3. If we put in our equation 
6a; + 2a- = A, 3b + c — B, 2x + 6a = C, b + 3c = D % 
then it is rewritten in the following way 

A + B C + D 

A-B “ C — D * 

Adding unity to both members of the equation, we find 




2A 

2 C 



A — B 

C-D 9 

Likewise, 

subtracting unity, 

we get 



2 B 

2D 



A — B 

C-D * 

Dividing 

the last 

equalities 

termwise, 



A 

C 



B ~ 

' D ’ 

i.e. 


6x-\-2 a 

2s + 6 a 

Hence 


36+ c 

6 + 3c 


( 6 

2 \ 

.( 6 


\ 36 -|— c 

6 + 3c ) * 

\ 6 + 3c 

Finally 


x — 

ab 


14-1225 
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4. Add 3 to both members of the equation and rewrite 
it in the following way 


a-\-b — x 


+*) + ( 1± F £ +i)+( i± ^+i) = 


6+c — x 


Hence 


= 4 — 


(a + b + c-x) (1 + | + 1)=4^± 6+c - 


a-\-b-\-c 


+ 6 + c • 


Consequently 

(a + fc + c-x) (t + T + T - fl + 6 + c ) =0 

and, finally, 

x — a -f- b -j - c. 


5. Taking V y/ b + x outside the brackets in the left mem¬ 
ber, we get 

ys+~**£r=rs-*- 

Consequently, 


1 4 - — 

(6 + j) p _ be 


Hence 


Further 


/ + x \ P be b-\-x _ / be \p+ 1 

\ x ) ~ a ' x \ a ) 


T-(4r-*. 


p 

be \P +1 


6. 1° Squaring both members of the given equation, we 
find 

X + 1 + X - 1 + - 1 = 1. 
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Consequently, 

2 Y x 2 — i = 1 — 2x, 

4x 2 — 4 = 1+ 4x 2 — 4x , 



Since squaring leads, generally speaking, to an equation 
not equivalent to the given one, or rather to such an equa¬ 
tion which in addition to the roots of the given equation may 
have other roots different from them (so-called extraneous 
roots), it is necessary to check, by substitution, whether 

5 

-^-is really the root of the original equation. The check shows 

5 

that -g does not satisfy the original equation (here, as befo¬ 
re, we consider only principal values of the roots). 

2° Carrying out all necessary transformations similar to 

5 

the previous ones, we find that x = is the root of our 
equation. 

7. Cube both members of the given equation, taking the 
formula for the cube of a sum in the following form 

(.A + B ) 3 = A 3 + B 3 + 3AB (A + B ). 

We ha^e 

a-\-V x -\-a — Y x + 3V a 2 — x(y // a-\~V x-\-v^ a — \ r x)—b. 
Since 

a + V x-yv^ a — Yx — l/^b, 

we have 

2a + 3 J/ a 1 — x • 1/ b = b, x = a 2 — — . 

We assume that a and b are such that 


a 


2 


(b — 2a)3 
21b 


> 0 . 


Since the equality of cubes of two real numbers also 
means the equality of the numbers themselves, the found 
value of x satisfies the original equation as well. 


14 
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8. Squaring both members of the equation, we find 

— Y x 4 — x 2 = x 2 — 2x. 

Hence 

x 4 — x 2 — x 2 (x — 2) 2 = 0, 
x 2 [x 2 — 1 — x 2 — 4 + 4a:] = a: 2 (4a: — 5) = 0. 

Thus, the last equation has two roots x = 0 and x = 

Substituting them into the original equation, we see that 
the unique root of this equation is 

5 

* = T- 

9. Getting rid of the denominator, we obtain 

(j / a ~r]/ x—b) J / r b==Y a (]fb -f- ]/ x — a) 

or 

Y b (a: — 6) — ]/a (x — a ), 6 (a: — b) = a(x — a), x- a -\-b. 

As is easily seen, this value of x is also the root of the origi¬ 
nal equation. 

10. Multiplying both the numerator and denominator by 
V~a + x + Y~a — x , we get 

( Y a + x-\~Y a — x ) 2 = 2a: Yb. 

Hence 

Y a 2 — x 2 — x Yb — a. 


Squaring both members of this equality, we find two roots 


: = 0 , 


x — 


2 aYb 
1+b ' 


However, the first of these values is not the root of the ori¬ 
ginal equation, the second one will be its root if 


6 > 1 . 
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Indeed, we have 


V a + x= jA++p£ 

i / *. / 2<i "j/6 

/«-*=y 0 —rpr 



(1 + Vfc ) 2 

1+6 




i+ys 

Vl+ 6 



(Vt-i) 
1 + 6 


2 




Substituting the obtained values for Ya + x and Y a — x 
into the original equation, we make sure that our assertion 
is true. 

11. Adding all the given equations, we have 


x+y+z+v= 


cl + 6 + c + d 

3 


Consequently 

v = (x + y + z + v) — (x + y + z) 


cl -j— b •+ c +- d 
3 


-ci = 

b + c + d — 2 a 
3 


Likewise, we obtain 

cl + c + d — 26 cl + 6 + d — 2c cl + 6 + c — 2 d 

Z= 3 ’ 3 ’ * = 3 


12. Adding all the four equations, we get 
— 2ai + 2a 2 + 2cl 2 + 2 

~ _ a i a 2 4~ a 3 ~t~ a 4 


Multiplying the last two equations by —1, and then adding 
all the four equations, we find 

„ _ a i + fl 2 — a 3 — H 

x 2- - 2 - * 

Similarly, we get 

~ -- a l — a 2 + a 3 — H „ — a 2 — a 3 + a 4 

•^3 2 » *^4 **“■“ 2 * 
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13. Put x + y + z-\-v=.s. Then the system is rewrit¬ 
ten as follows 

ax + m (s — x) = k 
by + m (s — y) = l 
cz m (s — z) = p 
dv + m (s — v) = q 

so that 

ms + x {a — m) — k, ms + y (b — m) = Z, 

ms + z (c — m) = p, ms + v (d — m) — q. 

Hence 


a — m a — m 


m l 

s, y 


b — m b — m 


S , Z - 


c — m c — m 


S, 


V- 


-s. 


d — m d — m 

Adding these equalities termwise, we find 

k 1_L_ + _p_L_?_ 

a — m b—m ' c — m d—m 


(*) 


/ 1 . 1 , 1 , 1 \ 

— ms - {- ~r --1- -3 - ). 

\ a — m b — m c — m ■ d — ml 


Consequently 


ri 1 m i 1 _ 

L 1 J 

L 1 J 

i_ . 1 Vi 

l 1 + m { a -m 

^ b — m ^ 

r i 

1 c — rri 1 

1 d — m ) J 


a — m 1 b — m c — m 1 d — m 


Wherefrom we find s, and then from the equalities (*) we 
obtain the required values of the unknowns x, y, z and v. 
14. Put 


#2 


m\ 


Hence 


m 2 


h p “p 
m-n 


■■X. 


Xi — cii m^X, 

x 2 == o>2 -f" m 2 X, 


Xp — cip -J - m p X. 
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Substituting these into the last one of the given equations, 
we get 

x i “b %2 "f~ • • • “b Xp—a~ 

= (di + a 2 4“ • • • ~b Up) + ^ (^i + m 2 + • • • + Mp). 
Consequently, 

CL —— flj —— ““ • ♦ • ~~ a 

“ w 1 + m 2 +---+ w p ’ 

and then we readily get the values of 


15. If we put 


■^1» *^2» • • •? *^p- 


, 1 , 1 , 
=x , , — = z 

’ y * z 


then the solution of this system is reduced to that of Pro¬ 
blem 11. Using the result of Problem 11, we easily obtain 


a + b + c — 2d' a + b + d-2c' 

m _ 3 , 3 

Z ~ a + c + d — 2b' V ~b + c + d-2a m 

16. Dividing the first equation by ab, the second by ac 
and the third by be (assuming abc #0), we get 

A_j__i == _L £. + i. = jL _i + _L = -fL. 

b ' a ab ’ a ' c ac’ c ‘ 6 6c* 

Adding all these equations termwise, we find 
x . y , z 1 t c , b , a \ 


±\ y_ ! i = i fj_ 

a ' b ' c 2 \ at 


-l—+—+—). 

2 \ ab ' ac ' be ) 


Hence 


i V \ i / , b , a \ c 

T~\T + T+T)~W^T)--2\-ri+l^ + JF)-!ib * 

Consequently, ± = a l±*^z£ , i.e. » = and then 

analogously 


a 2 + c 2 — 6 2 


6 2 + c 2 — a 2 


17. First of all we have an obvious solution x = y = 
= z = 0. Let us now look for nonzero solutions, i.e. for 
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such in which x, y, z are not equal to zero. Dividing the 
first of the given equations by yz, the second by zx and the 
third by xy , we obtain 


■- + - = 2d, - + - = 2d', - + - = 2 d". 

z y x ' z y x 


Hence 

Therefore 


- + - + - = d + d , + d". 

X y z 


- = d' + d"-d, - = d + d"—d\ - = d + d'- 

x 1 y z 1 


■ d". 


Finally 


d f + d"-d ’ 


d + d"—d' 


d + d'—d" 


18. Rewrite the system in the following way 

ayA-bx _ 1 az-\-cx _ 1 bz~\-cy _ 1 

xy c ’ arz & ’ yz a 

Hence 


= jL _l i_ = J_ A , 

ar 1 y c ’ x ‘ z 6 ’ y ‘ z * a* 

Consequently (see the preceding problem) 

2a 2 bc 2ab 2 c 2abc 2 

£ — _ ji ——_ 2 —_ 

ac + ab — be ’ ^ + — ac ’ for + acr— afr 

19. The obvious solution is x = y == z = 0. Dividing 
both members of each equation of our system by xyz, we get 

, J_i_ = J_ —_i_J_ L__L 

arz ~ r ary yz a 2 ’ ary ' yz arz 6 2 ’ 


Adding pairwise, we find 

A = l, 1 JL = J_ , _L 

ary a 2 ' ’ y* 6 2 ‘ c 2 


-L+-L—*-= 

VI 1 a* xy 




Consequently 


xy — 


2cfitt 
02 + 62 ’ 


yz 


262c 2 
62 + c 2 ’ 


2Z 


2a2 c 2 
a2 + c2 ' 


<•> 
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Multiplying the equalities, we obtain 

2 2-2 8fl*6M 

X y Z — ( a 2 + 62) (fc2 + C 2) (a 2 + c 2) * 

Hence 


± 

Using the equality 


2 V2 fl262 c 2 


V(a 2 + 62) (62 C 2) ( fl 2 + c 2) 


2am 
2 + 62 


we find for 2 two values which differ in the sign. By the 
obtained value of z we find the corresponding values of y 
and x from the equalities (*). Thus, we get two sets of 
values for x, y and z satisfying our equation. 

20. Adding all the three equations, we find 
( x + y + 2 ) (a + b + c) = 0. 

Hence 


whence 


*+» + * = 0 , 


a — 6 a — c 6 — a 

a-\-b-{-c ’ y~ a-f6-]-c ’ Z ~a \ b-\-c 


21. Adding all the three equations termwise, we get 
(b + c) x + (c + a) y + (a + b) z = 2a 3 + 2b 3 + 2c 3 . 
Using the given equations in succession, we find 
2(b + c) x = 2b 3 + 2c 3 , 2 (c + a) y = 2a 3 + 2c 3 , 

2 (a T" b) z = 2a 3 -f- 2b 3 , 

whence 


x = b 2 — be + c 2 , y = a 2 — ac + c 2 , z = a 2 — ab + b 2 . 


22. Consider the following equality 

_._ y _ 1 _*_ a = (0-M (6-P) (9 —v) 

fl - j -0 6 - j ~0 6 + 0 (0 + a ) (0 + 6 ) (0 + c ) 

Let us transform the equality, by reducing its terms to a 
common denominator and then rejecting the latter. We get 
a second-degree polynomial in 0 with coefficients depending 
on x, y, z, X, (a, v, a, b , c, which is equal to zero. If now we 
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substitute successivly X, p and v for 0 into the original 
expression, then, by virtue of the given equations, this 
expression (and, consequently, the second-degree polyno¬ 
mial) vanishes. However, if a second-degree polynomial 
becomes zero at three different values of the variable, then 
it is identically equal to zero (see Sec. 2) and, consequently, 
the equality 

X y z > (0 — X) (0 — |A) (0 —V) 

a + 0 "• 6 + 0 ■> c + 0 (0 + a) (0 + b) (0 + c) 

(by virtue of existence of the three given equations) is an 
identity with respect to 0, i.e. it holds for any values of 0. 

Multiplying both members of this equality by a + 0, put 
0 = —a. Then we find 

ja + X) (fl + M-) (a + v) 

(a — b)(a — c) 

Likewise we get 

__ (b H~ X) (b + p) ( b + v) _ (c + A,) (g + p) (c+v ) 

^ (6 — c) (b — a) ’ (c — a)(c — b) 

Of course, we assume here that the given quantities X, p, 
v, as also a, b and c, are not equal to one another. 

23. The given equations show that the polynomial 

a 3 + xa 2 + ya + z 

vanishes at three different values of a, namely at a = a, at 
a — b and at a — c (assuming that a, b and c are not equal 
to one another). 

Set up a difference 

a 3 + xa 2 + ya + z — (a — a) (a — b) (a — c). 

This difference also becomes zero at a equal to a, b , c. 
Expanding this expression in powers of a, we obtain 

(x + a + b + c) a 2 + (y — ab — ac — be ) a + 

+ ^ + abc. 

This second-degree trinomial in a vanishes at three different 
values of a, and therefore it equals zero identically and, 
consequently, all its coefficients are equal to zero, i.e. 

x + a + b-+c = 0, y — ab — ac — be ^ 0, 

z + abc = 0. 
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Hence 

x = —{a + b + c), 
y = ab + ac + be, 
z = —abc 

is the solution of our system. 

24. We find similarly 

t = — {cl -f- b c -{- d ), 
x — ab + ac + ad + be + bd + cd, 
y = —{abc + abd + acd + bed), 
z = abed. 

25. Multiplying the first equation by r, the second by p, 
the third by q and the fourth by 1 and adding, we get 

{a? + a 2 q + ap + r) x + {b 3 + b 2 q + bp + r) y -f- 

+ {c 3 + c 2 q + cp + r) z + ( cll 3 + d 2 q + dp -f- r) u — 

= mr + up + kq + l- 

Let us choose the quantities r, p and q so that the follo¬ 
wing equalities take place 

b 3 + b 2 q +. bp + r = 0, 
c 3 + c 2 q + cp + r = 0, 
d 3 + d 2 q + dp + r = 0. 

Hence, we obtain (see Problem 23) 

q = — {b + c + d), p = be + bd + cd, r = —bed, 
and, consequently 

_ N ___ N _ 

X ~~ a 3 + a 2 g + ap + r (a — b) (a —c) (a —cl) ’ 

where 

N = —mbed + n {be + bd + cd) — k {b + c + d) + 1. 

As to the equality 

a 3 + a 2 q + ap + r = {a — b) {a — c) {a — d), 
it follows readily from the identity 

a 3 + qa 2 + pa + r = (a — b) (a — c) (a — d). 
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To find the variable z/, the quantities q,p and rare so chosen 
that the following equalities take place 

a 3 + a 2 q + ap + r = 0, 
c 3 + c 2 q + cp + r = 0, 
d 3 + d 2 g + dp + r = 0. 

The remaining variables are found analogously. 

26. Put 

*i + x 2 + • • • + x n = «- 

Adding the equations term by term, we get 

s + 2s + 3s -f- ... + ns = a* + a 2 + ... + o n . 

But 

1+2 + 3+ ... + n — — (an arithmetic pro¬ 
gression). 

Therefore 

s = n(n+1) + a 2 + . • . + «n) = A ( for brevity). 

Subtracting now the second equation from the first one, we 
find 

x i + x 2 + x 3 + ... + X n — nx 1 = CLi — CL 2 . 

Hence 

nxi — A + 02 — CL\ 

and 

A-\-a 2 — dj 


Subtracting the third equation from the second, we get 

_ — a 2 
* 2= - h - 

and so on. 

27. Put 

*i + x 2 + ... + x n = s. 

Then we have 

—s + 2#! = 2 a , —s + 4 r 2 = 4 a, 

—5 + 8x3 = 8a, . . ., —s + 2 n £ n = 2 n a. 

Hence 

s s s s 

x l =» a + y , X* a + ■£ , X s = a + -g* > • • •» *n = <* + jjH * 




Solutions to Sec. 4 


221 


Adding these equalities, we get 

s==na + s (T + T+ ,-< + ^r)- 


Therefore 


Consequently 


1+1+. + _L = i__L 

2 ' 4 r ' 2^ 2 a ' 


5 = 2 n na. 


+ 2 n_1 Aia = a(l + n«2 n_1 ), 

x 2 = a-\-^ = a-\~2 n ~ 2 na = a(i-{-n*2 n - 2 ) and so on. 

28. Let 

X t + #2 + #3 + • • • + # n = s = !• 

Then 

s — x 2 = 2 , 5 — £3 = 3 , . . s — x n _i = n — 1 , 

s — x n = n. 

Consequently (since 5 = 1) 

x 2 = — 1 , x 3 = —2, . . x n = — (n — 1). 

Hence 

^2 + x 3 + • • • + x n = — 1(1 + 2 + ... + (ft — 1)1 = 

__ —1) 

2 ' 

Finally 

^y. 4 / /y. _L_ /y. I <y. \ \ I 72 ( W 1) 


X t = 1 — (X 2 + x 3 + • • • + x n) = M-2- * 

29. Suppose the equations are compatible, i.e. there 
exists such a value of x at which both equations are satisfied. 
Substituting this value of x into the given equations, we 
get the following identities 

ax + b = 0, a! x + V = 0. 

Multiply the first of them by 6', and the second by b. Sub¬ 
tracting termwise the obtained equalities, we find 

( ab ' — a'b) x = 0. 
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If the common solution for x is nonzero, then it actually 
follows from the last equality 

ab' — a'b =0. 

If the common solution is equal to zero, then from the ori¬ 
ginal equation it follows that 

b = V = 0, 

and therefore in this case also 

ab' - a'b = 0. 

And so, in both cases, if the two given equations have a 
common solution, then 

ab' - a'b = 0. 

Hence, conversely if the condition 

ab' - a'b = 0 

is satisfied, the two given equations have a common root 
(the coefficients of the equations are proportional), and, 
consequently, they are compatible. 

30. To prove that the given systems are equivalent it is 
necessary to prove that each solution of one of the systems 
is simultaneously a solution for the other system. Indeed, 
it is apparent, that each solution of the first system is at 
the same time a solution for the second system. It only 
remains to prove that each solution of the second system 
will also be a solution for the first system. Suppose a pair of 
numbers x and y is the solution of the second system, i.e. 
we have identically 

n + n r = o, 

ml + m'l' = 0, 

where 

l = ax + by + c, l' = a'x + b'y + c'. 

Multiplying the first equality by m' and the second by Z\ 
and subtracting them termwise, we find 

(lm' — ml') |=0. 

Likewise, multiplying the first equality by m and the se¬ 
cond by Z, and subtracting, we get 

(lm — mV) l ' = 0. 
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But since, by hypothesis, 

lm — mV 0, 


it follows from the last two equalities that 

S =0 

and 

V = 0 , 

i.e. 


ax + by + c = 0 

and 

ax + b'y + c' = 0. 


Thus, the pair of numbers x and y, which is the solution of 
the second system, is simultaneously the solution of the 
first system. 

31. Multiplying the first equation by b' and the second 
by by and subtracting termwise, we find 

(ab' — a'b) x + cV — c'b = 0. 


We get similarly 

(< ab' — a'b) y + c'a — a!c = 0. 

These two equations are equivalent to the original ones. 
It is evident that if ab' — a'b 0, then there exists one 
and only one pair of values of x and y satisfying the last 
two equalities, and, consequently, the original system as 
well. 

32. Multiplying the first equality by b' and the second 
by by and subtracting, we find 

(ab' — a'b) x = 0. 

Since, by hypothesis, ab' — a'b ^ 0, it follows that x = 0. 
In the same way we prove that y = 0. 

33. From the first two equations we get 

_ c'b — cb' a'c — c'a 

X ab' — a'b ’ ab' — a'b 


If the three equations are compatible, then a pair of num¬ 
bers x and y being the solution of the system of the first two 
equations must also satisfy the third equation. Therefore, 
if the three given equations are compatible, then there 
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exists the following relation 


„ c'b — cb' . 
a ab' — a/b 


b" 


a'c — c'a 
ab ' — a'b 


c" = 0 


or 

a" (c'b - cb') + b" (a'c - c'a) + c" (ab' - a'b) = 0. 


(*) 


Conversely, the existence of this relation means that a 
solution, which satisfies the first two equations, satisfies the 
third one as well. This relation may be rewritten in the 
following ways 

a' (cb" - c"b) + b' (ac" - ca") + c' (ba" - b"a) - 0, 
a (c"b' - c'b") + b (a"c' - c"a) + c (b"a' - a"b') = 0. 

Hence it follows that the solution of each pair of the three 
equations is necessarily the solution of the third equation, 
i.e. our system is compatible provided the condition (*) 
is observed. 

34. Subtracting from the first equality the second, and 
then the third one, we find 

(a — b) y + ( a 2 — b 2 ) z = 0, (a — c) y + (a 2 — c 2 ) z = 0. 

Since a — b =£ 0 and a — c 0, we have the following 
equalities 

y + (a + b) z = 0, y + (a + c) z = 0. 


Subtracting them term by term, we have 
(b — c) z = 0. 

But by hypothesis b — c =/= 0, therefore z = 0. Substitu¬ 
ting this value into one of the last two equations, we find 
y — 0. Finally, making use of one of the original equations, 
we get 

x = 0. 


35. Multiplying the first equality by B x and the second 
one by B, and subtracting them termwise, we get 

(AB, — A,B) x + (CB, - C,B) z = 0. (1) 

We find analogously 

(AC, - A,C) x + (BC, - B,C) y = 0. 


( 2 ) 
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Suppose none qf the expressions 

AB\ — A\ B, CB X — C\B, AC± — AiC 
is equal to zero. Then we get 

X Z' 

C\B — CB t ~ — * 

[multiplying both members of the first equality by the 
product 

(AB t - A t B) (CiB - CB ,)] 


C i B-CB i CA i — AC l * 

Thus, in this case the required proportion really takes 
place. 

Let now one and only one of the expressions 

AB l - A X B, CBi — C,B , AC { — A { C 

vanish. Put, for instance, CBi — C X B — 0. Then from 
equalities (1) and (2) we get x = 0. Further, suppose that 
two of the mentioned expressions, for instance, CiB — CB t 
and CA { — AC t are equal to zeTo, and the third one, i.e. 
ABi — A { B is nonzero. We then find x = y = 0. In these 
cases our proportion, or, more precisely, three equalities, 

x = k (C t B — CBi ), 
y ~ X (CAi — ACi), 
z = X (ABi — AiB ), 
will also take place. 

Thus, in these cases two given equations determine the 
variables x , y and z “accurate to the common factor of pro¬ 
portionality”. 

If all the three quantities 

ABi — AiB, CBi — CiB and ACi — A\C 

are equal to zero, then there exists the following proportion 
ABC 

Ai Bi Ci 


15-1225 
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In this case the two equations (forming a system) turn 
into one, and nothing definite can be said about the values 
of the variables x , y and z which satisfy this equation. 

36. From the first two equations (see the preceding pro¬ 
blem) we get 

x _ y z 

oc — 6 2 be — a 2 ab — c 2 

Hence 

x — X (ac — b 2 ), y = X (be — a 2 ), z — X (ab — c 2 ). 

Substituting these values into the third equation, we find 

b (ac - b 2 ) + a (be - a 2 ) + c (ab - c 2 ) = 0 
or 

a 3 + b 3 + c 3 — 3 abc = 0. 

37. Multiplying the first two equations, we get 



The same result is obtained by multiplying the third equa¬ 
tion by the fourth one, which shows that if there exist any 
three of the given equations, then there also exists a fourth 
one, i.e. the system is compatible. 

To determine the values of x, y and z satisfying the given 
system proceed in the following way: equating the right 
members of the first and the third equations, find 


Solving this equation with respect to y, we have 


y = b 


\i~X 

H" X 


Substituting this into the first two equations, we get 


Hence 



2X\i x 
p +A, ’ a 


z _ 2 

c p -j- X 


Xp -f 1 
J+X~ 


X\x-1 
p A« 


x = a 


z—c 
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38. Rewrite the system in the following way 

a(x + py) + b (x + qy) = ap 2 + 6g 2 
ap (x + py) + bq (x + qy) = ap d + bq 3 

a/?*" 1 (x + py) + bq h ~ 1 (x + ?y) = ap* +1 + bq h+1 . 

Now it is obvious that the system is equivalent to the follow¬ 
ing two equations 

x + py = p 2 , x + qy = <z 2 , 

and, hence, the system is compatible. 

39. We have 

X 2 ^ < 21 — X \, 

• T 3 #2 *^2 ^2 ^1 ~ I - » 

#4 == — x 3 ~ a 3 — ^2 + — X \ , 


X n CL n _i 2 “t • • • it ^2 &j it X\, 

It should be noted that in the last equality the upper signs 
will occur when n is odd, and the lower signs when n is 
even. 

Consider the two cases separately. 

1° Let n be odd. Then 

x n — a n- 1 — a n- 2 + • • • + ^2 — a \ + X t . 

On the other hand, 

x n + x 1 = a n - 

From these two equalities we get 

^ _ a n — a n-l a n-2 —••• — a 2 + a l 

xi =- 5 -’ 

and, hence, 

„ a l — a n-\- a n- 1 —— a 3 ~h a 2 

x 2~ - 2 -’ 

_ a 2 — a l "i a n — • • • — fl 4 a 3 


2° Let now n be even. Then 

I X n CL n Cl n —2 4 ~ • • • ^2 4 ~ X \. 



I 

\ 

f 

f 


15 * 
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On the other hand, 

x n — d n Xf, 

Consequently, for the given system of equations to be com¬ 
patible the following equality must be satisfied 

fl n _l CLji -2 • • • ^2 CL\ — dm 

i.e. 

a n + a n -2 + • • • + #2 = a n -i + a n _3 + . . . + «1 

(the sum of coefficients with even subscripts must equal 
the sum of coefficients with odd subscripts). It is apparent 
that in this case the system will be indeterminate, i.e. will 
allow an infinite number of solutions, namely: 

xi = X, 

X2 — & 1 — X, 

X3 — a<i — a,\ 4 “ X, 

X4 = (1% — Q>2 “f" d\ — X , 

x n — a n-l — a n-2 + • • • + #3 — fl 2 + “ X, 

where X is an arbitrary quantity. 

40. From the first two equations we find 


b 2 


c 2 


a 2 


a 2 


fc 2 


-=x. 


6 — d c — d 


c — d a—d 


a — d b — d 


Substituting this into the third equation, we have 
b 2 




c — d 


) ^ b — d \ c — d a — d ) r 

(-^~lTZd)}= d ( a - b ) ( b ~ c ) ( c -a)- 


c — d 
b 2 


After simplification we get 


—2_( 
a — d \ 


b 2 c 2 

b — d c — d 

L 2 


_ ?L.) + 

) ^ b — d \ c — d a—d ) ' 

c / a 2 b 2 \ __ d (a — b) (b — c) (a — c) 

—T \ a — d b^T) ~ (a — d) (b — d) (c — d) ’ 


Therefore 


X = —(a — d) (b — d) (c — d), 
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and, consequently, 

x = (a — d) (b — c) (db + dc — be), 

y = (b — d) (c — a) (dc + da — ac ), 

z = (c — d) (a — b) (ad + db — ab). 


41. Solving the last two equations with respect to x 
and y, we find 

(c — m) (n — a) 


X-\~n~- 

y + b- 


Z —{- C 

(b — l) (m — c) 
z~\~m 


Hence 


x + a = 

Analogously 


(c — m) (n — a) 
z-\-c 


(n_o) = (o — n)-^-. 


y+l = (l-b) 


Z + C 

z-\-m 


Substituting the found values of x + cl and y + l into the 
first equation, we see that it is a consequence of the two 
last equtions. Thus, the system is indeterminate, and all 
its solutions are given by the formulas 


x = 


(c — m) (n — a) 


z-\-c 


n, y- 


(b — l) (m — c) 
z + m 


■ 6 , 


for an arbitrary z. 

42. From the second and the third equations we have 


(1 — k) x + ky = — [(1 + k) x + (12 — k) y], 

hence, taking into account the first equation, (5 — k) y — 
= 0 wherefrom either k = 5 or y = 0 (hence x = 0), which 
yields (substituting into the second equation) k = —1. 

43. We have 

sin 2a = 2 sin a cos a, 

sin 3 a = sin a (4 cos 2 a — 1), 

sin 4a == 4 sin a (2 cos 3 a — cos a). 
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Therefore the first of the equations of our system is rewrit¬ 
ten in the following way 

x + 2y cos a + z (4 cos 2 a — 1) m 4 (2 cos 3 a — cos a). 

The remaining two are similar. Expand this equation in 
powers of cos a. We have 

8 cos 3 a — 4z cos 2 a — (2 y + 4) cos a + z — x = 0. 
Putting cos a = t and dividing both members by 8, we get 



Z — X 

“T“ 


0 . 


(*> 


Our system of equations is equivalent to the statement that 
the equation (*) has three roots: t = cos a, t = cos b and 
t — cos c , wherefrom follows (see Problem 23) 


z 

~2 

y + 2 


4 

x — z 


= cos a + cos b + cos c, 

= — (cos a cos 6 + cos a cos c + cos b cos c). 


= cos a cos b cos c. 


Therefore the solution of our system will be 
x = 2 (cos a + cos b + cos c) + 8 cos a cos b cos c, 
y = —2 — 4 (cos a cos b + cos a cos c + cos b cos c), 
z = 2 (cos a -f cos 6 + cos c). 

44. Put 

a - b = c =k 

sin A sin 5 sin C 
Since A + 2? + 'C = n, we have 

sin A = sin (5 + C) == sin 5 cos C + cos B sin C. 
But from the given proportion we have 

• i ® b . C 

sin ^4 , sin B = — , sm C == — r 

Substituting this into the last equality, we find 
a — b cos C + c cos B. 

The rest of the equalities are obtained similarly. 
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45. Expressing a and b in terms of c and trigonometric 
functions (from the first two of the given equalities), we get 

7 c (cos A 4-cos B cos C) /4 , 

—«— l - <» 

c (cos B -4- cos A cos C) 

a = -iW- L - 

Substituting (1) and (2) into the third equality and accom¬ 
plishing all necessary transformations, we find 

1 — cos 2 A — cos 2 B — cos 2 C — 2 cos A cos B cos C = 0. 

Let us now prove that 

A + B + C = jt. 

Transform the obtained equality in the following way 

cos 2 41+2 cos A cos B cos C — 

= 1 — cos 2 B — cos 2 C — cos 2 B cos 2 C + cos 2 B cos 2 C, 
cos 2 41+2 cos A cos B cos C + cos 2 B cos 2 C » 

= 1 - cos 2 B — cos 2 C (1 - cos 2 B ), 

(cos A + cos B cos C) 2 — sin 2 B sin 2 C . 


But since we have obtained [see (1)] that 

a i u n b sin 2 C . n 

cos A + cos B cos 6 —---+> (), 

we have 


cos A + cos B cos C = sin B sin C, 

cos A — sin 5 sin C — cos B cos C = — cos (5 + C), 

yi i ( i /°\ o 4 + 5 + 6 A — B — C ^ 

cos A + cos (B + C) = 2 cos —-cos-^-= 0, 

wherefrom follows that either 
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where l and V are integers. Let us first show that the second 
case is impossible. In this case we would have 

A - B - C = (2 V + 1) n, B = A - C - (2V + 1) n, 
cos B = cos (A — C — n) = —cos (^4 — C) — 

= —cos ^4 cos C — sin ^4 sin C. 

Consequently, 

cos B + cos A cos C = —sin A sin C < 0 


which is impossible, since we have obtained (2) 

r> , ^ asin 2 £ . A 

cos 5 + cos A cos C =-> 0. 

Thus, there remains only the case 

A + B + C = (21 + 1) n. 

However, by virtue of the inequalities, existing for A, B 
and C, we have 

0 < 2Z + 1 <3, 
i.e. 

21 + 1 = 1 

and 


A + B + C = n. 


It only remains to show that 

a b c 

sin .4 sin B sin C 


We have shown that 

cos A + cos B cos C = sin B sin C. 

On the other hand, 

cos B + cos A cos C = cos (n — A — C) + cos A cos C = 
— —cos {A + C) + cos A cos C — 

== sin A sin C. 


Using this equality and also equalities (1) and (2), we easily 
obtain the required proportion. 

46. Let us first show that equation (2) follows from equa¬ 
tions (1). Multiplying the first of equations (1) by a, the 
second by b and the third by — c and adding them term- 
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wise we get 


a 2 + b 2 _ C 2 = cos C, 


i.e. the third of equations (2). Likewise we obtain the re¬ 
maining two of equations (2). 

To obtain equations (1) from equations (2) add tbe first 
two of (2). Collecting like terms, we find 

2c 2 —2 be cos A — 2 ac cos B = 0. 

Hence 

c — b cos A + a cos B, 


i.e. we get the third of equations (1). The rest of them are 
obtained similarly. 

47. From the first equality we get 


cos A 


cos a — cos b cos c 
sin b sin c 


Hence 


sin 2 A = i — cos 2 A = 

__ sin 2 b sin 2 c — (cos a — cos b cos c) 2 
sin 2 b sin 2 c 

_____ (1 — cos 2 6) (1 — cos 2 c) — (cos a — cos b cos c) 2 

sin 2 b sin 2 c ~~ 

_1 — cos 2 a — cos 2 b — cos 2 c + 2 cos a cos & cos c 

sin 2 b sin 2 c 

Consequently 

sin 2 A 1 — cos 2 a — cos 2 b — cos 2 c + 2 cos a cos b cos c 

sin 2 a sin 2 a sin 2 b sin 2 c 


Since the given formulas turn one into another by means 
of a circular permutation of the letters a, b, c, A, B , C, 
and as a result of this transformation the right member of 
the last equality remains unchanged, we actually have 

sin 2 A __ sin 2 B _ sin 2 C 
sin 2 a sin 2 b sin 2 c 


But the quantities a, b, c and A, B, C are contained between 
0 and ji, therefore 

Sini4 sin B Sin C 


sin a 


sin 6 


sin c 
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48. 1° Let us take the last two of the equalities (*) from 
the preceding problem. We have 

cos b — cos c cos a = sin a sin c cos B , 

—cos a cos b + cos c = sin a sin b cos C. 

Multiplying the first of them by cos a and the second by 1 
and then adding, we find 

—cos c cos 2 a + cos c = sin a sin c cos B cos a + 

+ sin a sin b cos C. 


Hence 


cos c sin a m sin c cos a cos B + sin b cos C . 


But since it was shown in the preceding problem that from 
the equalities (*) follows the proportion 

sin a sin?? sine 

sin ,4 sin B sin C 


in the last equality we can replace the quantities sin a, 
sin b and sin c by ones proportional to them. We get 

cos c sin A ^ sin C cos a cos B -f sin B cos C. 

It is apparent, that there exist six similar equalities. Let us 
take one more of them, namely, the one which also contains 
cos c and cos a. It will have the form 

cos a sin C = sin A cos c cos B + sin B cos A. 

(This equality can be obtained in the following way: mul¬ 
tiply the second of the equalities (*) by cos c and the first 
one by unity, add them, and in the obtained equality repla¬ 
ce sin c by sin C and so on.) Thus, we have 

cos c sin A = sin C cos a cos B + sin B cos C, 

cos a sin C = sin A cos c cos B + sin B cos A . 

Eliminating cos c, we find 

cos A = —cos B cos C + sin B sin C cos a. 

The rest of the equalities are obtained from this one using a 
circular permutation. 

2° The formulas (*) of Problem 47 make it possible to 
express cos A , cos B and cos C in terms of sin a, sin 6, 
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sin c and cos a, cos b, cos c. Let us find the expressions for 


sin ^ and cos ~. We have 


2 sin 2 — = 1 — cos A = 1 


cos a — cos b cos c 
sin b sin c 


cos (b — c) — cos a 
sin b sine ’ 

0 o A A , a a , cos a — cos b cos c 

2 COS 2 - 7 T = 1 4- cos A 1 -\ -:—-—:- 

2 sin b sm c 


Hence 


cos a — cos (b -f- c) 
sin b sin c 


I . a ~\~b 

. A l/ S,n — 
Sill -7T = r - 


— c . a -\-c — b 
-sm --- 


sin b sin c 


a y 

COS -q- — V 


a4-64-c . b~\~c — a 

sin ---sm--- 


sin b sin c 


Similar expressions are obtained for cos ~ and 


sin 


C_ 

2 

A + B 


, cos-^-. Now compute sin - - \Ve have 


. A B , A . B 
sin—^— = sin — cos — + cos — sin = 


/ 


aA-b-\-c . a-\~b — c 

sin ---sin —- 


X 


a-\-c — b 


sin a sin b 
b-\-c — a 


a — b 


= COS' 


C 


sm c sm c 

Thus, we have obtained the following formula 

a — b 


. A-\- B 

sin — k — 


2 C 

— cos -r- 
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Likewise we find 


2 . C 

— Sln —• 


Since e — A B + C — ji, we have 


Therefore 


A-\-B jt C— 8 

2 ""T 2~“ 


. A+B C —e 

Sin —^— = cos —^— 


and, consequently, 


Hence 


cos 

C -8 
2 

— cos 

c 

2 

cos 

cos 

C-e 

-f- cos 

C 

cos 


2 


2 



a — b c 

— - C0S T 


and, consequently, 

, e , f C e \ . p— b p — a 

tan — tan (-^-) = tan —^— tan — 2 — 

Using the formula 

a-\-b 

A + B C0S T“ . C 
cos—I— =-— sin - 2 ", 


we find analogously 


T cot ("i—r) ==tan T 1 


Multiplying the equalities (1) and (2) termwise and 
extracting the square root, we get 

1 /* D P — (l , P — & . p — c 

‘--1-i-e = ]/*"" ' ' -♦- ? - fB " —- 


tan-|~ tan — tan —^— tan— 
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49. We have 

a [tan (x -f y) — tan (x + P)] + b [tan (x -f- a) — tan (x + y)] + 

+ c [tan (x + p) — tan (x + a)] = 0. 

Hence 

a sin (y —P) _._ b sin (a — y) , 

cos (x-\- P) cos (x + Y) ' cos (x -f- a) cos (x + y) ^ 

c sin (ft — a) Q 

' cos Or~f-P) cos (x + a) 

a sin (y — P) cos (x + a) ~f b sin (a — y) cos (x -f P) 

-|- c sin (P — a) cos (x + y) 0. 

Finally 

tana:— a s ^ n (V — P) cos a + b sin (a — y) cos p + c sin (p — a) cos y 
a sin (y —P) sin a + ^ s i n (« —Y) sin p f c sin (P —a) sin y 

50. We have 


cos- T — 


1 + tan 2 ■ 


Therefore 


1 — tan 2 ~- 

cos x — 2 cos 2 ~ — 1 =- 

2 1 + tan 2 ■— 


sin x— tan x cos x -- 


2 tan — 1 — tan 2 -y 


1 — tan 2 - 


1 -|- tan 2 1 -f tan 2 -|- 


It is obvious that if tan y is rational, then sin x and cos x 
are also rational. Show that if sin x and cos x are rational, 
then tan y is rational too. 

From the first relationship we have 

^ 1 + tan 2 -y j cos x ■= 1 — tan 2 . 


Hence 


tan2 -f : 


1 — cos X 
1 4-COS X 
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Consequently, if cos x is rational, then tan 2 y is rational as 
well. But from the second equality it follows that 

2 tan y = sin x ^ 1 4 tan 2 y j. 

Hence, it is clear that if sin x and cos a: are rational, then 
tan y is also rational. 

51. Since sin 2 x + cos 2 x = 1, we have 

sin 4 x -f- cos 4 x 4 2 sin 2 x cos 2 x « 1, 
i.e. 

sin 4 x 4 cos 4 x — 1—2 sin 2 # cos 2 x. 

Therefore the equation is rewritten as 
1—2 sin 2 x cos 2 x = a, 

2 sin 2 # cos 2 # = 1 — a, 
sin 2 2x = 2 (1 — a), sin 2x = ± ]/2 (1 — a). 

For the solutions to be real it is necessary and sufficient 
that 



52. 1° Transforming the left member of the equation, 
we get 

sin x 4 sin 3x 4 sin 2x = 2 sin 2x cos x -f- sin 2x m 

m sin 2x (1 4- 2 cos x) m 0. 

Hence 

(1) siii 2x — 0, (2) cos x — — y . 

2° In this case the transformation of the left member 
yields 

cos nx 4 cos (n — 2) x — cos x = 2 cos ( n — 1) x cos x — 
— cos x = co& x [2 cos (n — 1) x *— 1] =0, 

i.e. either cos x = 0 or cos (n — 1) x = y . 
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53. 1° We have 

m (sin a cos x — cos a sin x) — 

— n (sin b cos x — cos b sin x) = 0, 

(n cos b — m cos a) sin x — (n sin b — m sin a) cos x = 0, 

/I x r. rasing — m sin a | A 

m cos b — m cos a) cos # tan #-r- — 0. 

v 7 L n cos b — m cos a J 

Hence 

( n sin b— m sin a 

tan x =-r-. 

rc cos o — m cos a 

2° We have 

sin x cos 3a + cos x sin 3a = 3 (sin a cos x — cos a sin x). 
Hence 

sin x (cos 3a + 3 cos a) — cos x (3 sin a — sin 3a) = 0. 
But 

cos 3a — 4 cos 3 a — 3 cos a, sin 3a = 3 sin a — 4 sin 3 a. 
Therefore the equation takes the form 

sin x cos 3 a — cos x sin 3 a = 0. 

And so 

tan x = tan 3 a. 

54. It is easy to find that 
sin 5x = 16 sin 5 x — 20 sin 3 x + 5 sin x. 

Therefore our equation takes the form 
—20 sin 3 x + 5 sin x = 0 

sin x (1 — 4 sin 2 x) = 0. 

Thus, we have the following solutions 

sin x 0, sin x = ± y . 

55. We have 

2 sin # cos (a — x) —- sin a + sin (2z — a). 


or 
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The equation takes the form 

sin x + sin (! 2x — a) — 0 


or 


2 . 3x — ffl X CL a 

sin —^— cos — 2 — ^ 

Thus, the following is possible 

. 3x — CL a j 3x *~ CL i 
sin—^~ 0 and —^— = /cjt. 


i.e. 


3x = a + 2kn, x = - 


where k is any integer. 
Similarly, we have 


cos = 0 ,- JZ=± = (2l + l)±., x = a + (2l+l)n, 

where l is any integer. 

56. We have 

sin x sin (y — x) [cos ( 2 ^ — y) — cos y]. 


Therefore the equation is rewritten in the following way 
cos ( 2x — y) — cos y = 2 a, 
cos (2x — y) = 2 a + cos y. 


57. We have 

• / , \ . • • sin(a+z) A 

sin (a 4- x) 4- sin asm x - 7 — —f — m cos a cos x = u. 

v 1 1 1 cos (a + x) 


Further 

sin (a 4- x ) , , , v , . . . ^ 

~ co s" (a | x) ' t cos sm a sm x > ~~ m C0S a C0S x = 

Hence 


sin (a + x ) 
cos (a + x) 


cos a cos x — m cos a cos x — 

— cos a cos x {tan (a + x) — m} = 0 . 


Assuming cos a ^ 0, we obtain the following equalities 
for determining x 

cos x = 0 , tan (a + x) — m. 


# 

I 
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58. Rewrite the equation in the following way 
cos 2 a + cos 2 (a + x) — 2 cos a cos (a + x) = 1 — cos 2 
Hence 

[cos a — cos (a + #)P — sin 2 x — 0, 
i.e. 

[cos a — cos (a + #) — sin #] [cos a — cos (a + x) -f- 

+ sin x] = 0. 

Further 

[cos a (1 —* cos x) + sin x (sin a — 1)] X 

X [cos a (1 — cos x) + sin x (sin a + 1)] = 0, 

sin 2 # [cos a tan + sin a — 1] X 

X [cos a tan y + sin a + 1] = 0 

(if sin x =^= 0). If sin x — 0, then cos 2 a (1 — cos x) 2 — 0. 
Now we easily find the following solutions: 

cos#=l, tan x== cot a, i.e. x — 2kn 

and 

, 2/c + l 

x ~ — a n - 7 i— jt. 


59. We can readily obtain 


sin 2x : 


2 tan x 


1 + tan 2 x * 

2 tan x 
l + tan 2 x 


Therefore 

(1 — tan x) (1 + - r y^ -- ) ~ 1 + tan x. 

Hence 

-o+**»*)- 1 o. 

^ *- * - tan ’ • t >=°. 

tan 2 x (1 + tan x) ^ 

1 + tan 2 x ~ 

For determining x we have: tan# = 0, tan# ——1. 


16-1225 




242 


Solutions 


60. We have 


tan 4 + tan B 


Therefore 


sin 

cos A cos B 


tan x + tan Ax + tan 2x + tan 3x = 
, sin 5a: 


sin 5x 


cos x cos 4a: 
sin 5x 


cos 2x cos 3x cos x cos 2x cos 3x cos Ax 


X 


But 


X {cos 2x cos 3x + cos x cos Ax }. 
cos 3x = A cos 3 x — 3 cos x . 


Thus, our equation takes the form 

— x —■ - - 7 - [cos 2x (4 cos 2 x — 3) -f- cos Ax] = 0. 

cos 2x cos 3x cos Ax 1 v 7 ' J 

Hence 

sin 5# [4 cos 2 2a: — cos 2a: — 1 ] q 
cos 2a: cos 3x cos 4a: 

Consequently, either sin 5x = 0, i.e. 3x = kn, or 
4 cos 2 2x — cos 2x — 1 = 0, 

that is 

8 cos 2x = 1 + Y 17. 

61. Substituting the expressions containing X and Y for 
x and y into the trinomial 

ax 2 + 2 bxy + cy 2 , 

we get 

aa; 2 + 2bxy + cy 2 — a (X cos 6 — Y sin 0) 2 + 

+ 2b (X cos 0 — Y sin 0) (X sin 0 + Y cos 0) + 

+ c (X sin 0 + 7 cos 0) 2 = 

= (a cos 2 0 + 2 b cos 0 sin 0 + c sin 2 0) X 2 + 

+ (a sin 2 0 — 2b sin 0 cos 0 + c cos 2 0) Y 2 + 

+ (—2 a cos 0 sin 0 + 2 c cos 0 sin 0 + 2 b cos 2 0 — 

-2b sin 2 0) XY. 
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Since, by hypothesis, the coefficient of XY must be equal 
to zero, we have the following equation for determining 0: 

2b (cos 2 0 — sin 2 0) — 2 (a — c) sin 0 cos 0=0 


or 

2b cos 20 — (a — c) sin 20 = 0. 

Thus, 


tan 20 


2b 

a — c 


62. It is obvious that 

x-\-y sin (2Q -f-q ~(~P) 

x — y sin (a — 0) 

Therefore 

sin 2 (a — p) -f - y — z -sin 2 (P — y) + sin 2 (y — a) = 

x — y x y — z vr u z — x ■ 7 

= sin (20 + a + P) sin (a — P) + sin (20 + P -f y) sin (P — y) + 

+ sin (20 + y + a) sin (y — a). 

But 

sin (20 + a + P) sin (a — p) = {cos (20 + 2P) — cos (20-f*2a)}. 


Using a circular permutation, we easily check the vali¬ 
dity of our identity. 

63. 1° Put 

sin x _ sin y _ sin z _ ^ 

a b c 

We then have 

sin x = ak , sin y = bk , sin z = ck. 

On the other hand, 

sin z = sin (n — x — y) = sin (x + y) = 

= sin x cos y + cos x sin y. 

Hence 

a cos y + b cos x = c, b cos z + c cos y = a, 

c cos x + a cos z = b. 
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Solving this system, we find 


cos x ■■ 


6 2 -f* C 2 — q2. 

Wc 


cos y 


cos z • 


c 2 -J- cfi — ft 2 
2 ca 

a 2 + b 2 — c 2 


lab 

At k = 0 we get also the following solution sin x = 
= sin y — sin z = 0. 

2° Put 

tan x _tan y _ tan z _^ 


Hence 


tan x = ak , tan y = fc/c, tan z = ck. 

Adding these equalities term by term, we get (see Problem 
40, Sec. 2) 

(a + b + c) k = tan x + tan y -f tan 2 = tan x tan y tan z. 
Consequently, 

(a + b + c) k — k* abc = 0. 

Thus, 

*=°. 


Hence either tan x = tan y — tan z — 0 or 

tan .-i/EgE, t.n» = ±/2±E3I, 
tan z = ± ]/ - ( - +^ ± c) - . 

64. We have 

tan 26 = tan (* + y) = tan y y ■ 

But, by hypothesis, 

tan x tan y — a, 

therefore 

tan x + tan y = (1 — a) tan 2b, 

Knowing the product and sum of the tangents it is easy 
to find the tangents themselves (see Sec. 5). 
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65. Transform the equation in the following way 
4* + 2 2 *-i = 3* 2 +3 \ 4* + 4--4* = 3* 2 (1 + 3), 


Hence 


1 

Q 3C— 5 - 

4 x .4 = 3 2 -4. 


And so 


ip- = 3* 2 , 2 2 * -3 = (/3) 2X_3 . 

2 \2x-3 


(ir-*• 


Consequently, 

2 a: — 3 = 0 and x — ^-. 

66. Taking logarithms of both members of our equation, 
we find 

(x + 1) log 10 X = 0. 

Hence 

x = 1. 


67. Taking logarithms of the first equation, we find 
x log 10 a + y log 10 b = log 10 m. 


Finally, we have to solve the system 

x logio a + y log 10 b = log 10 m, 


68. Put 


x + y = n. 
x = b$, y — a 11 


(from this problem on we assume that a>0, b > 0, a += 1, 
b =+ 1 and find positive solutions). 

Then (by virtue of the first equation): 

blv = a ^ x . 


But 

Consequently, 


b y = a x . 

b& = {b y )l = a x &. 
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Hence 

a x l = a*)*, x (| — t]) = 0. 


Thus, either x = 0 or t) = |. But at x — 0 we get y = 0, 
Rejecting this solution, consider the case t) =s f. 
Consequently, 

x = ft and y — a*. 

But 

x log a = y log b, 


fc 5 log a = at log b, = 

Hence 

1 l°gft 

l (log b - log a) = log -g-, E = 

Therefore 




( log b 
log log a 
b log 6 


log b 


log 6—log a 


Since the ratio of logarithms of two numbers is independent 
of the base chosen, in the expression 


log 


log ft 

logo 


log ft 


we may consider the first logarithms as taken to the base b. 
Then 


log ; og6 
log a 

log b 

b log b 


log a 

and 

log b 

H-EB-) 

j log b — log a 

Analogously, we find 

log a 

1 log 6 i 

, log 6-log a 

^ = ( log a J 

\ 

69. Taking logarithms of the second equation, we find 


log x log y 
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Putting this ratio to be equal to |, we get 
x = a£, y = b%. 

Substituting these values into the first equation and assu¬ 
ming a b ±x , we find £ = — 1. Thus 


70. We have 


Consequently, 


X== -T' y=-r 


x = yv. 


x m = y v . 

Making use of the second equation, we find 


Hence, either y = 1, and then x=l or —— = re, i.e. 


Substituting into the second equation, we have: 


And so 


n m 

( m \ m—n — / m \ rn-n 

= (_) , x=r = ( T ) • 


SOLUTIONS TO SECTION 5 


1. We have 


► (b -f- x) {x + c) _ x 3 (b + c -f- x) + xbcx 


{x^b)(x — c) (x — b)(x — c) 

Therefore the left member of our equation is equal to 
(6 + c -f- x) ^ — C ) “t" (fc __ x ) (b — c) 1 ( c — x) (c — b) J 


b) (x — c) 1 (b — x) (b — c) 1 (c — x) (c — b) _ 


+ bcx £ 


-£-1---1- i -1 1 

(x — b) (x — c) ' (b — x) (b — c) ' (c — x) (c — 6) J 
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But (see Problem 8, Sec. 2) 

r3 /i3 3 

_I_L __ h _i_ /» _L T 

(x — b) (x — c)'(b — x) (b — c) ' (c — x) (c — b) ' ’ 

_2_ + _ b . _ + _£_= 0. 

(x —6) (x — c) ' (b — x) (b — c) ' (c — x) (c — b) 


Therefore the equation takes the form 

(b + c + x) 2 = (b + c) 2 . 

Hence 

(b + e + xY - (b + of = 0, 

(b + c + x .— b — c) (b c + x b c) 


0, 


and consequently 

Xi = 0, x 2 = —2 (b + c). 

2. Rewrite the equation in the following way 
(x - a) (* - b) (x-c) (ft- c) (c - a) (a - 6) { (;g _ - -f a) (fl —^ - 

+_£_+_f!_\ =0. 

~ (x — b) (b — c) (a — b)'(x — c)(c — a)(b — c)f 

As is known (see Problem 9, Sec. 2) 


6 3 


(a — x) (a — b) (a — c) (b — x) (b — a) {b — c) 


+ 


1 (c — x) (c — a) (c — b)'(x — a) (x — b) (x — c) 

Therefore, the equation is rewritten as follows 
(x — a)(x — b) (x — c){b — c) (c — a) (a — b) x 

X 3 


X (l 


£- \ =0 

-«(*-«)/ 


(x — a) (x — b) (x — c) 


or 


(b — c) (c — a) (a — b) [(x — a) (x — b) (x — c) — x s ] = 0. 
Assuming that a , 6, c are not equal, we get 

(a + b + c) x 2 — (ab + ac + be) x + abc = 0, 

_ a6 + ac-|-6c it: l/(a6-f*flc-|-6c) 2 — 4a6c(a + 6 + c ) 

*“ 2(o + b+c) 
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For the roots to be equal it is necessary and sufficient that 
(ab + ac + be) 2 — Aabc (a + b -)- c) — 0. 

Hence 

a 2 b 2 + a 2 c 2 + b 2 c 2 — 2 a 2 bc — 2 b 2 ac — 2 c 2 ab = 0, 

(ab + ac — be) 2 — Aa 2 bc — 0, 
I 1,1 1 \2 4 r. 


(± + ±_±) 2 « =0 . 
\ c 1 b a / be 


Consequently, 


Finally 


1 1 

_ _ _ 4 _ . 

2 'l 

(1+1. 

1 

- 2 ^ 

^ b a ' 

l/6c / 

\ c + b 

a 

Ybc > 

1 i M 2 

ill-/ 1 

1 

\ 2 _±1 

i/t yw 

Jl\ \/c 

Yb 

/ a J 

1 i 1 

_i_\ 

l 1 ■ I 

i 


y~c yi 

Va i 

V Vc 1 

V* 

i yz) 

' i i 

1 ^ 

( 1 

i 

i 1 \ 

i i/c yi 

Ya ) 

V 1/c 

Yl 

1 y~a) 


3. Rewrite the equation in the form 


(a-x^ + ix-bY „ u 

l l 

(a — x) 2 + (x — b) 2 
wherefrom we have 

i i 

a — x— (a — x) 2 (x — b) 2 + x — b~a — b 

or 

y^(a — x) (x — b) = 0. 

Thus, the required solutions will be 
x 1 = a , x 2 — b. 

4. We have 

]/ 4a + 6 — 5x + 1/^46 a —* 5x = 3]/ a + fe — 2x, 
Squaring both members of the equality and performing all 
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the necessary transformations, we get 

Y 4 a + b — 5x • ]/ ib J ra — 5x~2{a + b-*~ 2x ), 

Squaring them once again, we find 

(4 a + b) (4 b + a) — 5x (4a + b + 46 + a) + 25z 2 = 

= 4 (a 2 + 6 2 + 4z 2 + 2aft — 4az — Abx). 

Hence 

x 2 — ax — bx + ab = 0, 
and, consequently, 

— a, x 2 = b . 

Substituting the found values into the original equation, we 
get 

Yb^+2Vb^-3Yb^ = 0. 

2]/^fe + /^ =r fe-3/^ :=: 6-0. 

Hence, if a =£ fc, then the equation has two roots: a and b 
(strictly speaking, if the operations with complex numbers 
are regarded as unknown, then there will be only one root). 
5. Rewrite the given equation as 

(1 + X) x 2 — (a + c + kb + Xd) x + ac + Xbd = 0. 

Set up the discriminant of this equation D ( X ). We have 
D (X) — {a -f~ c -J- Xb -|- Xd) 2 — 4 (1 -J- X) {ac -j- Xbd). 

On transformation we obtain 
D (X) = X 2 (b - d) 2 -Y2X (ab + ad + be + dc - 2bd - 

— 2 ac) + (a — c) 2 . 

We have to prove that D (X) ^ 0 for any X. Since D (X) is 
a second-degree trinomial in X and D (0) = (a — c) 2 > 0, 
it is sufficient to prove that the roots of this trinomial are 
imaginary. And for the roots of our trinomial to be ima¬ 
ginary, it is necessary and sufficient that the expression 

4 {ab + ad + be + dc — 2 bd — 2 ac) 2 — 4 (a — c ) 2 (b — d) 2 
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be less than zero. We have 
4 (ah -f- ad be + dc — 2 bd — 2ac) 2 — 

- 4 (a - c) 2 (h - d) 2 = 

= 4 (ah + ad -j- be -f- dc — 2hd — 2ac — 

— ah cb -{• ctd — cd) x 
X (ub -I - ud -f- be -(• dc — 2 bd — 2ac -)- ub — 

— cb — ud + cd) =* 

= _16 (b — u) (d — c) (c- b) (d - u). 

The last expression is really less than zero by virtue of the 
given conditions 

a < b < c < d. 

6. The original equation can be rewritten in the follow¬ 
ing way 

3x 2 — 2 (a + b + c) x + ub + uc + be — 0. 

Let us prove that 

4 (a + b + c) 2 — 12 (ab + ac + be) 0. 

We have 

4 (a + b + c) 2 — 12 (ab + ac + be) = 

= 4 (a 2 + h 2 + c 2 — ab — ac — be) = 

= 2 (2a 2 + 2h 2 + 2c 2 — 2ah - 2ac — 2hc) = 

= 2 {(a 2 - 2ah + h 2 ) + (a 2 - 2ac + c 2 ) + 

+ (h 2 - 2he + c 2 )} = 

= 2{(a - h) 2 + (a - c) 2 + (h - c) 2 } > 0. 

7. Suppose the roots of both equations are imaginary. 
Then 

p 2 — Aq < 0, pj — 4g t < 0. 

Consequently 

P 2 + Pj — 4g — 4gr t <0, p 2 + Pi — 2pp 4 < 0, 

(P — Pi) 2 < 0, 


which is impossible. 



252 


Solutions 


8. Let us rewrite the given equation as 

(a -f b + c) x 2 — 2 {ab + ac + be) x + 3 abc — 0. 

Prove that its discriminant is greater than or equal to zero. 
We have 

4 (ab + ac + be) 2 — 12a6c (a + b -f- c) = 

= 2 {{ab - ac) 2 + (ab - be) 2 + {ac - be) 2 ) > 0. 

9. -By properties of the quadratic equation we have the 
following system 

p + q = — p, pq — q. 

From the second equation we get 

q{p — 1) = 0. 

Hence, either q = 0 or p = 1. From the first one we find 
if q — 0, then p = 0; if p = 1, then q = —2. 

Thus, we have two quadratic equations satisfying the set 
requirements 

x 2 = 0 and x 2 + x — 2 = 0. 


10. We have 

x 2 y 2 -j- z 2 — xy — xz — yz = 

= -i- ( 2x 2 + 2y 2 + 2z 2 — 2 xy — 2xz — 2z/z) = 

= y {(* — y ) 2 + (* — z) 2 + (y — z) 2 } > 0 

(see Problems 6 and 8). 

But we can reason in a different way. Rearranging our 
expression in powers of x, we get x 2 — (y + z) x + y 2 + 
+ z 2 — yz. To prove that this expression is greater than, 
or equal to, zero for all values of x, it is sufficient to prove 
that: firstly 

y 2 + z 2 — yz > 0 

and, secondly, 

(y + z ) 2 — 4 (y 2 + z 2 — yz) < 0. 
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It is evident that there exist the following identities 

i/ 2 + z 2 — yz= («/ — yz) 2 + |-z 2 , 

(y + Z ) 2 - 4 (j / 2 + z 2 - yz) = -3 (y - z ) 2 

and, consequently, our assertion is proved. 

11. We have 

x 2 + y 2 + z 2 -^- = x 2 + y 2 + (a-x-y ) 2 -^-. 

It is necessary to show that the last expression is greater 
than, or equal to, zero for all values of x and y. Rearranging 
this polynomial in powers of y, we get 

y 2 + {x — a) y + x 2 — ax + ~ . 

It remains only to prove that for all values of x 

x 2 — ax + -^-^ 0, (x — a) 2 — 4 (^x 2 — ax-\-~ j ^0. 


We have 


'-ax + ^(x-%) 2 + ±a>>0, 


(x — a) 2 —A ^x 2 — ax-\~-^- j = —3 ^x — y aj 2 ^0, 

which is the desired result. However, the proof can be car¬ 
ried out in a somewhat different way. Indeed, it is required 
to prove that 

3x 2 + 3 y 2 + 3z 2 > a 2 
if 

x 2 + y 2 + z 2 + 2 xy + 2 xz + 2 yz = a 2 . 
Consequently, it suffices to prove that 

3x 3 + 3 y 2 + 3z 2 ^ x 2 + y 2 + z 2 + 2 xy + 2 xz + 2 yz 
or 

2.z 2 + 2 y 2 + 2z 2 — 2 xy — 2 xz — 2 yz ^ 0 . 

And this last inequality is already known to us (see, for 
instance, Problem 6). 

12. See the preceding problem. 

13. By the properties of quadratic equation we may write 

a + p = —/?, ap = q. 
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Therefore 

Si = — p- 

Since a and P are roots of the equation 
x 2 + P x + <f = 0, 

we have 

a 2 +pa + q = 0 , P 2 + pP + q = 0. 

Adding these equalities term by term, we find 

s 2 + P s i + 2 ? = 0. 

Hence 

s 2 = ps\ — 2 q = p 2 — 2q. 

Multiplying both members of our equation by x h , we get 
x k+ 2 + p£ fe+1 + = 0. 

Substituting a and P and adding, we find 

s h+ 2 + P s h+1 + QS k = 0. 

Putting here k = 1, we have 

s 3 = —ps 2 — qSi . 

Further 

«3 = —P (p 2 — 25 ) + gp = 3pg - p 3 
Likewise we find 

5 4 = p 4 —• 4p 2 ? + 2<? 2 , s 5 = — p 5 + 5 p 3 q — 5pq 2 . 

To obtain let us put in our formula k = —1. We have 

+ P*o ~f qs_ x == 0. 

2, = —p. 


But 

Therefore 


s o 


?*-l = + p — 2p = — p, 


_P 

9 


Likewise we get s_ 2 , 3 , s_ 4 and s_ 5 . However, we may pro¬ 

ceed as follows 

s »=-L + J_-?*+P* _** 

h 1 nh 


a h $ h (ocp) h q h 
wherefrom all the desired values of s_ k are readily found. 
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14. Let 

y/a -f y p = co. 

Then 

co 4 = a + 4 + 6 / a 5 ^ + 4 fSaf 3 + p. 

But 

a + P = — p, ap = q. 

Consequently 

w 4 = — p-f-6 |/g + 4y/ 0 $ (j/a + yp). 

But 

(/a + /p) 2 = a + p + 2K^p= -P + 2VI 

therefore 

4 /--- 

c o=y — p + 6j^g-f4y/ g-K — p + 2}^g. 

15. Let a: be the common root of the given equations. 
Multiplying the first equation by A', and the second by A 
and subtracting them termwise, we get 

(AB' - A'B) x + AC - A'C = 0. 

Likewise, multiplying the first one by B' and the second by 
B and subtracting, we find 

t AB' - A'B) x 2 + BC’ - B'C = 0. 

Take the value of x from the first obtained equality and 
substitute it into the second one. Thus, we obtain the, re¬ 
quired result. 

16. Adding all the three equations termwise, we find 

(x + y + z) 2 = a 2 + b 2 + c 2 . 

Hence 

x+ y + 2 = ± Ya 2 + b 2 + c 2 . 

Consequently 

_ fl2 ^ b 2 

X ~ ± y a 2-[-62 + c2 ’ y “ ± y fl 2 + 62+7^2 ’ 

C 2 

2 — _ _ 

± y a 2 +fo2+C 2 
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17. It is obvious that the system can be rewritten in 
the following way 

(x + z) (x + y) = a, 

(y + *) (y + x) = 6, 

(2 + *) (z + y) = c. 

Multiplying these equations and extracting a square root 
from both members of the obtained equality, we have 

(x + z) (x J i-y)(y + z) = ± Y abc. 

Hence 


y 4-z= ± 


1 /abc 


x-\-z — 


zh 


X-\-y=±: 


~\/ abc 


Adding these equalities termwise, we find 


x -4- y f z = : 


yW / 1 


(l+l+D- 


But since 

y + 2 = 

~]/ abc 
a 

we have 

*-± 2 

(1+1. 

U T c 

Analogously 



1 

a+i-i). 

7 - -l,- 

y jl 2 ! 

£ - ZJZ 



~\/ abc 
2 




simultaneously taking either pluses or minuses everywhere 
18. Put 


y + x = y, x + 2 = p, y + 2 = a. 
Then our equations take the form 

y + P = ayP 
a -f y ~ bay 
P + a = cap. 
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Solving this system (see Sec. 4, Problem 17), we find the 
solutions of the original system 

x = y = z = 0 

_ jL / 1 , _i_1_ v 

X ~~ 2 \p—<>^”p —c p —a/ r 

_J_ /_J_ j 1_1_\ 

y ~~ 2 \p — c ' p—a p—b) ’ 

_ 1/1 , 1 _ 1 _\ 

Z 2 \p — a”^p — f> p — c)' 

where 

2p = a -f- b -|- c. 

19. Adding unity to both members of the equations, 
we get 

l+y + z + yz = a + i, 

1 + x + z + xz — b + 1, 

l+x4-y + xy=c + l 

or 

(1 + y) (1 + z) = a + 1, 

(l + z)(l +z) = 6 + 1, 

(1 4- y) (1 + x) = c + 1. 

Multiplying these equations, we get 

(1 + xY (1 + yY (1 + zY = (1 + a) (1 +. b) (1 + c) 

or ___ 

(1 + x )41 -f y\ (1 + z) = ± K(l + a) (1 + 6) (1 + c). 
Consequently, 

i+}-±j/2±3233, 
1 + 2 = , ± /s±m±s. 

20, Multiplying the given equations, we obtain 

( xyz ) 2 — ab cx yz. 

First of all we have an obvious solution x = y = z = 0. 
Then 

xz/z = abc. 


17-1225 
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From the original equations we find 

xyz = ax 2 , xyz = fry 2 , xyz = cz*. 

Hence 

ax 2 = abc, by 2 = abc, cz 2 = abc, 

£ 2 = be, y 2 = ac, z 2 = afe. 


Thus, we have the following solution set 


£ = ]/&C, 

#= — ]/&c, 
x = Y be , 

£ = —]/ be, 


y = V ac , 
y = —Vac, 
y = — Vac, 
y = Vac, 


z = Vab; 
z = Y^ab\ 
z = — ]/a&; 
z = — j/a&. 


21. Adding the first two equations and subtracting the 
third one, we get 


2x 2 = (c + 6 — a) xyz. 

Likewise we find 

2i/ 2 = (c + a — 6) xyz, 2z 2 = (a + b — c) xyz. 
Singling out the solution 

x = y — z = 0, 

we have 

2# = (c + b — a) yz, 2y = (c + a — fe) xz, 

2z = (a + b — c) xy. 

Then proceed as in the preceding problem. 

22. The system is reduced to the form 

xy + xz = a 2 , 
yz + yx = b 2 , 
zx + zy = c 2 . 

Adding these equations term by term, we find 
xy + xz -f- yz = y (a 2 + b 2 + c 2 ). 


Taking into consideration the first three equations, we get 


yz = 


£ 2_|_ c 2 — a 2 


a 2 _ f - C 2_&2 


xy 


_ fl 2 .|_ fr 2__ c 2 


z.r — 


2 
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Multiplying them, we have 

{xyz) 2 = (g + - « 2 ) (« 2 + ~ * 2 ) (<* 2 + ^ - c 2 ) 


i.e. 


= =fc 



(fc> 2 e 2 — a 2 ) (a 2 -|~ c 2 — fr 2 ) (a 2 -J- & 2 — c 2 ) 
8 


Now we easily find 


x= ± 
»=± 


2 = ± 


/ 

/ 

/ 


(fl2 + C 2 _ fc2) ( a 2 _j_ b2 _ C 2) 
8(6 2 + C 2 — a 2 ) 
( a 2^-b2_ e 2) (fc2_j_ c 2_ a 2) 
8 (a 2 -|— c 2 — 62) 

(a 2 _j_ c 2 — 6 2 ) (fe 2 _|_ c 2 — a 2 ) 

8(a 2 + 6 2 —c 2 ) 


23. Adding and subtracting the given equations term- 
wise, we find 


z 3 4- y 3 = a (x + y) + b (x + y) = (a + b) (x + y), 
x? — y 3 = a (x — y) — b (x — y) = (a — b) (x — y). 


Hence 

(x + y) (x 2 — xy + y 2 — a — b) = 0, 
(x — y) (x 2 + xy + y 2 — a + b) = 0. 


Thus, we have to consider the following systems 
1° x + y = 0, x — y = 0; 

2° x + y = 0, x 2 + xy + y 2 — a + 6 = 0; 

3° x — y = 0, x 2 — #y + y 2 — a — 6 = 0; 

4° x 2 — xy + y 2 — a — b = 0, x 2 + xy + y 2 — a + 
+ 6 = 0 . 


The first three systems yield the following solutions 
1° x = y = 0; 

2° x=± Y a — b, y= + Va — b; 

3° x = y = ± + b. 
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The last system is reduced to the following one 
x 2 + y 2 = a, xy = —b. 

Solving it, we get 

x = ~2 (c Yd — 26 T] a -j- 2iO ), 

y = ~(eV a -2b-r\Va + 2b), 

where e and T] take on the values ±1 independently of each 
other. Thus, we get four more solutions. 

24. Reduce the system to the following form 

{x + y — z) (x + z — y) = a, 

(y + z — x) (y + x — z) = b, 

(x + z — y) (z + y — x) = c. 

Multiplying and taking a square root, we get 

(x + y — z) {x + z — y) (y + z — x) = ±YabF. 
Further 

y + Z - X=z . ± j/il, 

x + z — y = ±j/ r ^-, 

x + y-z=±y r ^-. 

Consequently 

*=± (/¥+/?)• 

25. Put 

*+y — v y+ z =a *+ z -a 

* + r ’ y + z + aj/z ’ x + z + fcxz 

Then the system takes the form 

6y + = a, ca + ay = b, a{i + 6a = c 
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or 

_v , l__i « | y _ b ft |« _ c 

c ' b be ’ a ' c ac ’ d ‘ a ab ‘ 

Therefore 

a. jl, jy _ A a2 + ^ 2 + g2 

a d ‘ c 2 abc 
and, consequently, 

d 2 _j_ c 2 — a 2 a 2 - 4 - C 2 — ^2 fl 2 52 — c 2 

a= 26c > P= 2ac ’ V = 2ab 

Further 

s 4~ */ + cxy _ J_ cxy __ 1 ^ z + y __ 7 

z + */ “ V ’ * + */ ~~ 7 ’ — 1 — Y * 

Finally 

1,1 C7 

x ' y ~ 1—y’ 

Analogously, we find 

1.1 dp 1 1 fla 

a: z ~ 1 — P ’ y ' z ~~ 1 — a ’ 

wherefrom we find x, y and z. 

26. Multiplying the first, second and third equations 
respectively by y, z and x, we get 

cx + ay + bz = 0. 

Likewise, multiplying these equations by z, x and y , we 
find 

bx + cy + az = 0. 

From these two equations (see Problem 35, Sec. 4) we obtain 

x y z 

a 2 — be b 2 — ac c 2 — ab ’ 

i.e. 

x = (a 2 — be) X, y = (ft 2 — ac) X, z — (c 2 — ab) X. 

Substituting these expressions into the third equation, we 
find 

\ 2 = __ C _^_ 

(c 2 — ad) 2 — (a 2 — dc) (d 2 — ac) a 3 -f- & 3 + c3 — 3 ad<: * 

Now it is easy to find x, y and z. 
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27. Rewrite the system as follows 

( y 3 — xz) + (z 2 — xy) = a 

(x 2 — yz) + (z 2 ^ xi /) = 6 

(x 2 — zy) + (y 2 — zx) = c. 


Hence 

9 64-c— a 

X 1 — l/Z = 


y* — xz- 


a-\-c — b 


9 a + b — c 

z i — xy= 1 


2 » * — 2 ’ — 2 

i.e. we have obtained a system as in the preceding problem 

28. Subtracting the equations term by term, we have 

(x — y) (x + y + z) = b 2 — a 2 , 

(x — z) (x + y + z) = c 2 — a 2 . 

Put x -f y + z = t, then 

(x — y) t — b 2 — a 2 , (x — z) t = c 2 — a 2 . 

Adding these two equations termwise, we have 
[3x — (xyz)] t — b 2 c 2 — 2a 2 . 


Hence 


t2 + fe2 + c 2_2a 2 
St 


Analogously 

i 2_|_ a 2 + c 2_262 _ t 2 + a 2 + & 2 _ 2 c 2 

y ~ St - z— 3t 

Substituting these values of x, y and z in one of the equations, 
we find 

t* - (a 2 + b 2 + c 2 ) t 2 + a 4 + b* + c 4 — 


Hence 


- a 2 b 2 - a 2 c 2 - b 2 c 2 = 0. 


a2 -j- &2 c 2 _j_ y 3 (a + 6 + c )(_a-t-6 + c)(a — b + c) (a + 6 —c) 

2 


Knowing t, we obtain the values of x, y and z. 

29. We have the following identities 

(x + y + z) 2 — (x 2 + y 2 + z 2 ) =2 (xy + xz + yz), 

(x + y + z) 3 — (x 3 + y 3 + z 3 ) = 

= 3 (x + y + z) (xy + xz + yz) — 3 xyz. 
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Taking into account the second and third equations of our 
system, we get from the first identity 

xy + xz + yz = 0. 

From the second identity we have 

xyz = 0. 


Thus, we obtain the following solutions of our system 
x = 0, y = 0, z ~ a; 

x = 0, y — a, z *= 0; 

x = a, y = 0, z = 0. 

30. Let a;, y, z and u be the roots of the following fourth- 
degree equation 

a 4 — pa 3 + qa 2 —- ra + t = 0. (*) 

Put 

x h + y h + z h + u k = s k . 

Then 

s 4 — ps 3 + qs 2 — rSi + t ~ 0. 

But by hypothesis 

5 4 = a 4 , s 3 = a 3 , s 2 = a 2 , = a. 

Therefore, the following identity must take place 
a 4 — pa 3 + qa 2 — ra t = 0, 

i.e. the equation (*) has the root a = a, and therefore one 
of the unknowns, say x, is equal to a.. 

Then there must take place the equalities 

u + y + z = 0, w 2 + y 2 + z 2 = 0, ^ 3 + y 3 + z 3 = 0, 

and, consequently, (by virtue of the results of the last 
problem) 

u = y = z = 0. 

Thus, the given system has the following solutions 

x — a, u = y — z = 0; 

y = a, x = u = z = 0; 

z = a, x = y = u = 0; 

U = a, x ~ y — z = 0i 
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31. Equivalence of these systems follows from the iden¬ 
tity 

(a 2 + b 2 + c 2 — l) 2 + (a' 2 + b' 2 + c' 2 — l) 2 + 

-f (a" 2 + b" 2 + c" 2 - l) 2 + 2 ( aa' + bb' + cc') 2 + 

+ -2 {aa" + bb" + cc") 2 + 2 {a'a" + b'b" + c'c") 2 = 

= (a 2 + a' 2 + a" 2 - l) 2 + (ft 2 + b' 2 + b" 2 - l) 2 + 

+ (c 2 + c' 2 + c" 2 - l) 2 + 2 (ab + a'b' + a"b") 2 + 

+ 2 (ac + a'c' + a"c") 2 + 

+ 2 (he + b'c' + b"c") 2 . 

It should be noted that nine coefficients: a, a', a", b, 
b ’, b'\ c, c' and c" can be (as it was established by Euler) 
expressed in terms of three independent quantities p, q 
and r in the following way 

_1 + p 2 — 9 2 —r 2 , 2 (r + pq) _2 ( — q + pr) 

«- N > N N 

„> 2( — r-\-pq) u , 1—P 2 + 9 2 — r 2 n , 2(p-\-qr) 

«— N . . “ — N , <■ — N , 

„«_2(q + pr) .» _2( — P+rq) „»_1 — P 2 —9 2 + r 2 

U ~ N ’ N ’ AT 

(./V = 1 + p 2 -f g 2 + r 2 ). 

32. Multiplying the first three equalities, we get 

x 2 y 2 z 2 (y + z) (x + z) (x + y) = a 3 b 3 c 3 . 

Using the fourth equality, we have 

(y + z) (x + z) {x + y) = a&c 
or 

x 2 {y + z) + y 2 {x + z) + z 2 (x + y) + 2xyz = abc. 
But adding the first three equalities, we find 

x 2 (y + z) + y 2 (x + z) + z 2 (x + y) = a 3 + b 3 + c 3 . 





Solutions to Sec. 5 


265 


Similarly, we have 

a —b — c = ( z + x ) ( x +y) 

xyz ’ 

b - c - a = (iz^H£±lH£±l) 

#I/Z 

c- a -b = {x - y) (y + z ) (»+*>. 

Hence 


(a + 6 + c) (b + c — a) (a + c — b) (a + b — c) = 


\ z y J \ x z ) \ y x ) 


— a 2 b 2 c 2 . 


Hence, we finally get the result of the elimination 

26V + 26V + 2a 2 c 2 — a 4 - 6 4 - c 4 + a 2 b 2 c 2 = 0. 
34. We have 



- + - = 26 , 

X z 



Squaring these equalities and adding them, we get 

//2 7 2 -jr>2 ^2 i,l 

4- + -^ + ^r+^r + ^r + 4- + 6«4a* + 4&* + 4e*. 


On the other hand, multiplying these equalities, we find 



+ 2 —8abc. 


Consequently, the result of eliminating x, y and z from the 
given system is 

a 2 + 6 2 + c 2 — 2abc = 1. 

35. We have an identity 

(a + 6 + c) (6 + c — a) (a + c — 6) (a + 6 — c) = 

— 46 V — (6 2 + c 2 — a 2 ) 2 . 

Replacing in the right member a 2 , 6 2 and c 2 by their expres¬ 
sions in terms of x , i/ and z , and using the relationship 

xy + zz + yz = 0, 


46V _ f 6 2 + r 2 _ a 2)2 = 0 


we get 
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Thus, the actual result of eliminating x, y and z from the 
given system is 

(a + b + c) (b + c — a) (a + c — b) (a + b — c) =0. 

36. We have 

(x + y) 3 = X 3 -f y 3 + 3 xy (x + y) = 

= a; 3 + y 3 + \ (x 4- y) f(x + y) 3 — (x 2 4- y 2 )\. 

And so 

(x + yf = 3 (x + y) (x 2 + ,/) — 2 (x 3 + y 3 ). 

But 

x + y = a, x 2 + y 2 = 6, x 3 + y 3 = c. 
Consequently, the result of the elimination is 
a 3 = 3 ab — 2c. 

37. Put 

x _ y _ z __ 1 

a b c X 

Then 

a — xk, b yk, c == zA,, (*) 

On the other hand, we have 

{a + b + c ) 2 — a 2 + b 2 + c 2 + 2 ab + 2ac + 2bc. 

Since a + -6 + c — 1, a 2 + b 2 + c 2 — 1, we obtain from 

the last equality 

ab + ac + = 0. 

Taking into consideration the equalities (*), we find 
xy + xz + yz =0. 

38. We have 


or 


Hence 


(“— 4 ) (“— 4 ) (“— 4 ) =t 
«'-Y + 7+i)°-’ + (7 + l+i)*-^- 


ap — 1 — y. 
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39. From the first two equalities we find 

z (d — c) + x (d — a) + y (d — b) == 0, j , 

w (d — c) + # (a — c) + i/ (t — c) == 0. J ^ 

Multiplying the first equality by y , and the second by 
and adding them, we get 

(zy + (d — c) = x 2 (c — a) + */ 2 (fr — d) 4- 

+ xy (a + c — b — d). 

We find in the same way that 

(zx + wy) (d — c) = x 2 (a — d) + V 2 [c — b)-\- 

+ xy (b + c — a — d), 

zw (d — c) 2 = x 2 (a — d) (c — a) + 

+ y 2 (6 — d) (c — 6) + 

+ a# [(a — d) (c — 6) + (6 —- d) (c — a)]. 

Substituting the found expressions for zy + 2a: + 

and zw into the third equality, we get 

Ax 2 + 2 Bxy + Cy 2 = 0, 

where 

^4 •= (e — a) (a — d) 2 (fc — c) 2 + (c — d) X 
X (b - d) 2 (c - a) 2 + 

4- (a — d) (c — a) (d — c) (a — fo) 2 , 
C = (6 - d) (a - d) 2 (6 — c) 2 + 

+ (* - 6) (6 - d) 2 (c - a) 2 + 

+ {b ^ d) (c - 6) (d — c) (a - fc) 2 , 
2£ = (a + c — 6 — d) (a — d) 2 (6 — c) 2 + 

+ {b + c — a — d) (6 - d) 2 (c - a) 2 + 

+ (d - c) 3 (a - b) 2 + [(a — d) (c — 6) 4“ 

+ (6 - d) ( c _ a )l (d - c) (a - 6) 2 . 

Performing all the necessary transformations (the work can 
be simplified by making use of the result of Problem 8, 
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Sec. 2), we find 

A = (a — d) 2 (c — a) 2 (c — d), 

B = (d — c) (a — d) (b — c) (a — c) (d — b), 

C = (c - b) 2 (b - d) 2 (c - d). 

Therefore we have 

Ax 2 + 2 Bxy + Cy 2 = (c — d) [(a — d) (a — c) x — 

_ (6 _ C ) (d - b ) y] 2 = 0. 

Hence 

* y 

(b — c) (d — b) ~ (a—d) (a —c) ' 

Substituting these values into the equality (*), we get the 
required proportion. 

40. 1° We have 

2c„ s 2+lc„s2=i-(2cos»2±i-l)=i 


or 


4 cos 


2 a + P 


7 a —p a-fP 
- 4 COS- TT*- COS-rr 1 - 


1 = 0 . 


Hence 


cos 


a + P 


4 cos 




16 cos 2 


a —P 


-16 


8 


Since the radicand is equal to —16 sin 2 a - ^ - ^ and cos 


is real, the expression — 16 sin 2 a - : - ^- must be greater than, 

or equal to, zero. But this expression cannot exceed zero. 
Therefore we have 

tt — P 


sin- 


: 0. 


But since 0 < a < jt and 0 < P < jx, we have a = p and, 
consequently, 

1 


and 


cosa = y 


P ji 

= x- 


2° Analogous to 1°. 
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41. By hypothesis 


o 0 + a> 0 — <p o • 0 + 9 0—(P r 

2 cos - cos —^ 2 sin —^ cos —y- = b. 


Hence 


cos.r = - 


1 —tan 2 y 
1 + tan 2 -2- 


Therefore 


cos (0 + <p) = 


a 2 a 2 — 52 

fo 2 a 2 -f- fr 2 ! 


l + tan 2 y 


sin (0 + 9) 


a 2 ab 


42. By hypothesis we have a cos a + b sin a = c, 
a cos p + 6 sin (5 = c. Adding these equalities termwise 
we find 

2 a cos -SliL cos + 26 sin a ^- cos - a - ~ - = 2c. 
Hence 

a —P __ c 


ot + P , , . <x -j- P 
a cos —g-S-+ 6 sin — 


a + P \ 


Subtracting now the given equalities termwise, we obtain 

o . a + P . a — P , 0 7 . a — P a + p n 
— 2 a sin ^ sln — 2 ^ ^ sm —2^~ cos —2 = 

Since a and p are different solutions of the equation, then 
sin =^= 0. Consequently, the last equality yields 
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Let us return to computing cos 2 We have 

r.2 «-P _ C2 _ 


COS* 


COS' 


a + P 


(a + 6 


tan 


a + P\ 2 


2 

& 2 


(*+S) 


(•+ 4 ) 


6 \2 a2 + A2 * 


43. Rewrite the given equalities in the following way 
sin 0 (b cos a — a cos P) = cos 0 (b sin a — a sin P), 
sin 0 ( d sin a — c sin P) = cos 0 (c cos P — d cos a). 
Eliminating 0, we find 
(b cos a — a cos P) ( c cos P — d cos a) = 

= (b sin a — a sin P) (d sin a — c sin P). 

Hence 

be cos a cos p — ac cos 2 P — bd cos 2 a + ad cos a cos P = 

= bd sin 2 a — ad sin a sin P — be sin a sin P + ac sin 2 P 


or 


(be + ad) cos a cos p + (be + ad) sin a sin P = bd + ac. 


Finally 


cos (a — P) 

44. 1° We have 


bd-\-ac 

bc-\-ad 


_ g 2 — 1 __ 1 + 2e cos P + e2 

1 + 2g cos a + g 2 e 2 — 1 

2g 2 + 2g cos P _ g~f cos P 
2g 2 + 2gcosa g + cosa 

(by the property of proportions, from the equality ~ 
follows = 

Similarly, we have 

g2 — 1 1 + 2g COS P + g2 

'' ^2~i — 

_ — 2—2gcosp _ 1 + gcosp 

2 + 2g cos a 1 + g cos a 


1 + 2g cos a + g 2 




Solutions to Sec. 5 


27i 


Then 

/ e -f- cos p \ 2 _ (1 g cos P) 2 g 2 + cos 2 p —1 —g 2 cos 2 P _ sin 2 P 
\ e cos a ) (1 + e cos a) 2 e 2 -f cos 2 a — i — e 2 cos 2 a sin 2 a 


Consequently, 

_ e 2 — i __ 1 e cos P _ sin P 

l -| -2g cos a + g 2 — i + ecosa — sin a 

2° From the given equality follows (see the result of 1°) 

g -f COS P _ 1 + g COS p 

e -f cos a 1 + e cos a 

Consequently, 

g-fcos P*— 1 — e cos P __ e + cos P + 1 + « cos P 
g + cos a + l + * cos a g + cosa —1.— geos a 

(from the equality y = -J follows = . 

Further 

(1 —g) (1 — COS P) __ (1 -j-g) (1 +COS P) 

(1 + g) (1-t-cos a) (1 — g) (1 —cos a) 

or 

(1 — cos P) (1 — cos a) = (1 + cos p) (1 -f cos a). 

Finally 

* a . P 1+g 

tan -Tj- tan — = it —— • 


45. Solving the given equation with respect to cos x , 
we find 

cos a; (sin 2 P cos a — sin 2 a cos P) = 

= cos 2 a sin 2 P — sin 2 a cos 2 P == cos 2 a — cos 2 p. 


But 

sin 2 P cos a — sin 2 a cos P = cos a (1 — cos 2 P) — 

— cos p (1 — cos 2 a) = cos a — cos P + 

+ cos a cos P (cos a — cos p) = 

= (cos a — cos p) (1 + cos a cos 


therefore 


p) 


cos a + cos p 
1 + cos a cos p 


cos x = 
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Further 

X 1 — COS X 


tan 2 


1 + cos a cos ft — cos g — cos p 


2 1 + cos x 

and consequently 


1 + cos g cos P + cos g + cos P 


(l- c ° s a)(l- c °sP) = tan2 « tan 4 


(1 + cos a) (1 + cos P) 


tan y = dh tan tan y 


46. We have 

sin 2 a = 4 sin 2 y sin 2 y = (1 — cos (p) (1 — cos 0) = 

SfH 1 - 

cos p + cos y . cos 2 g 


cos 


Hence 


cos y 


-)■ 
7 I 


-cosa- 


l.e. 


cos 


a (1 + 


cos p cos y ' cos p cos y 1 
cos p -[-cos y 


■)- 


cos a 


cos 7 / cos p cos y 

Assuming that cos a is nonzero, we find 

cos 7 + cos p 

cos a = -r-——-. 

1 + cos 7 cos P 

Now it is easy to check that 

tan 2 -y = tan 2 y tan 2 y . 

0 0 

47. Put tan y = a, tan -y= p. Then the first two equa¬ 
lities take the form 


xa* 


2ya + 2 a — x = 0, x$ 2 — 2yP + 2a — x = 0. 


Consequently a and P are the roots of the quadratic equation 
xz 2 — 2yz + 2a — x = 0. 

Therefore 


a + P — — ’ a P 


2a —x 


Furthermore 


a — p = 2Z. 
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Let us now eliminate a and p from the last three equalities. 
We have identically 


(a + P) 2 = (a — P) 2 + 4ap. 


Consequently, 


is-)*' 


:4Z 2 + 4 


After simplification wc actually get 

y 2 = 2 ax — (1 — l 2 ) x 2 . 

48. From the first two equalities it is obvious that 0 
and cp are the roots of the equation 

x cos a + V sin a — 2a = 0 (unknown a). 

It is clear that 0 and cp are also the roots of the equation 
(2a — x cos a) 2 = y 2 sin 2 a. 

Transform the last equation in the following way 
x 2 cos 2 a — 4 ax cos a + 4a 2 = y 2 (1 — cos 2 a), 

(x 2 + y 2 ) cos 2 a — 4 ax cos a + 4a 2 — y 2 = 0. 

Therefore the quantities cos 0 and cos cp are the roots of 
the following equation 

(x 2 + if 1 ) z 2 — 4 axz + 4a 2 — y 2 = 0, 


and therefore 

cos 0 cos cp 

We then have 


•>’ 2 i it 2 


, cos 0 cos I 


4 ax 

x 2 + y 2 


, . 0 . u , 1 — cos 0 1 — cos <p . 

4 snr y snr = 4-^-2—“ = 1 

or 1 — (cos 0 + cos cp) ~b cos 0 cos <p = 1. Hence, y 2 = 4 a(a — x). 
49. We have 


. B fa , 0 —a 

tan — 2 — * an — 2 — 


tan 2 — tan 2 -~ 
1 — tan 2 ~ tan 2 


18-1225 
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But 


, 2 9 1 

tan 2 — — — 


- cos 0 1 — cos a cos p 


2 1 + cos 0 1-4- cos a cos p 

a 1—cos a 


tan 2 


Consequently 
0 + a 


tan 


tan 


2 1 cos a 

1 — cos a cos p 1 — cos a 

1 + cos a cos p 1 -f- cos a 


1 — cos a cos p 1 — cos a 
1 + cos a cos p 1 + cos a 


50. We have 

a + c cos z + cos (z -}-20) 


1 COS P _ t , p 
l+cosp -lan 2 


COS (x 4- 0) COS 0 


* b + d 

Hence 


cos (x 4- 0) + cos (x 4- 30) cos (x 4- 20) cos 0 c 

a 4~ c b 4- d 

~b = c * 

51. We have 


1 4- tan 2 0 : 


cos P 
cos a 


1 4- tan 2 (p = 


cos p 
cos y 


Hence 


tan 2 0 cos p — cos a 


cos y 


tan 2 cp cos a cos p — cos y 

On the other hand, it is given that 

tan 2 0 tan 2 a 


tan 2 cp 

Therefore we have 

cos p — cos a 


tan 2 y 


cos y 


tan 2 c 


cos p — cos y cos a tan 2 y 


From this equality we get 

cos 2 a sin 2 y — cos 2 y sin 2 a 


cos p = 


sin 2 y — sin 2 a 


cos a sin 2 y — sin 2 a cos y 


cos a sin 2 y — sin 2 a cos y 
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P 1 — cos p cos a sin 2 y — sin 2 a cos y — sin 2 y-|- s m 2 a 

2 1 + cosp “ cos a sin 2 y — s in 2 a cos y + sin 2 y — sin 2 a 

_ sin 2 a (1 — cosy) — sin 2 v(l—cos a) 
sin 2 y (1 + cos a) — sin 2 a (1 + cos y) 


8 sin 2 — cos 2 sin 2 -T—8 sin 2 y cos 2 sin 2 -y 


8 sin 2 -y cos 2 


Y „ a „. 0 a 9 a 9 

-rr cos 2 -7: —8 sm 2 — cos 2 — cos 2 


sin 2 sin 2 ~ ( 

cos 2 

— COS 2 

2 2 \ 

k 2 

2 / 

cos 2 ~ cos 2 

( sin 2 -£ 

-sin 2 -^-) 

2 2 

\ 2 

2 / 


= tan 2 -y • tan 2 y, 


0 a 9 Y • o Y 

cos 2 — cos 2 -7T = sin 2 


52. Put 


. o a 

sm 2 T- 


Then 

COS0: 


tan y 


■ = cos a cos p, 


: cos ai • cos p. 


Further 

_ 2 t — cos a cos p ..2 „ 1 — cos a i cos P 

X 1 -f cos a cos p ’ ^ 1 + cos a t cos p ’ 

therefore 

< 2 j*. _ r 2 7 .2 = (1 — COS a COS p) (1 - COS CCi cos P) 

2 ^ (1 + cos a cos p) (1 -j cos a\ cos p) 

Add unity to both members of the equality. We find 

2 _ 2(1 + cos a cos aj cos 2 p) 

1 -j- cos p (1 + cos a cos P) (1 + cos ai cos P) * 

Assuming cos P = 7 ^ 0, we obtain 

cos a + cos ai = 1 + cos a cos oq cos 2 P, 


18 * 
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i.e. 

cos a + cos a t = 1 + cos a cos a t (1 — sin 2 |J), 
cos a cos aj sin 2 fi = 1 + cos a cos aj — cos a — cos a 4 = 

= (1 — cos a) (1 — cos a t ), 

and, consequently, indeed 

sin 2 p = (— -1) (— -1). 

r \ cos a / \ cos ai / 

53. We have 


cos(P — y) — 

cos (a —P) 

cos (^— 

■a) —cos (P — 7 ) 


cos (a + P) — 

cos (P + Y) 

cos (P + y) — cos (y+ a) 
cos (a — P) — cos (7 — a) 

_ == Jr. 

Hence 


cos (7 + a) — cos (a + P) 


5 i „(i±r-e) 

! sin ( 

"t* *) 


-a) 

>i»(i±i+p) 

1 sin ( 

1 !,' +t) 

sm( V + P 

- + a) 

or 





tan P —tan — 

tan 7 - 

-- p t“ 

tan a —tan - 

P + Y 

2 

tan P +tan — 

u 

. i + P “h cc 

tan 7 +tan —^— 

tan a +tan- 

P + Y 

2 


But from the equalities 

a — b _ a' — b' a" — b" 

a + b “ a'+b' = a"^-b" 

follows 

a _ a' a" 

T == ~b r== U r ' 

Therefore we have 

tan a _ tan |3 _ tan y 

tan-t(P + v) tan-t(a + Y) tan-i(a + P) 


54. From the first equality we have 


(tan 9 cos ft — sin (3) cos a 
(tan cp cos a — sin a) cos (3 


+ 


(cos a — tan 6 sin a) sin p 
(cos (3 + tan cp sin [3) sin a 
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Hence 

sin a cos P cos (a — P) tan 0 + sin p cos a cos (a -f- P) tan cp = 

= 2 sin P cos P sin a cos a. (*) 
From the second equality we get 

tan 0 _ cos (a —P) tan P 
tan (p ~“ cos(a + P)tana 

Therefore we may put 
tan 0 = X cos (a — P) tan p, 

tan cp ^ —X cos (a + P) tan a. 


Substituting the expressions for tan 0 and tan cp into the 
equality (*), we find 

l 1 


Thus 


2 sin a sin P 

tan 0 = ™ s . ~~ EL = I (cot a + tan P), 
2smacosp 2 x 1 r/ ’ 

tan cp = — cos = _L (tan a — cot p). 

Y 2 cos a sin P 2 ' r/ 


55. We have 


sin 2 a + sin 2 P — 2 sin a sin P cos (a — P) = 

= sin 2 a + sin 2 P — 2 sin a sin P cos a cos P — 

— 2 sin 2 a kin 2 P = sin 2 a — sin 2 a sin 2 P + 

+ sin 2 P — sin 2 a sin 2 P — 2 sin a sin p cos a cos P = 

— sin 2 a cos 2 p + sin 2 P cos 2 a — 

— 2 sin a sin P cos a cos P = 

= (sin a cos P — cos a sin P) 2 = sin 2 (a — P). 

Therefore 

sin (a — P) =±/& sin (a + p), 
sin a cos P — cos a sin P= ± n (sin a cos P + cos a sin P), 
tan a — tan p =±n (tan a + tan P). 

Finally 

, Id zti . q 

tan a = tan P- 
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56. Expanding the given equalities, we get 
cos a cos 30 + sin a sin 30 = m cos 3 0, 
sin a cos 30 — cos a sin 30 = m sin 3 0. 

Multiplying the first equality by cos 30, the second by 
— sin 30 and adding them term by term, we find 

cos a = m {cos 3 0 cos 30 — sin 3 0 sin 30}. 

But it is known that 

cos 30 = 4 cos 3 0 — 3 cos 0, sin 30=3 sin 0 — 4 sin 3 0. 
Consequently 

cos 3 0 cos 30 — sin 3 0 sin 30 = 4 (cos 6 0 + sin 6 0) — 

— 3 (sin 4 0 + cos 4 0). 

But squaring the original, equality and adding, we get 

cos 6 0 + sin 6 0 = . 

rn* 

Compute cos 4 0 + sin 4 0. We have 
cos 6 0 + sin 6 0 = 

= (cos 2 0 + sin 2 0) (cos 4 0 + sin 4 0 — cos 2 0 sin 2 0) = 

= cos 4 0 + sin 4 0 — cos 2 0 sin 2 0. 

Therefore 

\ = (cos 2 0 + sin 2 0) 2 — 3 sin 2 0 cos 2 0, 

m* v 1 \ 

3 sin 2 0 cos 2 0 = 1-^ , 

sin 4 0 + cos 4 0 = 1—2 sin 2 0 cos 2 0 = 

Thus 

cos a — m {4 (cos 6 0 + sin 6 0) — 3 (sin 4 0 + cos 4 0)} = 



i.e. 

m 2 + m cos a = 2. 

57. From the first equality we obtain 
a [sin (0 + cp) — sin (0 — (p)l = 

= b [sin (0 — cp) + sin (0 + cp)]. 
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Hence 

Consequently 


a tan <p 


2 tan 


tan 0. 
0 


-S ta "? = 

But from the second equality we have 


tan 


0 btan-f + c 


therefore 


2 tan 4r- 


2^6 tan -y + c j 


b 1 — tan 2 -y- 


1_ 

(b tan 4 + c ) 


a 2 


Putting for brevity tan y = x and transforming the last 
equality, we find 

be (1 + x 2 ) = — ( b 2 + c 2 — a 2 ) x • 

But 

Finally 


2r 

T+^ = sin( P- 


smq): 


26 c 


fl 2 — 6 2 - 


58. From the third equality we obtain 

sin 2 0 sin 2 cp = (cos 0 cos cp — sin P sin y) 2 . 
Using the first two equalities, we find 


/ . sin z p\ I A sin z v\ / gin p sm v • o • \ 2 

I 1 - ,>■. -smPsmT) . 

After some transformations this equality yields 
tan 2 a = tan 2 y + tan 2 p. 

59. We have 

a sin 2 0 + 6 cos 2 0 = 1 , a cos 2 cp + b sin 2 qp = 1 . 
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Hence 

a tan 2 0 + 6 = 1+ tan 2 0, b tan 2 q> + a = 1 + tan 2 (p. 
Consequently 

(a — 1) tan 2 0 = 1 — 6, (6—1) tan 2 ep = 1 — a, 

tan 2 0 _/ 1 — b \ 2 

tan 2 q) \ 1 — a ) 

On the other hand, 

tan 2 0 b 2 

tan 2 q> a* 

From the last two equalities we get (assuming that a is not 
equal to b) 

a + b — 2 ab = 0. 

60. Rewrite the first two equalities in the following way 
cos 0 cos- a + sin 0 sin a = a , sin 0 cos p — cos 0 sin p = 6. 

Multiplying first the former by sin P and the latter by cos a, 
and then the former by cos P and the latter by —sin a and 
adding them, we find 

sin 0 cos (a — P) = a sin P + b cos a, 

cos 0 cos (a — P) = a cos P — b sin a* 
Squaring the last two equalities and adding them, we get 
cos 2 (a — P) = a 2 — 2 ab sin (a — P) + b 2 . 

61. Since 

cos 3x = cos 3 x — 3 sin 2 x cos x, 

sin 3x = —sin 3 x + 3 sin x cos 2 x y 
the equation takes the form 
(cos 3 x — 3 sin 2 x cos x) cos 3 x + 

+ (—sin 3 x + 3 sin x cos 2 x) sin 3 x = 0, 

cos 6 X 3 cos 4 x sin 2 x + 3 sin 4 x cos 2 x — sin 6 x — 0 
or 

(cos 2 x — sin 2 x) z = 0, cos 2x = 0. 

62. Since 

sin 2x + 1 = (sin x + cos x) 2 , 

we have 

(sin x + cos x) 2 + (sin x + cos x) + cos 2 x — sin 2 x = 0. 
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j 

Hence 

(sin x + cos x) (1 + 2 cos x) = 0 

or 

cos x (1 -f tan x) (1 + 2 cos x) = C 

And so 

l 

j 

I 

tan x = —1 and cos x = — y 

are the required solutions of our equation. 

63. We have 


sin 2 x 1 —cos x 

cos2 a; 1 —sin £ 

Hence 

i 

(cos 3 x—sin 3 a:) — (cos 2 a: — sin 2 x) q 

cos 2 a: (1 —sin a:) ” 

or 

(1 — tan x) (1 — cos x) = 0. 

Hence 

i 

1 

tan x = 1 and cos x = 1. 

64. We 

have 

1 

cos 3a = 4 cos 3 a — 3 cos a. 

Therefore 

! 

cos 6x = 4 cos 3 2x — 3 cos 2x. 

On the other hand, 


/ 1 + cos 2x \ 3 
CO s*x=(—^-) . 


The equation takes the following form 

4 (1 -f cos 2x) 3 — (4 cos 3 2x — 3 cos 2x) — 1 
or 

4 cos 2 2x + 5 cos 2x + 1 = 0. 

Thus 

I 

cos 2x = —1, cos 2# = — -j-. 

65. We have 

sin 2x cos x + cos 2x sin x + sin 2 x — m sin x — 0. 
Hence 

sin x [2 cos 2 x -f cos 2x + 2 cos x — m\ = 0, 
sin [4 cos 2 £ + 2 cos x — (m 1)1 = 0. 
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And so, one solution is 

sin x = 0. 

The other is obtained by the formula 

— 1 ± Y km -f- 5 

nna t - -L__ 1 _ 


Hence, first of all, it follows that there must be 

4 m + 5 ^0. 

Further, for one of the roots to exist it is required that 

| —1 + Vkm + 5 | ^ 4, i.e. that —4 ^ —1 -j-Ykm + 5 ^ 
< + 4 or—3 + 5^5, i.e. m ^ 5. For the other 

root to exist it is necessary that 

| —1 — Y km + 5 |^4, —4 ^ —1 — y km + 5^ 4, 

m 1 


5 5 

Thus if m < —then cos x has no real values; at m = —^ 

it has one real value ^cos# = —~ j; for —m ^ 1 cos# 

has two real values ^cos x = ^~ 5 j and for 1 < 

<Cm^i5 cos x again has one real value ^cos£ = 

= ~~ jand at m > 5 it has no real values. 

66 . Rewrite the equation as 


1 


cos (x — a) 


- {(1 + k) cos x cos (2x — a) — 


— (1 -\-k cos2r) cos (x — a)} = 0. 


cos x cos (2x — a) = ~ cos (3.r— a) -fy cos (x — a), 
1 1 

cos 2x cos (x — a) = y cos ( 3x — a) + y cos ( x + °0 • 


But 



Therefore 

1 

cos (x — a) 
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•{(1 - l - k) fcos (3x — a) -j~ cos (x — a)] — 

— 2 cos (x — a) — k [cos (3a —a) + cos (a: + a)]} = 0 


cos (x - a) < C ° S (3 x ~ a )~ cos (* ~ a ) + 

-j- k [cos (x — a) — cos (x-\- a)]} = 0, 

- s . Ln x . {A; sin a— sin (2x — a)} ~0. 

cos (x — a) 1 v n 


Hence 


sin x = 0 and sin (2x — a) = k sin a. 


67. Since sin 2 x + cos 2 x = 1, we have sin 4 «r + cos 4 £ + 

I 

+ 2 sin 2 £ cos 2 £ = 1 and sin 4 a; + cos 4 x = 1-^(sin 2a:) 2 . 

The equation takes the following form 
sin 2 2a: — 8 sin 2x + 4 = 0. 

Hence 

sin 2a: = 4 ± 1^16—4, sin 2a: := 4 ± 2]/ 3. 
Rejecting one of the solutions, we get finally 
sin 2a: = 4 — 2]/*3. 

68. We have 

log * a = T^br - log - a ’ log " 2 * a = • 

The equation takes the form 

— 2 4 _ 1 _+_£_ =0 

logo * log a x + l log a x + 2 

Put 

loga X = Z. 

Finally, we have to solve the following equation 


Hence 


z —|— 1 z -j - 2 


6z 2 + llz + 4 
z(z + l)(z + 2) 
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The required roots are 


Thus 

69. We have 

Hence 


z, = —- 


— a 3 


z 2 =- T . 


x% = a 2 


V 


x — y x + y . 

kg'* 

x+ y = y~Z+y 


4 a 2 


Consequently, either y = 1 or + 2 / = —t—. But at y = 1 

~r y 

x* a = 1 and, consequently, a; = 1. Thus, we get one solu¬ 
tion 

z — 1, = 1. 

Let us now find a second solution. We have 
(x + yf = 4a 2 , 

£ + y = 2a. 

2 va 


i.e. 

Therefore 


and consequently 




x 2 = y, 


i.e. 


r 2 __ 


2 a — x. 


From this quadratic equation we find 

2 


* = -l±j/1 + 2 a. 


The positive solution is 

x ——2 + “4+ 2a. 

The corresponding value of z/ is found by the formula 

y=x\ 
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70. Raising the first equation to the power q and the 
second to p , we obtain 

u vq v^ 2 — a xq , u vq vv* = a yp . 


Dividing one of these equalities by the other termwise, we 
find 


v q2- v ^a xq - yip , 


and consequently 

PV-qx 

y = flP 2 -? 2 . 


Analogously, we find 


xp-yg 

u = a v 2 -q 2 . 


(*) 


Substituting these expressions for u and v into the third and 
fourth equations, we have 

a p(x2+y*)-2xyq _ ^p 2 -^ a 2xyp-q(x'2-\-y2) _ c p2_g2. 

Hence 


p (x 2 + y 2 ) — 2xyq = ( p 2 — q 2 ) log a b, 

2xiip — q (x 2 + y 2 ) = ( p 2 — q 2 ) log a c. 
Consequently 

x 2 + y 2 = p log a b + q log a c, 2 xy = q log a b + p log a c; 

wherefrom we find x and y , and then u and v using the for¬ 
mulas (*). 


SOLUTIONS TO SECTION 6 

1. Let x — a + pi, y = y + 8t. Then 
x + y= a + y+($ + 8)i, x — y = a — Y + (P — 

\x + y\ 2 + | * - y\ 2 = (a + Y ) 2 + (P + 6) 2 + 

+ (a - Y) 2 + (P - 8) 2 = 

= 2(a 2 + p 2 ) +2(y 2 + 8 2 ) = 2 {\x\ 2 +\y\ 2 }. 
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2. Let x = a + PL hence x — a — PL 
1° By hypothesis, 


a — Pi = a 2 — P 2 + 2aPL 

Hence 

a — a 2 — P 2 , P — 2ap. 

Therefore 

P (2a + 1) = 0, a = a 2 — p 2 . 

Assume first p = 0, a = a 2 or a (a — 1) = 0. And so, 
first of all we have the following solutions 

a = 0; p = 0, x = 0; 

a = 1 , P = 0, x = 1 . 


Let us now pass over to the case when 2a + 1 


a = — 


2 ’ 



6 2 =: — 

H A » 


P “ : 


= 0, i.e. 

V| 

2 ’ 


i.e. 


1 , . 1/3 1 . '1/3 

X ~~ 2 Jrl 2 ' X ~~ 2 1 2 ' 

Consequently, there exist four complex values of x sa¬ 
tisfying the condition 

x = x 2 , 

namely 

a „ 1 , . V"3 , 1.1/3 

x -— 0, x — 1, x — 2 —f" ^ 2 * ^ — 2 2 * 


2° Let us solve the following system 

a (a 2 — 3P 2 - 1) = 0, P (3a 2 - p 2 + 1) = 0. 
We find the following solutions 

a = 0, P = 0; 

a = 0, P = -4-1 1 

a = -hi, P = 0. 

And so 

x = 0, £ = ±1, a: = ±L 

3. Put 

ai + bii = x, a 2 + = */> • • • » ^n-i + 

«7* + M = 
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Then the inequality to be proved may he rewritten as 

I x + y + ... + u + w | < 

<\z\+\y\+--- + \u\+\u>\, 

i.e. we have to prove that the modulus of a sum of several 
complex numbers is less than or equal to the sum of moduli 
of the addends. Let us first prove this for two addends, i.e. 
let us prove that 

I * + y I < \z\+\y\- 

But 

I x y I= V + (^1 + b 2 ) 2 , 

\x\ = Va\ + b\, | y ) = V“l + K ■ 

Consequently, it is required to prove that 

V( a i + a 2 )“ + (b\ + b 2 ) 2 ^ V a \ + b\ + V a l + K . 

On squaring both members of this inequality and after 
some simplifications we get an equivalent inequality 

a\a 2 -f- bib't^y (a\ + 6J) (ctl~\-bl). 

This inequality is undoubtedly true if 

(a,a 2 + M 2) 3 < (a\ + b;) (a\ + 6J), 

i.e. if 

(fli «2 + M 2) 2 - (a; + bl) (a\ + bl) < 0, 

— (atb 2 — Mi) 2 < 0, 

which is obvious. Thus, it is proved that 

for any complex x and y. To prove our proposition for the 
general case proceed as follows. We have 

I x + y + z + ••• + u + w | = • 

- | (x + y + ... +u) + w\ <^\x + y+ ...+ 

+ u I + \ w \- 

Let us now apply an analogous operation to the first term 

I x + y + ... + u |. 
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Continuing this operation, we shall prove our proposition 
for the case of n terms. The above proof was carried out 
by the method of mathematical induction. Let us add to it 
another proof. Suppose the complex numbers are reduced to 
the trigonometric form, i.e. put 

x — p! (cos <p ( + i sin 

y = p 2 (cos <p 2 f i sin cp 2 ), ..., w = p n (cos cp„ + i sin (p„). 
We then have 

n n 

x + y+ • • • + w= 2 p A cos<p A + i 2 P*sin«Pft, 

h= 1 
n 

l^| + |y| + ...+|^|= S Pa> 

A=1 

n 2 71 2 

|x + y+ . .. +u>| fe = ( 2 Pa cos(jp A ) +( 2 Pa sin<p A ) . 

A=1 A=i 

It is required to prove that 

n 2 71 2 n 2 

A = ( 2 pa) — ( 2 PACoscp/e) —(2 Pa sin (p A ) >0. 

A=1 A=1 A=1 

we have 

(Spa) = 2 Pa +2 psp*, 

h=i A=1 s^t 

n 2 n 

( 2 P/i cos 9a) = S Pa cos2 9a + 2 2 pspt cos cp s cos cp,, 

Ai—1 A—1 

n 2 n 

( 2 Pa sin <Pa) = 2 Pa sin 2 cp A + 2 2 PsP/ sin <p 8 sin cp /t 

A=i a—1 sj=t 

consequently 

A = 2 2 PsP< — 2 2 PsP< cos OP* — T/)* 

S=jfc( s#t 

A = 2 2 p s p<{l — cos(<p 8 — cp()> = 4 2 p 8 p<sin 2 fp<i ~- ->0. 

8^t S=£t 

4. Proved by a direct check, taking into consideration 
that e 2 = — e — 1, e 3 = l. 
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5. It is obvious that 


a 2 + b 2 + c 2 — ab — ac — be = 

= (a -f efc + e 2 c) (a -|- z 2 b + ec), 
£ 2 + y 2 + z 2 — xy — xz — yz — 

= (x + ez/ + s 2 z) (x -f e 2 z/ + ez). 


Therefore 


(a 2 + b 2 + c 2 — ab — ac — be) (x 2 + y 2 + z 2 — 

— xy — xz — yz) = [(ax + cy -f- bz) -f 
+ (cx + by + az) e + (bx + ay + cz) e 2 ] X 
X l(ax + cy + bz) + (cx + by -f az) e 2 + 

"T (for “1“ ay -j~ cz) b] ~ 

= X 2 + Y 2 + Z 2 - XY - XZ - YZ, 

where 

X = a.r + cy + bz , Y — cz + fry + az, 

Z = bx + ay + cz. 

6. 1° Solving the given system with respect to x , y and z, 
we get 

A + B + C mt A + Bz 2 + Cz „ A+Bt+Ce? 

x — ^ ’ y 3 *3 

2° We have 

\A\ 2 + |5| 2 + |C| 2 = i4l + 55 + CC. 

But 

AA = (x + y + z) (x + y + z) = 

= I * I 2 + 12/1 2 + 121 2 + X (y + z) + 

+ y (x + z) + z (x + y) f 
55 = (x + ye + zb 2 ) (.z + ys 2 -f ze) = 

= I * I 2 + I y I 2 + I z | 2 + x (ye + ze 2 ) + 

+ y (xe 2 + zb) + z (xe + y& 2 ), 
CC = (x -f- yz 2 + zb) (a: + z/s + zb 2 ) = 

= I x | a + | y | 2 + | z i 2 + x (yE 2 4* ze) + 

+ y (xe + zb 2 ) + z (xe 2 + yE). 


19-1225 
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Adding the three equalities term by term, we find 
\Af+\B\* + \C\‘ i = AA + BB + CC = 

= 3 [| a; | 2 + 1 1 /1 2 + | z | 2 ] + a; [y (1 + e + e 2 ) + 

+ z (1 + e 2 + e)] + y [x (1 + e 2 + e) + 

+ z (1 + e + e 2 )] + z lx (1 + e + e 2 ) + 

+ y (1 + e 2 + e)]. 

But since 1 + e + e 2 = 0, the last three expressions in 
square brackets are equal to zero and 

1-4 | 2 + \B\ i + | C| 2 = 3 [|x| 2 + |y| 2 + |z|*I. 

7. On the basis of the result obtained in 1° of Problem 6, 
we have 

AA'+BB' + CC' AA' + BB'eZ + CC'e 

x — 3 > y ~ 3 ’ 

„ AA' + BB'z-\ CC'e , 2 

Z =-3-• 

Further 

AA' + BB' -|- CC' = (x + y + z) ( x' + y' -f- z ') + 

+ (x + ye + ze 2 ) (x' + y'e + z'e 2 ) + 

+ (x + ye 2 + ze) ( x' + y'e 2 + z'e) = 

= 3 (xx' + zy' + yz'). 

And so x" = a%r' + zy' -■- yz'. Analogously y" = yy' + 
+ xz' + za:', z" = zz' + ya:' + a:y' (the last two expres¬ 
sions emerge from the first one as a result of a circular per¬ 
mutation). 

8. Though this formula was already proved (see Prob¬ 
lem 2, Sec. 1), we are going to demonstrate here another 
proof, using this time complex numbers. 

We have the identity 

(o6 - Py) M' - PY) = (««' + Py') (yP' + 66') - 

- (Op' + P6') (ya' + Sy'), 

let us put here 

a = x -f yi, P = z + li, y = —(z — ti), 8 = x — yi. 
a' = a + bi, P' = c + di, y' = —(c — di), 8' = a — bi. 
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Then 

a6 — Py ~ xl H" y 2 ~t" ^ 2 > 

a'5' - PY = a 2 + 6 2 + c 2 + d 2 , 
aa' -|- Py' = (ax — by — cz — dt) + 

+ i(bx -f ay -f dz — ct), 

yP' + 68' = Py' + aa' = (aa' + Py'). 


Therefore 

(aa' + Py') (yP' + 88') = (ax — by — cz — d£) 2 + 

-f - (foe -f- a?/ -|- dz — c£) 2 . 

Further 

aP' + P§' = (cx — dy az bt) -\- 

+ i (dx + cy — bz + at), 
ya' + 8y' = — (cx — dy + az + bt) + 

-j i (dx + cy — bz + at), 


i.e. 


—(aP' + P6') (Ya' + 8 y') = (cx — dy + az + bt) 2 + 

+ (dx + cy — bz + at) 2 . 

Substituting the obtained expressions into the original 
identity, we find 

(a 2 + b 2 + c 2 + d 2 ) (x 2 + y 2 + z 2 + t 2 ) = 

=■ (ax — by — cz — dt) 2 + (bx + ay + dz — ct) 2 + 

+■ (cx — dy + az + bt) 2 + (dx + cy — bz + at) 2 . 

Replacing in it d by —d and t by —t, we get the required 
identity. 

9. Expand the expression (cos cp + i sin cp) n , by the 
binomial formula. We have 

(cos cp i sin <p) n = cos n cp + a cos n_1 cp i sin cp + 

+ — - cos cp(* sm W~\ --—--cos" 3 cp x 

X (i sin cp) 3 + .. . + n cos cp (i sin cp) n_1 -\- (i sin cp) n . 
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Separating the real part from the imaginary one in this 
expansion, and using de Moivre’s formula, we find 

cos mp + i sin mp — ^cos n (p — ^12 ^ cos7t ~ 2( P sin 2 <P + • • • ) + 

-\-i cos n_1 cp sin cp — - ■ ( ■ - - - ■ jj . fr —- 1 cos n “ 3 (p sin 3 (p + ... j . 
Hence 

cos m p = cos q)-cos n (p sin 2 q) + . . ., 

sin nq) = rc cos 1 q) sin q)--——- cos" d cp sin 3 q) + . . . . 

Taking into account the parity of n and dividing both 
members of these equalities by cos 71 q), we get the required 
formulas. 

10. First prove case 1°. We have 

( cos <P + i sin q>) + (cos cp — j sin cp) 

tUo cp — 2 • 

Put cos q) 4- i sin cp = e. Then cos q) — i sin q) = e" 1 , 

2m 

COS 2m tp= ( e+ 2 e 1 2 C2mR- h -E 2m - k . 

' h=0 

Further 

m-1 2m 

2 2m cos 2m <p = S C h 2m e 2(m - h) + C% n + 2 C h 2m e 2{m ~ k) . 

h=0 h=m+i 

In the second sum put m — k = —(m — k'). Then this 
sum is rewritten in the following manner. 

0 m- 1 

2 Q2m—h'g— 2(m-/t') ^ g-2(m-fe) 

h'=m- 1 h=0 

And so 

m— 1 

2 2m cos 2m cp= 2 c5m(e 2(m " k) + e" 2(m_k) ) + C , S‘ m . 
However, 

8 2 (m-h) e -2 (m-h) _ 2 COS 2 (m — k) 9 
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Therefore, 


m -1 


2 2m -cos am cp = 2 2C k 2m cos2(m-k)cp + CZ m . 

h =0 


Replacing in this formula cp by—^—cp, we get formula 2°. 
Formulas 3° and 4° are deduced as 1° and 2°. 

11. Form the expression 


u n + = ( cos a + j sin a) + 

+ r [cos (a + 9) + i sin (a + 0)] + • • • + 

+ r n [cos (a + ra0) + i sin (a + Ji0)l = 

= (cos a + i sin a) {1 + r (cos 0 + i sin 0) + • • • + 

+ r n (cos nQ + i sin ra0)}. 

Put 

cos 0 + i sin 0 = e. 

Then 


u n + iv n = (cos a + i sin a) {1 + re + . . .+ (re) n } = 

, . . . \ (re) 7l+1 — 1 

= (cos a + i sin a) v ^ 1 . 

(re) n+1 _1 

Let us transform the fraction v separating the 

real part from the imaginary one. 

We have 


(re) n+1 — 1_ [(re) 7l+1 — 1] [r£ — 1] 

re —1 ~~ (re — 1) (re — 1) ~~~ 

_ r 7l+2 [cos nd + i sinn9] — r [cos0 — i sin 0] , 

1 — 2r cos 0 -(- r 2 ' 

— r n+1 [cos (ra + 1) G + isin («+l) 0] + l 
' 1 — 2r cos 0 -f r 2 


Multiplying the last fraction by cos a + i sin a and sepa¬ 
rating the real and imaginary parts, we get the required 
result 

_ r n+2 [cos(n0+a) + isin(ri0 + a)] , 

U n -t W Tl 1_9rrn B flXr2 ' 


— r [cos (a — 0) + i sin (a — 6)1 
1 2r cos 0 r 2 


— >r n+1 {cos [(rc + 1) G + ajj-t sin [(»-t-l)'0 + a][ + cos a + isin a 
1 — 2r cos 0 + r2 
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Hence 

_ cos a —r cos (a — 0) — r n+1 cos [(rc~f 1) 0 + a] + r 7l+2 cos (720-f-a) 
Un '~ ' 1 —2r cos0 + r2 ‘ 

_sin a — r sin (a — 0) — r 7l+1 sin [(n +1) 0 + a] + r 11 +a sin (/?0 + a) 

Vn ~ ‘ 1 —2r cos0 + r2 

Putting in these formulas a = 0, r = l, we find 


1 cos 0 + cos 20 + . • • + cos n0 = 

sin 0 + sin 20+ • • • + sin ra0 — 
12. We have 


• n + 1 n n n 

Sin - y - 0 COS y 0 

: 0 ‘ 
smy 

. (72 + 1)0 . 720 

sm v__L sin — 


sin • 


0 


S -)- S'i = 2 Cn (cos kQ + i sin kQ) = ^0* (cos 0 + i sin Q) h = 
fe =0 h= o< 

= (1 +cos 0 + i sin 0) n = |^2 cos 2 y+ 2 i sin y cosy j = 

= 2 COS n y (COS y+iSiny J — 

= 2 n COS y ( COS y- + l Sin -y V . 


Hence 

S = 2 n cos” cos -y-, S' — 2 n cos n -|- sin+. 

13. Put 

n 

S = sin 2P a + sin 2p 2a + . ..+ sin 2P rca = 2 sin 2 ? 

z=i 

But (see Problem 10) 

p-i 

sin 2p fe = 2 +( — l) p 2(-l) h C$ p cos2(p-A) + 
therefore 

p-1 n 

( — 1)P ^ / 4\h r h V O / ™ ZA 7rv i n £P 


5 = Wt- 2 ( - 1 ) h 2 COS 2 (p-k) la- 


22 P 


'2p* 




/=! 
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Put 2(p —fc)a = £. Then 

rili n -f-1 c. 

n sm cos —| 

V cos 2 (p — /c) Za = cos £ + ... + cos n£=- 1 - 

/=i sin T 

(sec the solution of Problem 11). 

Let us denote 


sin 


"s 


cos 


n+1 


= CT/ f 


sm 


Then we can prove that o k = 0 if /c is of the same parity as 
p {k = p (mod 2)} and o h = —1 if k and p are of different 
parity {& = /? + 1 (mod 2)}, and we get 


S 


Hence 


/i=p+1 (mod 2) 

5-^r 2 c5, + n^a- 

ft=0 

lisp+1 (mod 2) 


But we can prove that S ^ 2 p = 2 (see Pro 

fe=0 

k==p-|-l (mod 2) 

blem 58 of this section) and our formula is deduced. 

14. 1° Rewrite the polynomial as 

x n — a 71 — nxa ! 1 ' 1 + na n = (x n — a n ) - na n ' 1 (x — a) = 

= (x - a) (x"- 1 + ai n " 4 + • • • + a"“ l - "a”' 1 ) • 


At x — a the second factor of the last product vanishes and, 
consequently, is divisible by x — a\ therefore the given 
polynomial is divisible by (x — a) 2 . 

2° Let us denote the polynomial by P n and set up the 
difference P n — P n -\. Transforming this difference, we 
easily prove that it is divisible by (1 — x) 3 . Since it is true 
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for any positive n, we obtain a number of equalities 
Pn ~ Pn- 1 = (1 — X) 3 <Pn (X), 

Pn-l ~ Pn -2 = (1 — Xf cp„_! (*), 


P 3 - P 2 = (1 - Xf <p 2 (*), 

P 2 - P, = (1 - X) 3 (J), (*), 

where cp x (x) are polynomials with respect to x. 

Hence 

Pn — P i = (1 — W- 

But since 

Pi = (1 - *) 3 , 

it follows that P n is divisible by (1 — x ) 3 and our proposi¬ 
tion is proved. 

15. 1° Considering the given expression as a polynomial 
in y , let us put y = 0. We see that at y = 0 the polynomial 
vanishes (for any x). Therefore our polynomial is divisible 
by y. Since it is symmetrical both with respect to x and y 
(remains unchanged on permutation of these letters), it is 
divisible by x as well. Thus, the polynomial is divisible 
by xy. To prove that it is divisible by x + y, let us put in 
it y = —x. It is evident that for odd n we have 

(x — x) n — x n — (— x) n =0. 

Consequently, our polynomial is divisible by x + y. It only 
remains to prove the divisibility of the polynomial by 

x 2 + xy + y 2 = (y — are) (y — xe 2 ), 

where 

8 2 + 6 + 1 = 0 . 

For this purpose it only remains to replace y first by xe 
and then by xe 2 and to make sure that with these substitu¬ 
tions the polynomial vanishes. Since, by hypothesis, n is not 
divisible by three, it follows that n — 31 + 1 or 31 + 2. 
At y = xe the polynomial attains the following value 

(x + xe) n - x n - (xe) n = x n {c 2n + 1 + e n } - x n (1 + e + e 2 )=0. 

Likewise we prove that at y = xe 2 the polynomial vanishes 
as well, and, consequently, its divisibility by xy (x + y) x 
X (x 2 + xy + y 2 ) is proved. 
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2° To prove this statement let us proceed as follows. 
Let the quantities — x, —y and x + y be the roots of a 
cubic equation 

a 3 — ra 2 — pa — q = 0. 


Then, by virtue of the known relations between the roots 
of an equation and its coefficients (see the beginning of 
this section), we have 

r = —x — y + (x + y) = 0, — p — xy — x (x + y) 

— y (X + y), 

qm xy (x + y). 

Thus, —x , — y and x -\- y arc the roots of the following 
equation 

a 3 — pa — q — 0, 


where 


Put 


p = x 2 + xy + y 2 , q = xy (x + y). 


{-x) n + (-y) n ±(x + y) n **s n . 

Between successive values of S n there exist the following 
relationships 


^ 77+3 = pSn+i -\-qS n , 


Si being equal to zero. Let us prove that S n is divisible by 
p 2 if n = 1 (mod 6) using the method of mathematical 
induction. Suppose S n is divisible by p 2 and prove that 
then S n+Q is also divisible by p 2 . We have 


^n+e “P'S n+4+ 9^71+3? S n+/k — pS n+ 2 ~\-qS r l+ i. 

Therefore 


^n +G P (pSn+2 + 9*S n +i) + 9 (p^a+i + qS n ) — 

= P 2 $n+ 2 + 2pg5 n - } - 1 + q 2 S n . 


Since, by supposition, S n is divisible by p 2 , it suffices to 
prove that S n +1 is divisible by p. Thus, we only have to 
prove that 

(x + y) n + (-xr + (-y) n 

is divisible by x 2 + xy + y 3 if n = 2 (mod 6). Proceeding 
in the same way as in 1°, we easily prove our assertion. And 
so, assuming that S n is divisible by p 2 , we have proved 
that S u +q is also divisible by p 2 . But Si = 0 is divisible 
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by p 2 . Consequently, 

Sn = {x + y) n ~x n -y' 

is divisible by (. x 2 + xy + y 2 ) at any n = 1 (mod 6 ). It 
only remains to prove its divisibility by x + y and by xy. 

16. Equality 1° is obvious. From Problem 15 it follows 
that (x + y) b — x b — y b is divisible by xy (x + y) (x 2 + 
+ xy + y 2 )- Since both the polynomials (x + y) b — x b — y b 
and xy (x + y) {x 2 + xy + y 2 ) are homogeneous with 
respect to x and y of one and the same power, the quotient 
of division (x + y) b — x b — y b by xy (x + y)(x 2 , + xy + y 2 ) 
will be a certain quantity independent of x and y. Let us 
denote it by A. We then have 

(x + y) b — x b — y b = Ay (x + y) (x 2 + xy + y 2 ). 

Since this equality represents an identity and, hence, 
holds for all values of x and y, let us put here, for instance, 
x = 1, y = 1. We get 

2 5 — 1 — 1 = A *2.3. 

Hence A = 5, and we finally get 

(x + y) b — x b — y b = 5 xy (x + y) {x 2 + xy + y 2 ). 
Using the result of Problem 15 (2°), we can write similarly 
(x + y) 7 — x 7 — y 7 = Axy (x + y) (x 2 + xy + y 2 ) 2 . 

Putting here x = y = 1, we find A — 7. 

17. It is known that 

(x + y + zf — x 3 — y* — z s = 3 (x + y) (x + z) (y + z). 

Let us prove that (x + y + z) m — x™ — y m — z m is di¬ 
visible by x + y. Considering our polynomial rearranged 
in powers of x , we put in it x = — y. We have 

(-y + y + *) m - (-y) m - y m - z™ - o, 

since m is odcl. 

Consequently, our polynomial is divisible by (x + y). 
Likewise we make sure that it is divisible by (x + z) and 
by (y + z). 

18. The condition necessary and sufficient for a polyno¬ 
mial / (x) to be divisible by x — a consists in that / (a) — 
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= 0. Put 

/ (x) = x 3 + kyzx = y 3 + 2 3 . 

For this polynomial to be divisible by x + y + % it 
is necessary and sufficient that 

/ (—2/ — 2) = 0. 

However 

/ (—y — Z) = — (y + z) 3 — fcyz (y + z) + y 3 + z 3 = 

= —(k + 3) yz (y + z), 

wherefrom follows k = —3. Thus, for x 3 -f- y 3 + z 3 + 
+ kxyz to be divisible by x + y + z it is necessary and 
sufficient that k = —3. 

19. Divide n by p. We get n = Ip + r, where l is a posi¬ 
tive integer and 0 r <; p. Consequently, 

x n - a n =--= x lp x r - a lp a r - x lp x r -a lp x r + a lp x r - a 1 p a r =. 

= x r (x lp -a lp ) + a lp (x r -a r ). 

But x lp — a Ip = ( x p ) l — (aP) 1 is divisible by x p — aP, 
therefore for the divisibility x n — a n by x p — aP it is 
necessary and sufficient that x r — a r is divisible by x p — aP. 
But it is possible only when r = 0, and, consequently, 
n = Ip. Finally, for x n — a n to be divisible by x p — aP it 
is necessary and sufficient that n is divisible by p. 

20. Put / {x) = ^ 4a + z 4ft+1 + * 4c+2 + * 4d+3 . On the other 
hand, 

x 3 + z 2 + x + 1 = (x + 1) {x 2 + 1) = 

= (x + 1) (x + i) (x — i). 

It only remains to show that 

/ (-1) = / (9 = / (-9 = o. 

21. We have 

1 + ** + ^+ 

1 + x + x * + • • • + * n ~ l — x _, • 

x 2n _ i x n _| 

It is required to find out at what n x2 __f : 
be a polynomial in x. We find 

x 2n —1 . x n — 1 _ o?« + l 
& — 1 * x —1 x-j-1 
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For x n + 1 to be divisible by x + 1 it is necessary and 
sufficient that .(—l) n + 1=0, i.e. that n is odd. 

Thus, 1 + x 2 + ... + x 2n ~ 2 is divisible by 1 + x + 
+ x 2 + . . . + x n ~ x if n is odd. 

22. 1° Put 

/ (x) — (cos cp + x sin cp) n — cos ncp — x sin ncp. 

But x 2 + 1 = (x + i) (x — i) and / (i) = 
= (cos cp + i sin (p) n — (cos ncp + i sin mp) = 0 (by de Mo- 
ivre’s formula). Likewise we make sure that / (— i) = 0, and 
our supposition is proved. 

2° Resolve the polynomial x 2 — 2px cos cp + p 2 into 
factors linear in x. For this purpose find the roots of the 
quadratic equation 

x 2 — 2p x cos cp + p 2 = 0. 

We get 

x = p cos q) ± 1 p 2 cos 2 cp — p 2 = p (cos cp ± i sin cp). 

Let us denote 

x n sin cp — p n ~ l x sin nq) + p n sin (n — 1) cp = / (x). 

We have to prove that 

/ [p(cos cp ± i sin cp) = 0. 

23. Suppose 

+ 1 = (^ 2 + px + g) (z 2 + p'x + g') = 

= x* + (p + p') a: 3 + (g + g' + pp') ^ 2 + 

+ (pq' + qp') x + qq'- 

For determining p, g, p' and q we have four equations 


p + p' = 0, (1) 

pp' + g + g' = 0, (2) 

pg' + gp'—o, (3) 

gg' = l. (4) 

From (1) and (3) we find p' == —p, p (g' — g) = 0. 

1° Assume p = 0, p' = 0, g + g' = 0, gg' = 1, g 2 = —1, 

q ~ dbh q — -+• 
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The corresponding factorization has the form 

£ 4 + 1 — (x 2 + i) (x 2 — i). 

2° q' q, q 2 = 1, ? = ±1. 

Suppose first = r/1. Then pp = —2, p p' = 0, 
p 2 — 2, p = ±V~2, // = +/2. The corresponding facto¬ 
rization is 

x 4 + 1 = (x 2 - V2x + 1) (x 2 + yix + 1). 

Assume then 

q = q' = —1. p 4- p' = 0, /?p' = 2, p = iVTi, 

p' = 

The factorization will be 

x l + 1 = (x 2 + l/lTiz — 1) (x 2 — y~2ix — 1). 

24. Put 

V x-\-yi, 

whence 

a + bi — x 2 — z/ 2 -f- 2.rz/z; 

consequently, 

x 2 — y 2 = a, 2#y — b. 

To find and y it only remains to solve this system of 
two equations in two unknowns. 

We have 

(X 2 + i/ 2 ) 2 = (x 2 -1/ 2 ) 2 4- 4x 2 p 2 = a 2 + 6 2 , x 2 + y 1 = V a 2 + //•*; 

therefore 

.z 2 = a-f V <z 2 -(- 6 2 , y 2 =—a -f- y a 2 + 6 2 , 

x = dz ]/ a+y a 2 -{-6 2 , ym db]/ — a+y a 2 +P, 

the signs of the roots being related as 2 xy — b. And so, 
the following formula takes place 

V^+M = ± (]/ a-f-K^a*+P +1 y +F) 

if 6 > 0 (since then the signs of .z and z/ must be the 
same), and 

]/ a + = ± (]/ a +y^+ 6 2 — l j/ — a -fV a 2 - J- P) 

if 6 < 0. 
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25. The roots of the given equation are determined by 
the formula 

2kn . . . 2kn 
x h = cos-{- i sin ■ 


n 

2n 


= ^cos i sin j (k — 0, 1, .... n — 1). 
26. We have 


where 

Thus 

But 


71 - 1 71 - 1 

5= 2 = 2 

fe =0 k 0 


2ji . . . 2jx 

e = cos- \~ 1 sin — 

n 1 n 


71 - 1 


2 x p = 1 + e p -j-e 2p + ... +e< n - 1 )P. 


fr =0 


„ 2pn . . . 2 dji 

e p = cos —-b 1 sin —— 


It is obvious that e p = 1 if and only if p is divisible by n . 
In this case 


s = n. 


And if e p =7^1, then s= l-fe p -f s 2p +* • •+ 8(n-1)p = 

grip — 1 _ np , 

0, since 8 np = 1. 


e.p—1 
Thus 


71 - 1 


2 x k ===n if P * s divisible by ra, 


h =0 


and 


71-1 


2 zf = 0 if p is not divisible by n. 


h =0 


71 — 1 71 — 1 _ 

2 \A k | 2 = 2 

h= 0 k==0 


27. We have 
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But 

A k A h = (z + yz h + ZG 2k + ... + we^-W) x 

X (x + y&~ h + ze~ 2 k -f- . . . + wE-( n ~ i)k ) = 

= xx J t-yy J \- • . • + ww + x (ye~ k ze~ 2k ...+ 

-|- we-( n - i ') h ) ye h (x + ze~ 2k + . .. + we - * 71- " 1 )*) + 
-\- zt 2h (x-\-yE~ hJ r ... +^£ -(n “ 1)fe ) + 


4- u;e (n_1 > fe {x-\-ye~ h -f . •. + we-( n_2 ) ft ). 

Therefore 

2 A h A h = n{\x\*+\y\ 2 + ...+|u>| 2 ) + 

h =0 

n-1 ^ 

+ * S (j/8 _fe + ze _2ft + • • • + we~ (n_1)ft ) + 

ft=0 

n-1 __ _ _ 

+ y 2 + 2 e _ft +*.••+ w;e _(n “ 2)fe ) + • • • + 

fe=0 

n- i _ __ __ 

-\- w 2 + i/e (n-2)fe + ... + uefe )* 

ft=i 

n— i 

But 2 e /ft=: 0 if l is not divisible by n (see Problem 26). 

k=0 

Therefore all the sums in the right member vanish and 
we get 

Mo| 2 +Mi| 2 H-... -hMx l -i| 2 = ^{|^| 2 +|^| 2 + ... +|^| 2 >. 

28. 1° Denote the roots of index 2 n from unity by x s 
so that 

# s = cos —— + i sin —— (5 = 1,2, ..., 2 n). 
Therefore 

2 n n — 1 2n—1 

X 2n — 1 = JJ (X — X s ) — IJ (x-*~x s ) JJ (x-x s )-(x 2 — l), 

S~ 1 S— i S~7l-j- i 
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since x n ——1, x ln = \. But x 2n -s = x s , consequently, 


an -1= (x 2 - 1) n (* - *.) (» - *.)= 


= (x 2 — 1) JJ ( x 2 — 2x cos + 1) • 

S= 1 

The rest of the cases are proved similarly. 

29. 1° Rewrite the equality 1° of the preceding problem 
in the following way 

n- 1 

x 2n-2 __j_ x 2n~k _|_ . . . -j- x 2 -f 1 = JJ ( * 2 — 2x cos ~ + 1 ) . 

>s=l 

Put in this identity-x= 1. We have 

n--= n (2-2 cos-2-) = £[ 4 sin*-2- = 


Hence 


■) 2 (it— 1) . rt Jt . 9 2ll • n (tl — 1) JT 

l v ; sin 2 -sin J - .. . sin 2 ---— 

n n n 


Jt . 2 ji . (n —1 )ji V n 
sin — • sin-... sin ---— = 0 „ 

n n n 2 a_1 


2° Solved analogously to 1°. 

30. We have 

x n — l =(x—l)(x — a)(x — $)(x — y) ... (x — X). 

Hence 

x 71 ' 1 -f- x n ~ 2 + ... -fx-f- 1 = (x — a) (x — P) . .. (.x —X). 
Consequently 

(1—a)(l —p) . . . (1 —X) = n. 

31. Set up an equation whose roots are 

*1—1, *2—1, - - •, * n —1. 

This equation has the form 

(x + 1)" + (x + l)"- 1 + . . . + (x + 1) + 1 = 0, 
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i.e. 


{x + \) n ^ — 1 _ (s+l)"+i — 1 

x 1 — 1 x 

Then set up an equation with the roots 
1 1 1 
Xi — 1 ’ x 2 — 1 ’ ’ ‘ *’ x n - 

It has the form 


■ 0» 


/ — -Ll\ n+1 — 1 

\ x ^ ) (1 -f- x) n+ l — x n+ l 0 

1 “ “ U * 


Expanding the last expression in powers of x , we find 


(n +1) x 


n , (n+i)n n -i 


1-2 


x tl ~ 1 + ...=0 


or 


x n + -^x n ~'+... . 


The sum of the roots of this equation is equal to —-y • 
Consequently 

xi — 1 ~ x 2 —1 ' ' x n — 1 2 

32. Consider the equation (with t as an unknown) 


1 . 


t 1 i-62 1 t — c2 

By virtue of the given equations this equation has three 
roots: fi 2 , v 2 , p 2 . 

Expanding the last equation in powers of t, we get 
t ( t - 6 2 ) (t - c 2 ) — a; 2 (t — b 2 ) (t - c 2 ) — 

— y 2 (t — c 2 ) t — z 2 (t — b 2 ) t = 0, 
t 3 + at 2 + . . . = 0, 


where a — —b 2 — c 2 — x 2 — y 2 — z 2 . 

But as we know, the roots of this equation are p 2 , v 2 , p 2 . 
Therefore, it must be 

p a + v 2 + p 2 = b 2 + c 2 + x 2 + y 2 + z 2 . 


20-1225 
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Hence 

x 2 + y 2 + z 2 = p, 2 + v 2 + p 2 — b 2 — c 2 . 

33. Since cos a + i sin a is the root of the given equa¬ 
tion, we have 

n 

2 Pk (cos a + i sin a) n ' h = 0 (p 0 =l) 

or 

n 

(cosa + isina) n 2 Pk (cosa-f- i sin a)~* = 0. 

fe =0 

But 

(cos a -f i sin a)" 1 = cos a — i sin a, 

therefore 

n n 

2 Pfe(cosa — i'sina) ft = 0, 2 Pft (cos a/c — i sin a/c) = 0. 

fc =0 fc =0 

Hence, indeed, 

n 

2 p* sin fca = pi sin a + p 2 sin 2a + ... + p n sin na = 0. 

fe =0 

34. On the basis of the given data we have identically 

x n 4- PiX n ~ l + p 2 X n ~ 2 + . . . + Pn-iX + Pn = 

= (x — a)(x — b) ... (x — k ). 

Substituting for x first i and then —i and multiplying term- 
wise, we get the required result. 

35. Extracting the two given equations termwise, we 
find 

(p -p')x + (q- q f ) = 0. (1) 

Multiplying the first equation by q f and the second by q and 
subtracting term by term, we have 

* 3 (q' — q) + x (pq' — qp') = 0 

W -q) + pq' - qp' = o. (Z) 

Eliminating then x from equations (1) and (2), we obtain 
the required result. 

36. The roots of the equation 

x 1 = 1 
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are 

cos + i sin(/c = 0, 1, 2, ..6). 

Therefore, the roots of the equation 

x 6 + x b + x 4 + x 3 + x 2 + x +1 = 0 (*) 

will be 

x k = cos-^- + isin-^- (ft = 1, 2, 3, 4, 5, 6). 

Put 

* 1 

x +—=y' 

then 

x2 +~l?=y 2 — 2 > x3 +-^r=y 3 —3y- 

Equation (*) may be rewritten in the following way 

{ x3 +-^) + ( x2 +^) + { x +t) + {=0 - 

It is evident that 

* ~ ~~ . 1 i “ n 2kn 

Xi = x 6 , x 2 = x 5 , x 3 =x lk , x h + — = x k +x k = 2cos- 7r . 

x h I 

Hence, we may conclude that the quantities 

0 2jt 0 4 ji 0 8n 
2 cos — , 2 cos -y, ZCOS-y- 

are the roots of the following equation 

y 3 + y 2 — 2y—1 = 0. 

Let us set up an equation with the following roots 



Let the roots of a certain cubic equation 

a; 3 — ax 2 -f bx — c = 0 
be 

a, p, v- 

We then have 

a + P + Y=«> aP + ocY + Pv = fc, a$y = c. 


20 * 
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Let the equation, whose roots are the quantities a, /f. 

y y> be 

a? — Ax 2 + Bx — C = 0. 

Then 

y*+vj+y~y= A . 

V 7 '-V^\V^V^+VV/'i^b, y^fi - c. 

Let us make use of the following identity 

(m+p + q) 3 = m 3 + p 3 + q 3 + 

-{-3(m + p+q)(mp + mq + pq) — 3m.pq. 
Putting here instead of m, p and q first ya, y yy , 
and then y afl, yay, \/ fly* we find 

A 3 = a + 3,4# -3 C, B 3 = b + 3BCA - 3C\ 

In our case we have a = —1, b = —2, c = 1, C — 1. 
Hence 

A 3 = 3 AB - 4, B 3 = 34# - 5. 

Multiplying these equations and putting 4# -= z, we 
find 

z 3 - 9 2 a + 27z — 20 = 0, (z - 3) 3 + 7 = 0, 

z = 3 - yi. 

But 

4 3 = 3z-4 = 5-3 3 /7, A = y 5-3/7. 

Therefore, indeed, 

=- ^/2cOS-y-+ |/2cOs4p+ ^2 COS -Tp- = 

=yy~3yJ. 

The second identity is proved in the same way. 

37. Since by hypothesis a + b + c = 0, we may consi¬ 
der that a, b and c are the roots of the following equation 

x 3 + px + q = 0, 

where 

p = ab + ac + be , q = —afcc. 
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We have 

(a + b + c) 2 = a 2 + b 2 + c 2 + 2 (ab + ac + be ), 
i.e. 

s 2 — —2 p. 

Putting in our equation in turn x = a, x = b, x = c, we 
get the following equalities 

a 3 + pa + y = 0, b 3 + pb + q = 0, 

c 3 + pc + q = 0. 

Adding them term by term, we find 

s 3 + ps i + 3# = 0. 

But since s t — a + b + c = 0, we have s 3 = —3 q. 
Multiplying both members of the original equation by 
x h , putting then x = a, b and c, and adding, we find 

s k+3 = — P s k+ i — 

Putting here fc = 1, 2, 3, 4, we find 

s 4 — 2p 2 , s 5 = s 6 = — 2p 3 + 3 q 2 , s 7 = — 7p 2 q. 

Taking advantage of these relationships, we easily prove 
the first six formulas. The last one is also obtained readily. 
38. We have 

x — u — y, x 2 — u 2 = v 2 — y 2 . 

The second equality may be rewritten as follows 
(x — u) (x + u) — (v — y) (v + y) = 0. 

Since x — u = v — y, the last equality is rewritten as 
(x — u) lx + u — (v -f y )] = 0, 

wherefrom follows 

1° x — u — 0, v — y = 0, x = u, y = v; 

2° (x + u) — (v + y) = 0, (x — u) — (v — y) = 0, x = 
= v, y = u. 

Consequently, indeed, 

x n + y" = u n + v n . 
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Let us go over to the second case. Suppose x, y, z are the 
roots of a cubic equation 

a 3 + pa 2 + qa -f r = 0. 

Prove that u, v and t are the roots of the same equation. We 
have 

x + y + z = —p, xy + xz + yz = q, xyz = —r. 

Hence, to prove that u, v, and t are the roots of the same 
equation (whose roots are x, y and z) it is sufficient to prove 
that 

u + v + t = x + y + z, uv + ut + vt = 

— xy xz + yz, uvt = xyz. 

The first of these equalities is true by hypothesis. The se¬ 
cond one follows immediately from the identity 

2 (xy + xz + yz) = (x + y + z) 2 — (x 2 + y 2 + z 2 ) 

and from the condition 

x 2 + y 2 + z 2 = u 2 + v 2 + t 2 . 

Likewise, the third equality follows from the identity 

3xyz = x 3 + y 3 + z 3 + 3 (x + y + z) x 

X (xy + xz + yz) — (x + y - f z ) 3 

and from the condition 

x 3 + y 3 + z 3 = u 3 + i? + t 3 . 

Thus, u, v, t as well as x, y, z are the roots of the same third- 
degree equation. Therefore, one of the six possibilities takes 
place 


u 

V 

t 

X 

y 

z 

y 

X 

z 

X 

z 

y 

y 

z 

X 

z 

X 

y 

z 

y 

X 
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It is obvious that in all cases we have 

x n j- y n + z n = u n + v n + t n . 

39, Squaring the first trinomial, we get 

A 2 — (x 2 + 2 x 2 X 3 ) + (x\ -j- 2xix z ) e -f (xl -f 2xix 3 ) e a . 

Then 

A 3 = (x\+ x\ + §Xix 2 x 3 ) + ($x\x 2 + 3x\xi + 3xlx 3 ) e + 

+ (3x^3 + 3x%Xt + S-r^) e 2 . 

Put 


a = x\x 2 -f x\x 3 -f xlx u p = x { x\ + x z x\ + x 3 x\. 


x\A-x\ + x a 3 = —(px l -\-q) — (px 2 + q) — (px 3 + q)= — 3 q, 


y»2 r*% \ rp 2 

— ju ^ju 2 

Now 

_ | 0^3 J /y.3 

since 


Xl + X 2 + X 3 = 0. 
X\X 2 x 3 — —?, 


Furthermore 
therefore 

^4 3 = —9 q + 3ae + 3Pe 2 . 
Substituting x 2 and x 3l we also find 

B 3 = —9 q + 3ae 2 + 3pe. 


Hence 


since 


A 3 + B 3 - —18? - 3a - 3P - -27?, 


a + P = X\X 2 (Xi + x 2 ) + x 2^3 (*2 + ^3) + 

+ x 3 xi (x 3 + x t ) = — 3 x t x 2 x 3 = 3 g. 

Likewise we get 

A 3 -£ 3 = —27/? 3 . 

It should be taken into consideration that 

ap = ?>x\x\x\ + ( x\x\ + x\x\ + x\x\) + x\x 2 x 3 + x\xiX 8 + 

+ x\x 2 xi = 3 q 2 + x\x\x 3 3 (77+ 77+ 75-) + 

+ xix 2 x 3 (x^ + xl + xl), 


and 
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40. Put 
We have 


a-\-b — c-\-d= p. 

(, x 2 -\-px + ab) (x* + px-\- cd) — m 


or 


[(•++) , +«‘- 4 ][(«+i) , +-- 4 ]- 


m. 


Let 


(*++)-»• 

Then the equation takes the form 

(j/ + «&--j-) (y + cd—f) = m, 


i.e. 


y 2 +(ab + cd— -y-) y + (ab — (cd — -y) — m—0. 

It only remains to solve this quadratic equation. 

41. Make the following substitution 

a-\-b 


x = y 
a — b 


then 

x+a=y , 2 , 

The equation takes the form 
a — b 


X+ b — y- 


a — b 


But 


( 


y 


■r+o 


a — b \4 


Y 


a — b \4 


) 4 = j / 4 + 4 J / 3 ^ Z ± + 6 j / 2 (^) 2 + 


2 

a — b \2 


+ iy (^) 3 + (^-)\ 


a — b \ 4 


Therefore the equation takes the form 


+'(¥)v+(^)‘- t- 


Thus, the problem is reduced to solving a biquadratic 
equation. 
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42. Put for brevity 


a + b 

and make the substitution 

x + 


We have 

(y — a) (y — b) (y — 


+ c = p 

p = y- 

c) p — abc (y — p) 


-- 0 . 


(ab + ac -f be) y) — abey = 0 

4" c) 2 y ~P 

+ (ab + ac + be) (a + b + c) — abc } = 0. 

And so, we find three values for y: one of them is zero, the 
other two are obtained as the roots of a quadratic equation. 
Then it is easy to find the corresponding values of x. 

43. Rewrite the equation in the following way 

(x + a ) 3 — 3 be (x + a) + b 3 + c 3 = 0. 


Hence 

P {y 3 — (a + b + c) y 2 + 
or 

y {(a + b + c) y 2 — (a + b 


Put x + a = y. The equation takes the form 
i/ 3 - 3 bey + b* + c 3 = 0. 

But it is known (Problem 20, Sec. 1) that 
y 3 + b 3 + c 3 — 3 bey = 

= (y + b + c) (y 2 + b 2 + c 2 — yb — yc — be). 

Consequently, one of the roots of the last equation will be 
—b — c, the other two are found by solving the quadratic 
equation. Then we find the corresponding values of x. 

44. The equation contains five coefficients: a, fr, c, d 
and e , and there exist two relationships among them. Thus, 
three coefficients remain arbitrary. Let us express all the 
coefficients in terms of any three. 

We have 

a = c + d, e — b + c. 


The equation takes the form 

(c + d) x* + bx 3 + + dx + (b + c) = 0, 

c (,x 4 + x 2 + 1) + dx (x 3 + 1) + b (x 3 + 1) = 0. 
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But 

x 3 + 1 — (x + 1) (x 2 — x + 1), 

# 4 + x 2 + 1 = (# 4 + 2# 2 + 1) — x 2 = (z 2 + l) 2 — a; 2 =? 

* (x 2 -f X + 1 ) (x 2 — X + 1 )* 
The equation is now rewritten as 
(x 2 — x + 1) { c (x 2 + x + 1) + dx (x + 1) + 

+ b(x + i)} =0. 

Equating the first factor to zero, we find 


The remaining two roots are found by solving the second 
quadratic equation. 

45. We have the following formula 

(a + b + x) 3 = a 3 + b 3 + x 3 + 3a 2 (b + x) + 

+ 3 b 2 (a + x) + 3z 2 (a + b) + 6 abx. 
Using this formula, reduce our equation to the form 

x 3 — (a + b) x 2 — (a — b) 2 x + (a — b) 2 (a + b) = 0. 
Hence 

x 2 (x — a — b) — (a — b) 2 (x — a — b) == 0, 

(x — a — b) [x 2 — (a — b) 2 ] = 0, 

(x — a — b) {x + cl — b) (x — a + b) =0. 
Thus, the given equation has three roots: 

x = a -\- b, x = a — b , x = b — a. 


46. Rewrite the equation as follows 

o , a 2 z 2 2 ax 2 o 2 ax 2 

% + -7 : To-1— = nr-;— . 

(a-U*) 2 a-\-x a-\-x 


Consequently 


Hence 


(x 


ax \ 2 o 2 ax 2 

—;— ) = m 2 -j— . 

ax ) a -f- x 


x* 


m* 


*lax 2 
a + x 


(a + x) 2 
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Put » =y. Then the equation takes the form 

y 2 + 2 ay—m i = 0 , 

wherefrom we find y and then x. For y we find the following 
values 

( 1 ) 

The corresponding values of x are determined by the 
formula _ 

z = +ay. (2) 

Let us take the plus sign in formula (1). In this case the 
value of y will exceed zero. Computing, by formula (2), 
the corresponding values of x, we make sure that x has two 
values: one positive, the other negative. And so, our equa¬ 
tion always has at least two real roots, positive and nega¬ 
tive. 

Consider the case when the minus sign is taken in formu¬ 
la (1). Now the value of y is negative, and for x to be real 
it is necessary and sufficient that y 2 + 4ay ^ 0. And, con¬ 
sequently, it must be 

y + 4a < 0, 
i.e. 

— a — Y a? + m2 + 4a ^0, 
m 2 7^8a 2 . 

With this condition satisfied, all the four roots will be 
real. Since ay < 0, we have 

|/Z7q<|i| 

and, consequently, both real roots, found from formula (1) 
taken with the minus sign, will be negative. Thus, if all 
the four roots are real, then one of them is positive, the 
remaining being negative. 

47. Put for brevity 

5x* + 103:2 4-1 _ . , 

*4 + io*2 + 5 -/W 

Then the equation takes the form 

/ (x) •/ (a) = ax. 
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Further, we have 
x 


~f (*) = -* TToSteT’ x+/( * )== • 

Dividing the first equation by the second one, we find 


x — f(x) 

( x ~ l \ 5 

x + f(x) 

l x+i ) • 

Put 

X — 1 

“- 1 -b 

*+■1 • 2/ ’ 

a + 1 °' 

From the equation (*) we get 

x — f(x) = y s x + y 5 f (x), 

x(l — y & ) = 

fix) 

1 — y s 

X 

l + </ 5 

Likewise we have 

/(«) _ 

1 — 65 

a 

1+65 • 

Now our equation can be rewritten in 

H** 

1 

1 

1 + 65 

1 + y & 

i— 65 > 

whence 

y b = 

— 6 s . 


(*) 


The last equation has five roots, namely 

■ y h = —be h (k — 0, 1, 2, 3, 4); 
e 

But 

x 

consequently 


2n . . . 2n 
: cos -g- +1 sin -g- 


l + .V 


x ft = 


l + !/h 


1 — y ’ 

1 — 6e h (a -f-1) — (a — 1) 


1— yh l + 6e h (a+l) + (a— l)e h 
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Further 


Xh z 


a (e 2 — e 2 ) + e 2 1 ° 2 


A 

(a-f 1) e 2 —(a — 1) e 2 
2 

nk 


(a + 1) 8 2 +( a — 1) 8 


fe _fe 

+ e‘ 


cos 


-tasin- 


Tik 


a (e 2 +e 2 ) + e 2 — 8 2 


jt/c . . nk 

a cos —=- 1 sin —=— 

5 o 


In particular, at k = 0 the solution is 

1 

*o = -. 

48. Transform the left member of the equation. Denote 
the sum on the left by .S m , Then 

a i , a 2 x x 2 


5i = Im¬ 
prove that 


-a t ‘ (x — ai) (x — a 2 ) (x — a i )(x — a 2 ) 

x 2,m 


( x a i) (x a 2 ) ... (x 02 m) 

Suppose this equality is true at m = n , and prove that it 
will be true also at m = n+ 1. We have 

a * 2n , a 2n+l x2n 


>n+l z 


(x — a { ) ... (x — a 2n ) (x — ai) ... (x — a 2n ) (x — a 2n+i ) 

._«2n+2« 2n+i _ 


+ 


(x — fli) ... {x — 0 2 n+2> 

Reducing the right member to a common denominator 
and accomplishing all the necessary transformations, we get 

x 2n+2 

" +1 _ (* —«lj ••• (X — “ 2 n+ 2 ) * 

Now our equation takes the form 

x Zm — 2px m p 2 


(* — «l) ••• (* —“2m) 


0 


or 


(• z m -p)(x m -p) = 0. 
The equation has m double roots. 
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49. 1° We have %i + x 2 + x 3 = —• p, x^x 2 + x x x 3 -f~ x 2 x 3 = 
= ^1*2^3=— r. 

From the second equality we get 

X\X 2 -f- X\X 3 -\- x\ = x^ (x\-\- x 2 + x%) = q , 


whence 




Using the first equality, we find 

^2 + ^3 = 1 ^ 

From the third equality we have 


rp 

^ 3 =-^- - 

It only remains to set up a quadratic equation satisfied 
by x 2 and x 3 . 

2° Solved analogously to the preceding one. 

50. 1° Using the identity of Problem 4 of this section, 
we can rewrite our system in the following way 

{y + z + a) (y + zs + as 2 ) (y + zs 2 + as) =0 

(z + x + b) (z + xs + bs 2 ) (z + + bs) =0 

(x + y + c) (x + ys + cs 2 ) (x + ys 2 + cs) = 0. 

To find all the solutions of the given system it is neces¬ 
sary to consider all possible (27) combinations. Thus, we 
get 27 systems, each containing three equations linear in 
the unknowns x , y , and z . 

If each of these systems is designated by a three-digit 
number in which the place occupied by a certain digit 
corresponds to the number of the equation and the digit it¬ 
self to the number of the factor in this equation, then the 27 
systems will be written as 

111, 112, 113, 121, 122, 123, 131, 132, 133, 

211, 212, 213, 221, 222, 223, 231, 232, 233, 

311, 312, 313, 321, 322, 323, 331, 332, 333. 


Let us explain, for example, system 213: taken from 
the first equation is the second factor, from the second— 
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I- 

i 


the first factor and from the third—the third factor. Thus, 
system 213 will have the following form 

y + zz + az 2 =0, z -\- x b = 0, x + ye 2 -f cz = 0. 
Let us decipher some more systems 

y-j-z + a= 0, z + x + b = 0, x + y + c= 0; (111) 

y-\-z&-\-ae 2 = 0, z j r xz 2j r bz = 0, o: + ye + ce 2 = 0; (232) 

y-\-zz 2 -\-az= 0, z-\-xz 2 -\-bz = 0, z-\-yz 2 -\-cz = 0; (333) 

y + z + a = 0, z-\-xz-{-bz 2 = 0, x-\-yz-\-cz 2 = 0 (122) 

and so on. 

2° We have 

x 4 = zyzzx + a, y 4 = zyzw. + fr, z 4 = xyzu + c, 

u 4 = xyzu + d. 

Multiplying these equations and putting xyzu = 2, we find 
£ 4 = (t + a) {t + b) (t + c) (t + d). 

Thus, for determining t, we have the following equation 
{ci-\~b-\~c-\~d)t^-\- ( cib T - tic -j- . . .) t 2 -f- 

+ ( abc + acd + . . .) t + abed = 0. 

However, 

cl -J- b -j- c -j- d =0, 

therefore, for finding t we get a quadratic equation. Know¬ 
ing t, we easily obtain x , y, z and u. 

51. We have 

1-f (l+x) + (l + x) 2 + ■ ■ ■ + (1 + x) n == — 1 - 


n+l n+1 



fe=0 fc=l 

Wherefrom follows that the term containing x h will be 

^n-j-1*^ • 

52. We have 

(*+!)“ = f • • -+Cn l x s - 1 +C’x s + . ..+*«. 
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Since this polynomial is multiplied by the second-degree 
trinomial 

(s — 2) x 2 + nx — s, 

it is clear that the coefficient of x s in the product will be 
equal to 

(s-2)C s n - 2 +nC s - l -sC s n . 

Carrying out all the necessary transformations, we see that 
the last expression is equal to 

nC S n 2 . 

53. Put x — 1 + a, where a > 0 (since x > 1). 

Then we have 

px q — qx p — p-\-q = p (1 -\-a) q — q (1 -f-a) p — p -f q = 

= p{l+ga+^f^-a*+...}_ 

-g{l + pa+^=^-a 2 +... }-/>+? = 

= (pCl-qCl)a*+(pC 3 q -qC 3 p )a*+... . 

Since q > p, we can prove that all the terms of the above 
expansion are positive [the coefficient of a k (if k > p) will 
be equal to pC *]. Thus, to prove the validity of our asser¬ 
tion, it is sufficient to prove that 

!s = P c h q -qc';>o 

if q > p and k ^ p. 

We have 

A _ 1) • • • (<7 —fc + 1) P(p — 1) •(p —/c+1) _ 

" 1-2-3 ... /c * 1-2-3 ... /c 

= |f{(g-l)(?-2) ... (g-ft+l)-(p-l)(p-2) ... X 

x (p —k + 1)} > 0, 

since 

q — l>p — 1, g — 2>p — 2, .... 

54. Let the greatest term be 

T h = C*x n ~ h a h . 
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This term must not be less than the two neighbouring terms 
Tk-i and 7 Vm- Thus, there exist the following inequalities 


Whence 


Tk ^ Tk- 1 > T k ^ Tk+i* 


k 

n — fc + 1 


<1, 


n — k a .. * 

k -j-1 x ^ 


The first of them yields 


J !L + £a_ 
x-\-a 

From the second one we get 

JnH-1)£__ 1> 
ar+a 

First assume the - - ■ is a whole number. Then 

x-\-a 

+ \ i s a i so a whole number, and since A: is a 


x-\-a 

whole number satisfying the inequalities 
(n + i)a l<ft< fo + l)a 

X-\-CL ^ X-\-(L ’ 


it can attain two values 


k = 


(n + l)q 


(« + l) q 


:r + a 


ar + a 


In this case there are two adjacent terms which are equal to 
each other but exceed all the rest of the terms. Now consider 

the case when ^ n — ^ - is not a whole number. We then have 
x-\-a 

(n-fl) a _T (n- f-1) a ~j n 

x + a L x + a 

where 0 < 0 < 1 (for the symbol [ ] see Problem 35, 
Sec. 1). In this case the inequalities take the form 

*<[- £ a£r-]+ 9 ’ 

It is apparent that in this case there exists only one value 
of k at which our inequalities are satisfied, namely 

*=P£r-]- 


21-1225 
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And so, when - is not a whole number, there exists 

x \-a 

only one greatest term T k . 

55. Let i and m be positive integers. We have 

(x + l) m - x m ** mx m - 1 4- X m ~* + .. . + mx+\. 

Replacing here x by x 1, we get 
(x-f 2) m — (x+l) m = 

= m (x + l)™- 1 + - + l) m ~ 2 + • • • + m(x+l) + l. 

Subtracting the preceding equality from the last one, 
we find 

(x + 2) m — 2 (x -f- l) m x m ^ m(m — 1) x m ~ 2 -f p,x m - 3 + .... 
Analogously we obtain 
(.r + 3) m — 3 (x -f- 2) m 3 (x -f- l) m — x m — 

= m (m — 1) (m — 2) x m ~ 3 + p 2 x m ~ A -f ... . 

Using the method of mathematical induction, we can prove 
the following general identity 

( X +ir-±-(x+i-ir+i±^(x+i-2r+...+ 

+ (— \) x x m — — . .. (m —i-f- 1) x m ~ l + px m_i_1 -f- . .. , 

wherefrom it is easy to obtain that at i — m 

( x + m) m -^(x + m- l) m + .. . + (-l ) m x n = m\. 

If i > m, we get 

(x*+O m -f (* + *-«“ + 

+ii^-(x+i-2r+.-.+(-i) i x m =o. 

Putting in the last equalities x = 0, we find the required 
identities. 

56. We have 

(x + ai) n = x n +C\x n - 1 ai+C 2 /-Vi 2 +C^ n -W+ ... = 

= {x n — C 2 n x n -*a 2 + C> n ' 4 a 4 
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Going over to the conjugate quantities, we get 
(x - ai) n = {x n - C 2 x n ~ 2 a 2 + C*x n -*a* 

-i{C 1 n x n - 1 a-C*x n - t a 3 +.. 

Multiplying these equalities term by term, we find the 
required result. 

57. 1° We can write our product in the following way 

n n 2 n 

2 ** S xt = 2 

8=0 <=0 1=0 

wherefrom it follows that 


A,= 


S 1- 


O^s^n 


First assume Z ^ n. Then s can attain the values s = 0, 
1, 2, . . ., I and, consequently, 


A, =1 + 1 

if,Z ^ n. 

If n < l ^ 2ra, then we put 


l = n -f" l', 


where 1 ^ l' ^ re, Z' = Z — w. 

In this case s can take only the following values 

s =s V , —t - 1, ..., w. 


The total number of values will be 


n — (V — 1) = n — (Z — n — 1) = 2n — Z + 1. 

And so, 

Ai = 2n + 1 — Zif re < Z ^ 2re. 

It is easily seen that A„_ ft = A n+k = n — k + i. 

Indeed, expanding the product, we get immediately 

(1 + a: -|- x 1 + * n ) (1 -\-x + x 2 + • • • -j-£ n ) = 

= 1 2x 3x 2 ~t" • • • rex™ 1 —(— 

-f- (re -f-1) x n + rex n+1 + ... + 2x tn ~ 1 -]-x in . 
2° In this case we have 

7 i 7i 2n 

2 (-i) s z s 2* f = 2^*'- 

8=0 <=0 Z =0 



324 


Solutions 


Hence 

2 ( — !)*• 
l=s-{-t 

Considering again separately the cases when Z<n and 
Z > n, we arrive at the following conclusion 

if Z<w, then A t — LLLllll t 

if Z > re, then A t = 0 when Z is odd and 
A. i = ( — l) n when Z is even. 

Thus, A\ = 0 for any odd Z, i.e. the product contains 
only even powers of x, and if re is even, then all the coeffi¬ 
cients (of even powers) are equal to +1; if re is odd, then 
half of them is equal to +1, the other half to —1 

A 0 =A 2 = . . . = A n _i — + 1 , 

A n +l — A n + 3 = . . . = Azn, — 1. 

3° We have 

n n 2 n 

2 2 (*+1)**= 2 A i xl - 

ft=0 >=0 

H en ce 

A t = 2 (ft+1) (*+!)= 2 (ks+l + 1). 

k-\-8=l k+8=l 

O^k^n O^fc^n 

O^a^n 

Let us first assume that Z ^ ti, then k can take on only 
the following values: 0, 1, 2,*. . Z, the corresponding 
values of s being l, l — 1, . . 0. 

Therefore 

i 

A,= 2 [fc(Z-*) + Z + l]- 

fe =0 

= Z 2 k— 2 fe a + (Z + l) 2 = ( i±M+j)ii±3) > 

h=0 h=0 

taking as known that 

l 2 -l_2 2 -f- . | z 2 — 

(see Problem 25, Sec. 7). 
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Then assume n < Z ^ 2re and put Z = n + Z', where 
1 ^ Z' ^ n. Then k can attain only the following values 

Z\ V + 1, . . n 

and, consequently, 

Ai= 2 (ks + l + 1)= 2 [*(Z~Zc) + Z + l] = 

h-\-s—l h=l—s 

n n 

= 1 2 k ~ 2 Zc 2 + (Z + 1)(2«-Z + 1) = 

h—l — n k—l—n 

_ (2n —I + l)(Z2 + 2Z + 2) (Z —n —1)(I —n)(2I —2» —1) 

~ 2 + 6 

n (rc + 1) ( 2/1 + 1) 

6 - 

4° Solved as the preceding case. 

58. 1° We have 

l+C^+q + C 2 + ... + cr 1 + = (1 + l) n = 2", 

Adding the two equalities and then subtracting, we get 
the required identity. 

2° as well as 3° is reduced to 1° if we take into account 
that 

y~ik si2iTl — h 

Is 2 n — ^2 n 

59. Consider the identity 

(1 + X ) n - Cl + & n x+C\# + C\x 3 + ... + 

Putting in this identity in succession x = 1, e, e 2 , where 
e 2 + e + 1 = 0, we get 

2" = C“+C‘ n + C 2 + C’ + ... 

(1 + e) n = C% + C*e + Cl e 2 + C 3 n e 2 + ... 

(1 + e 2 )" = C» + C^e 2 + C 2 e 4 + C 3 n e* + ... . 

But l + e h + e 2ft = 0 if A; is not divisible by 3 and 
+ e 2ft = 3 if A; is divisible by 3. 

Consequently, 

2 n + (l + e)” + (l + e 2 ) n = 3{C« + C 2 +q+ 
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Since for e we can take the value 

2 ji . . . 2jt 

e = cos -y- + * sin -y- , 

we have 

i . o 4 ji , < 4ji JT , , . Jl 

1+8= — 8^ = — COS-y- l sin — = COS y~ +1 sin y- 

At o 2n . . 2jt jx . . n 

1 + S — —8 = — cos -y-£ sin — = COS y— l sm-y . 

Therefore 

2 n + ( 14 -e) n +(l + e 2 ) n = 2 n + 2cos+ . 

Hence, we obtain 

C«+^ + C« + ...=-l(2 n + 2cos + ), 


the other two equalities are obtained similarly by consi¬ 
dering the sums 

2 n -)-e (l-j-e) n -4-e 2 (l-)-e 2 ) n , 

2 n + e 2 (1 -f e) n -f-e (1 + e 2 ) n . 

60. The solution is analogous to that of the preceding 
problem. Consider (l + i) n . 

61. Since Cl — == ~T'~T > we get 


Consequently, 


2C% = k*-k. 


n n n 

2 s ci= s * 2 - S *, 

h =2 ft =2 h =2 


wherefrom our identity is obtained. 

62. Let * = <$, « 2 = ^+‘, u 3 = ^+2, a 4 = C*+3. 

Then 

fl 2 » — k & a n — k — 2 a 3 __ n — k —1 

k +1 7 <7-3 k -j~ 3 7 k + 2 

It only remains to prove that 


1 



1 + 
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= 2 n " 1 , 


63. If we rewrite the equality in the form 

rc! , n\ , n\ , , n\ 

1! (w — 1)! ~ r 3! (n — 3)! + 5! (w — 5)! (/i —1)! 1! 

then the problem is reduced to proving the following 
relationship (see Problem 58) 

q+q+...+cr = 2- 1 . 

64. Consider the equality 

/ 1 . . l/3\ n / 2 ji . 2ji \ n 

(“T + 1 —) =( cos — + ts m —) = 


= COS 


2nn 


i sin- 


2nn 


(*) 


Further 

= ± # L U + ^(-^ 3) + 

+ ci(-iV3) 2 +ci(-iVW+-- 


(-i) n 

2" 


[ 1 — 3C 2 + . . • ■ 


- i Y 3 K - SCI+3*C* n - 3 3 c; + .. ,)J. 

Equating the coefficients of i in both members of the 
equality (*), we get 

_ YS (C* - 3 C 3 n + 3 2 C‘ - S 3 C\ + ...) = (-1)”2” sin - : 2nn 
Hence 

2 n 


s = - 3C* 4- 3 2 <+ - 3 3 C 7 n + ...=(-1)" 


V3 


sin- 


3 

2rtJt 


wherefrom we easily obtain 

5 = 0 if rc = 0 (mod 3), 

5 = 2 n “ x if w = 1 or 2 (mod 6), 
5= — 2 71-1 if rc = 4 or 5 (mod 6). 

65. Consider the expression 

(i+0 n . 
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We have 

(i-H) B =i fC i B i*+c»*»+.... 

Hence 

( l + O n = (1 -^ + q-C»4-...) + i ( ^-q + C». 
But 

l + » = V"2 (cos-^-4-isin-^-). 


Therefore 


1—Cn + ^ft —• • • =2 COS 


nn 




nn 


o'=C' n -Cl + C> n -C\+..,m 2^sin- 4 . 

Hence, if tz = 0 (mod 4), i.e. n = then 
a = (— l) m 2 2m , a' == 0. 

If n= 1 (mod 4), i.e. n — 4m + 1 , then 
a = a' = ( —l) m 2 2m . 

If ra = 3 (mod 4), i.e. n — 4m -f 3, then 

a^(-l) m+1 2 2m+1 , a' = (— l) 7 * 2 2m+1 . 

Finally, if rc = 2 (mod 4), i.e. n — 4m-f-2, then 
a = 0, a' = (— l) m 2 2m+1 . 

66. 1° Let us write our sum in the following way 

S =l.C“+2^ + 3^+...+(n+l)C"= fe if(* + l)a 

and introduce a new summation variable. Put k = n — k\ 
Then the sum is rewritten as 

s= h S°(«-fc'+i)cr h '= 2f(»-*+i)c*= 

fc'=n fe=0 

= S n [» + 2-(^H-l)]CS = 

k—Q 

- (» + 2) s” Q ■- : s" (* •+1) c* = (» + 2 ) 2 ” - *. 




fc=0 
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Consequently, 

2s = {n + 2)2 n , s — (n + 2) 2 n_1 . 

This sum can be computed in a somewhat different way. 
Rewrite it as follows 

S = +££+. ...+ CJ) + (C 1 „ + 2C*+... 4- nC£)-2" + n+ 

+ 2 »^ + 3 »(*7gg-^ + ..•+!, ( n-l) + ».-l^ 

= 2 W + n {1 + (n- 1) + ( "~ 1 1 ) . ( 2 "~ - ) +••• + (»-1) +1} = 

= 2 " + n{C« n _ l + C l n - l + ■ ■ ■ +C": i 1 } = 2" + n2"- 1 =2"- 1 (n+2). 
2° We have 

C\ — 2C* + 36% +... + ( — I)" -1 w6% — n—2 + 

+ 3^^^-+ ...+(- 1 r 1 n = 

= » {l —^ + (w ~ +••• + (-D”~ 2 ^ + 

+ (- I)"” 1 ] =7l(l-l) n - 1 = 0. 
67. Rewrite the sum in the following manner 
f ^1 i _ /^2 . /^3 (— l ) 71 " 1 _ 


rc n(rc—1) , n (n —1) (n — 2) , , 

T 1 - 2.3 1-2. 3-4 ^ ’ 


! ' l 

f (n + 1) « 

(/i + l) n (n — 1) 

n + l 

l 1-2 

1.2-3 

1 


, (n + 1) re 

1 1-2 

~ « + l 


___ x i a 2 _ v i i | 

w + 1 U- 1 "** 1-2 1 - 2.3 -r - - - -r 

+ ( -l).n]_ 1+ -S±i} + 

68. 1° Consider the following polynomial 

(1 + 1 = 1 + C\ +i x + C\ +l x> + ...+ C™X™. 

Hence 

(1+*)»+!-1 ^0 , Cl , C* - . , CJ{ n+1 

-= C“z+-^z* + -^+...+ —^-x n+1 . 

Putting x = i, we get the required identity. 
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2° Obtained from the preceding identity at x = 2. 
69. Put 

+ ... + (=^C' n ~u n . 


Then we have 


7 / _ 7/ - f r> _ 1 n(n- 1) 1 n(n-\)(n-2) , i 

Un Un-i—^n 2 4.2+3 1.2-3 +•••/ 

r 1 1 (n —l)(re —2) . 1 (re— 1) (re—2) (re— 3) \ 

\ n ' 1 2 1-2 + 3 1-2-3 ••*/ 

1 r rc (/z — 1 ) {n — 2) (« — 1) (n — 2) (n — 3) 1 

+ T \ T2l T2T3 / + •••=- 

. re-1 (re — l)(re — 2) 

_ 1 1-2 "T 1-2-3 * r ‘ • 

1 f„ »(« — 1) , re (re— l)(re — 2) 1 _ 

~ re \ 1-2 " 1 ~ 1-2-3 • • • / — 




And so, 


Un U n ~i — 


Therefore we may write a number of equalities 


u 2 —u i =- 


u 3 — u 2 - 


_ 1 

U n ^ 71-1 - ~ • 

Adding them term by term, we find 

, , 1 . t , ,1 

U " ==1 + T + T + • • • + T • 

70. 1° We may proceed as follows. The expression on 
the left is the coefficient of x n in the following polynomial 

9 = (1 + x) n + (1 + x) n+1 + (1 + x ) n * 2 + . . . + (1 + x) n+ \ 
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Transforming this polynomial, we have 
s=(l+x) n {l + (l+.z)+(l-f x) 2 -f ... +(l+.r) ft } = 

= (1 + x) n =4" ft 1 + «) n+ft+1 - (1 + *)"}. 

The coefficient of x n+l in the braced polynomial is equal 
to Cnil+ 1 * Thus, our proposition is proved. 

2° The expression on the left is the coefficient of x n in 
the following polynomial 

x n {\ + x) n — x n ~ 1 (l-f-x) n t £ n_2 (l + x) n + . .. + 

+ (- l) h x n ' h (1 + x) n ■= (1 + x) n {x n - z"" 1 + . .. + 

+ (- l) h x n - h } = (1 + ^) n “ 1 {x n+l + (— 1)* x n - h }. 

It is obvious that the coefficient of x 71 in the last 
expression is equal to 

(-1 ) h cu¬ 
ll. 1° Consider the following polynomials 

n m 

(l + *) n = (1 + x) m =J\Ci a x t . 

s—0 0 

We have 

n m 

(i+*r(i+*r= 

s=0 t=0 

m-f-n 

= (i + *) m+n = S 

p = 0 

wherefrom follows the required equality. 

2° Follows from 1°. 

72. 1° Consider the product 

(l-f^) n (l+^) n =-(l + ^) 2n . 

We have 


2 2 cix 1 = c‘ n z>. 


Hence 


s=0 f-0 


c l tn = 2 

9-f -^—l 


I 
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Consequently 

C n in = 2 c* n 'C' n = 2 wr= 2 (Q 2 . 

s-j-i==n s=0 s=0 

2° In this case we consider the following product 
(1 + x) m (1 - x) m = (1 — x 2 ) m . 

Consequently 


(*) 


S(-i) 8 ^x s E^‘= 2 

s=0 1=0 1=0 


therefore 


2 (—i) 8 c s m c l m — (—l)' c i m . 

s~{-t=2l 


Let us assume first that m is even and put m = 2n. Let 
l = n. Then 


Hence 


2 (-i) s c^„=(-i)"Q n 

8+t=2n 


2 n 

2 (-i) s (CL) 2 = (-i) n a- 

5=0 


3° If m is odd, then we put m — 2n + 1. The coefficient 
of 'x 2n+1 in the left member of the equality (*) is equal to 


2 

s-fl=2n+i 


2n+i 

(-i) s « n «= 2 (-!)’« 

s=0 


But the right member ol the equality (*) shows that this 
coefficient must equal zero (since it is evident from the 
expansion that odd powers of x are absent). Therefore 

2n+l 

2 (-i) 3 (a +1 ) 2 =o 

s=0 


and equality 3° is proved. 

4° We have two equalities 

C\x + 2C 2 x 2 + . .. + nC*x n = nx( 1 + x) 71 ' 1 , 

C»+C> + ...+C"*"=( !+*)». 
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Multiplying them termwise, we find 

2 sC s n x s 2 C k n x h = nx (1 + x) 2n -\ 

s=0 h=0 

Equating the coefficients of x n in both members of these 
equalities, we get the required identity. 

73. Since the product (x — a) (x — b) is a second-degree 
trinomial, when divided by it, the polynomial / (x) will 
necessarily leave a remainder which is a first-degree polyno¬ 
mial in x, ax + p. Thus, there exists the following identity 

/ (x) = (x — a) (x — b) Q (x) + ax + p. 

It only remains to determine a and p. Putting in this iden¬ 
tity first x = a and then x = b, we get 

/ (a) = aa + P, 

/ (b) = ab + p. 

But we know that the remainder from dividing f (x) by 
x — a is equal to / (a), therefore, 

/ (a) -- A, 

/ (6) = B. 

Thus, for determining a and p we get the following system 
of two equations in two unknowns 

aa + P = A 
ab + p = B. 

Hence 

0 aB — bA 


74. Reasoning as in the preceding problem, we conclude 
that the remainder will have the following form 


ax 2 + Px + y- 
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For determining a, fi and y we have the following system 
a a 2 + Pa + Y = -4 
a b 2 + + Y = B 

ac 2 + Pc + y = C. 

On determining a, (5 and y, we may represent the requi¬ 
red remainder ax 2 + $x + y in the following symmetric 
form 

(x — b) (x — c) , (x — a) (x — c) „ (x — a) (x — b) „ 

(a — b) (a — c) — a) {b — c) (c — a)(c-b) 

75. The remainder will be 


(x — x 2 ) (x — xs) . .. (x — x m ) 
(*^l *^2) (*^1 *^3) • • • (^1 x m ) 


1 (ff X{) (x X3) .» ♦ (x X m ) I I 

(x 2 — Xi) (x 2 — x 3 ) ... (x 2 — x m ) y2 ' ' * * ' 

(x — Xj) (x — x 2 ) ... (x — Xm-i) 

('Em %i) (% x 2 ) .. . {xjyi x m _\) 

76. The required polynomial (see the preceding problem) 
takes the form 


(x — a 2 )(x — a 3 ) ... (x— a m ) ^ 

(a 1 -a 2 )(a 1 — a 3 ) ... (a,— a m ) 1 " 1 " 

. (a —(a —a 3 ) ... (a —a m ) 
~ 1_ (“2 —“1) (“2 —“3) ••• (“2 — a m ) 


■d-2 + • • • + 


(* — fli) (a — a 2 ) . .. (a — a m _!) ^ 

( a m— a i) ( a m — a 2 ) • • • ( a m — a m-l) m 


77. Our equality states the identity of two polyno¬ 
mials. For this purpose it is sufficient to establish that 
the polynomial 

s / \ (a a 2 ) (a a 3 ) ... (a Jm) I 


I f( \ (a —Xi) (a — a 3 ) ... (a —a m ) 

' ' 2 (a 2 —Xi) (a 2 —X 3 ) ... (a 2 —a m ) 


•..+ 


+ / { x m) 


(X — Xj) (a —a 2 ) . ■ ■ (a —a m _ t ) 
(a m — xt) ... (a m —a m _i). 


/(*) 


is identically equal to zero. Since the degree of this polyno¬ 
mial is equal to m — 1, it suffices to establish that it vani- 
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shes at m different values of x. Indeed, it is easy to check 
that this polynomial is really equal to zero at 

/y» - /y» /y* /y» /y» 

j, — •A'l, x 3 t • • • j x m• 

78. Obtained from the previous problem by equating 
the coefficients of x m_1 . 

79. If we put in the preceding problem / (x) =1, x, 
x 2 , . . ., x m - 2 , then it will be proved that s n = 0 if 0 
^ n < m — 1. To prove the identity 

«m-l = 1 

it is sufficient to put / (x) = x m_1 in the identity of Problem 
77 and to equate the coefficients of x m_1 in both members 
of the identity being obtained. To compute s n for n > 
]> tyi — 1 it is possible to proceed in the following way. 
Suppose x u x 2 , . . ., x m satisfy an equation of degree m 

a m -f- Pia W_1 + Pz(Z m 2 -f- • • • + Pm- 1® + Pm — 0> 

where 

— Pl = Xi + X 2 + ... + x m , 

Pz = XiX 2 4- X 2 X 3 + ... + x m _ t x m , 

— P3 = XiX 2 X 3 + . . ., 


( —l) h p h — x f x 2 . . . Xft 4- . . . 


Multiplying both members of our equation by a k , we 
get 

a m+h _|_ p ia m+h- 1 _|_ p %a m + h-2 p m _, a h+1 4 p m a h = 0. 

Putting in this equality successively a = x lt x 2 , . . ., x m 
and adding, we find 

s m+h 4" Pl s m+k-l 4- Pz s m+h -2 4" • • • 4" Pm-l s ft+l 4" Pm s h = 0. 

At A: =0 we have 

s m 4" Pl s m-1 — 0. 

Consequently 

s m = —p t = Xj + x 2 4- ... + x m . 

At k = 1 we obtain 

s m+l + Pi s m + P 2&m -1 — 0- 
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Further 

s m+l = (*1 + *2 + *3 + • • • + X m Y — 

— (*1*2 + • • • + = 

== "4" “H ••• “l” ®1®2 ""t - ®1®3 “I - • • •> 

i.e. s m + t is equal to a sum of products of the factors 


*1» *2> • • •» 

taken pairwise. 

Here the factors may be both equal and unequal. Similar 
results can be obtained for s m+2 , s m+3 and so on. The same 
results can be obtained using a more elegant method (Gauss, 
Theoria interpolationis methodo nova tractata ). Put 


1 


{Xl — X 2 ) (Xi— x 3 ) 

1 

... (44 x m ) 

(x 2 —Xi) (x 2 —x 3 ) 

... {x 2 — x m ) 

1 


(x m — Xi)(x m — x 2 ) ... 

■ (% — x m~i) 


Then we have 


Sn = ® 1«1 + ^ 2«2 + • • • + Xm&m 


Let us form the following expression 


P 


a, 


1 — XiZ 


0&2 | | 

1 —x 2 z ‘ ' 1 —a: m z 


(*) 


Using the formula for an infinitely decreasing geometric 
progression and assuming that z is chosen so that | x 2 z | < 1, 
| x 2 z | < 1, . . ., | x m z | < 1, expand the sum in an in¬ 
finite series in the following way 


P = a,(l -|- x { z -f- xlz 1 -j- x^z 3 + .. •) + oca (1 + x 2 z + # 2 z 2 + 

-l-x’z 3 ^- . . .)+ . . . + a m (1 + X m z -f- XmZ 2 -f- XmZ 3 + . . .). 
Or 


P = («i + «2 + • • • + am) + (x&i + X 2 a 2 + ... +x m a m )z + 

-\-{x\a.i-\-x\<H+ • • • +Xm<Xm)z 2 + ■ • 
i.e. 


P = S 0 + SjZ + S 2 Z 2 + S 3 Z 3 + ... . 
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Put for brevity 

(1 — Xfi) (1 — x 2 z) ... (1 — x m z) = Q t 
Expanding Q in powers of z, we can write 

Q = 1 — CT lZ + a 2 z 2 + . . . ±a m z m , 

where 

= x i + ^2 + • • • + x m , 
a 2 = XjX 2 -f XfX 2 + . . . -f x m _ l x m , 


Multiplying both members of (*) by (1 — x t z) (1 — x 2 z)... x 
X (1 — x m z ), we have 

P(? = oti (1 — x 2 z) (1 — x 3 z) ... (1 — x m z) -f 

+ a 2 (1 — ^ 12 ) (1 — ... (1 — x m z) + 

+ «3 (1 — XjZ) (1 — X 2 z) (1 — X 3 z) ... (1 — X m z) + . . .-f 
+ a m (1 — Xiz) (1 — x 2 z) . . .(1 — x m _iz). 


Thus, the product PQ is an (m —l)th-degree polynomial 
in z. Let us show that it is simply equal to z m_1 , i.e. the 
following identity takes place 

PQ = z m_1 . 


Indeed, the expression PQ — z m 1 becomes zero at z = 


1 

1 • • 1 

l 

, At z = — we 

have 

&2 

’ x m 




_ £3 \ 


1 

Xi ) 

‘ * \ Xi ) 



1 



Let us show in the same way that PQ — z m ~ l vanishes 
1 1 

at z = —, . . ., —. But if a polynomial of degree m — 1 

#2 x m 

vanishes at m different values of the variable, then it is 
identically equal to zero. Thus, PQ — z 771 " 1 = 0. Conse¬ 
quently 
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Or 


1 — (TjZ -{- <T 2 Z 2 — (J 3 Z 3 -f- ... it O nl Z m 

= S 0 + S { z+ . . . + 5m- 2 Z m ' 2 + S m ^Z m ' 1 

If we expand the left member in an infinite series in powers 
of z, then this series will begin only with a term containing 
2 m-i Therefore the coefficients of 2 °, z 1 , . . ., z m ~ 2 must 
also be equal to zero on the right, i.e. we have 

S 0 = Sj S 2 ■— . • • = S m _2 — 0. 


Besides, the coefficient at z™"" 1 in the left member is equal 
to 1. Therefore 

s m -1 r ~ 1 • 


Now our equality takes the following form 


z m ~ 1 

1 — GjZ + <J 2 Z 2 — C3 z 3 -f 


: 2 m i - f- S m Z m *T* Sir 


Reducing both members by z m \ we find 


1 

1 — ajz + aoz 2 — 03*34.... ± n, tl z m 


1 + s m% + S m+\Z~ + • • . 


or 


1 = (1 — CTjZ + a 2 z 2 — a 3 z 3 + • • • ± a m z m ) (t + s„,z + 

+ S M + lZ 2 + * • • )* 

Arranging the right member in powers of 2 and equating 
the coefficients of these powers to zero (since the left mem¬ 
ber contains only 1), we find 

Sm O’l ”0, 

O 2 OiS tn *4* S in -\-1 = 0, 


Thus, we get a possibility to compute s m , .s' w , + h ,v m + 2 , 
However, to determine the general structure of let us 

consider 


1 1 
Q ~~ \ — x { z 



1 — 


s=n 


2 2 ^ 

s '=0 



/y»*S ^y»«S y*5 
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But, on the other hand, 

f- s m z S m +iZ 2 + •••■ + S/a+AZ k+1 + . • •, 
therefore we get 

S m +k = Z x l x 2 x :i' • • • • 

s-f-s'-f s"-f-. . . 1 

Thus, we get the following final result: s m+k is equal to a 
sum of products of k + l equal or unequal quantities taken 
from the totality x u x 2 , . . ., x m . In particular 
s m+\ = x\ + x\ -f- . . . + Xn -)- X X X 2 + X X X$ 

“f* x \X m + X 2 X 2 + . . . + 

s m+2 — + ^+ • • • 

80. Let us introduce the following notation 

Sn(x u X 2 , ...,X m )— (x 1 — x 2 )(z i — x 3 )...(x i — x m )~^ 

j_- 1 ... 4- 


( x l X\) (x 2 — X 3 ) ... (x 2 — x m ) 
+ TT-—77— 




We have 


(x m — Xj) (x m — x- 2 ) .. ■ (x m — x m _l) 


1 X3) ... 

(*1“ 

Xm) 

x x n 

-m +2 




X ( 

1 

1 1 (■ 

1 4 ' 


( 1 

1 \ 

• • • x m l 

x 2 

•Ti / l 
/ JJ 

.T 3 *1 , 

l n+m-2 

/ • 

V 

xi j 

1 


\ Xl i 

) 



1 

( J_ 

_L\j 

f 1 

.. ( 

’ 1 

1 

\ X\X 2 . .. x m 

V x, 

x 2 / * 

l X\ 

X 3 / ' 


x m 

/ 


= (-!)" 


therefore it is obvious that 

*-»(*!,**. ••••*«) = , r 4!;: ,-■*»+»-* (tt ’ lb ’ 

8t. The validity of the assertion follows from the iden¬ 
tity of Problem 77. The same identity yields 

A IM _ 

1 (Xl — x 2 ) (Xj — x 3 ) . .. (x,— x m ) ’ 

_ __ / (xo) _ 

2 (xo —X t ) (xo —X3) ... (xo x m ) ’ 


_ / (%) _ 

(% — x,) ( x m — X2) • • ■ (x m x m _j) 
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82. Set up the expression 

Zj I £2 , *n 

A — 1 \ — 6 a 1 * ' * ‘ 

. (k — fli) (A, o 2 ) .. . (X — a n ) / v 
(A, — & 4 ) (>- — 6 2 ) ... (A-6 n ) ‘ ^ ' 

If all the terms are transposed to the left and reduced to a 
common denominator and then the latter is removed, then 
the left member becomes a polynomial in X of degree n — 1. 

By virtue of existence of the given system of equations 
this polynomial vanishes at n different values of X, namely 
at X = a 1? a 2 , . . a n . Therefore it is identically equal to 
zero, and, consequently, the original equality (*) is also 
an identity. But then the equality (*) represents an expan¬ 
sion into partial fractions of the following fraction 

(X — &i) (A,— b 2 ) ... (X — b n )~ (X — a y ) (X — a 2 ) ... (X — a n ) 

(X — bi) (X — b 2 ) ... (X — b n ) 

Therefore, the unknowns x u x 2 , . x n are found by the 
formulas of the preceding problem, and we get 

(frj — fll)(frl — fl 2 )« •• (bj — a n ) 

1 (h"b 2 ) ’ 

_ _ (^2 — a i) (^2~ a l) • • ■ (p2 — a n) 

2 (b2-h) (b 2 -b 3 ) ... (6 2 -6 B )’ 

83. Readily obtained by applying the result of Prob¬ 
lem 81. 

84. Consider the following fraction 

(x—(x — a 2 ) ... (x — a n ) 

(x — b i )(x — b 2 )...(x — b n ) 

It is obvious that the difference 

(x — Oj) (x — a 2 ) .. . (x — On) , 

(x — bi)(x~b 2 ).-.(x — b n ) ’ 

on reducing to a common denominator, will be a fraction in 
which the power of the numerator is less than that of the 
denominator. This fraction can be expanded into partial 
fractions. Therefore, the following identity takes place 

(x —ai)(x —a 2 ) ... (1 —a n ) _ 1 A, , A 2 | . A n 

(x — b l )(x — b 2 )...(x — b n ) ' x — bi ' x — b 2 1 ' ’ ' ' x — b n ‘ 




Solutions to Sec. 6 


341 


Multiplying both members of this identity by x — b u we 
find 


(*—«i) (*— a 2) 
(x — b 2 ) (x — 63) 


(* —<»n) 
(x — b n ) 




+ 


x — b% 


(X — 61 ) + . 


a: 6 n 


(« —60- 


In this identity we may put 

x = bi. 

We then have 

a _( b i — a i)(h — a 2) ••• (h— «n) 

1 (* 1 —(*i-* 3 ) ••• 

Similar expressions are obtained for A 2 , • ••> A n . 

Thus, we have the following identity 

(x — «i)(a: — a 2 ) . .. (a; — a„) . , (64 — a t ) (&i — a 2 ) • • * (^i — «n) ^ 

(*-61) (x-b 2 ) . . . (x-b n ) (*i-* 3 ) • • • (bi-b n ) A 

1 , (b 2 — a\) {b 2 — fl 2 ) ••• (*>2 —gn) j , , 

A *-&i 1 (fe 2 — fei) (62 — ^3) ••• (b2-b n )' x-b 2 1 ***' r 

1 (^n fl l) (^n ^ 2 ) • • • (Pn a n) ^ 1 

b \) ( b n ^2) • • • ( b n b n-1 ) x b n 


At £ = 0 we get the required identity. 

85. As in the preceding problem, it is easy to see that 

(*+P) (* + 2 P)...(s-l-fiP) , , Zy A r 

(x — p) (x — 2p) ... (x — ?zp) ^ x — rfi ' 

r=l 

where 

a = _ (rg-fP)(rP + 2 P)... (rP + np) _ 

r ( r P P) ( r P 2P) .. . [rp-(r-l)p][rp-(r + l)P] ... (tf-iiP) * 

It only remains to simplify this coefficient. 

86. We have 


Ch-ri ch Ac/j, he. c&-fi Cfo -|“ A Ck* 
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and formula 1° holds at n = 1. Assuming that it is true at 
n, let us prove its validity at n -f- 1. Indeed 

{•A+n+l ~~ Cft+n “l" Ac/j-i-n = 

= ( Cft+ ^Ac ft +^A^+ M(H 7 1 j ( 3 W - 2) *c h + ...+ 

+ A n c/,) + A (c ft + y Ac /i +^i ) A 2 c„ + ... + A n c h ) - 

= Cft + (t+ 1 ) Ac * + (4n4+T) A ' Ca + • •' + A " +1<? * = 

+ ^ Ac* + l2±l^ A*c*+ ... + A" + ‘c„ 

and the proposition is proved. 

Formula 2° is proved likewise. It is obvious that at 
72 = 1 it holds true. Let us assume that it is valid at n. 
Then we have 

A" +1 c a = Ac* + »—J-ACfc+HM + Si^ Ac, l+ n- 2 - . . . + 

4* ( — 1) H Ac& = ( c /t+n+i — c h+n) - Y ( c,i + n — 4" 

4—^ 72 —■ i c k+n -1 Ch fn- 2 ) 4“ • • * 4~ ( l) n — c k) ~ 

— c /i+7i+l-J- c /i+n + ^ 2 ^ c 7t+7i-i— • • • 4" (— l) n+1 Cfc. 

87. It is not difficult to check the validity of this for¬ 
mula. We see that the right member is an Tith-degree poly¬ 
nomial in x. Let us designate it by cp (x), i.e. let us put 

/W + f4/(O) + ; -Ti i2 4'/(0H-...-t- 

+ ,(,-l|. ■ • fr— A , 7 ( 0 )=<f (»). 

Let in this equality x— 0. We get (p (0) = / (0), at x = 1 
we find 

cp (1) - / (0) + A/ (0) = / (1). 

Using formula 1* of the preceding problem we may state 
that in general 

(p (k) = f (k) at k = 0, 1, 2, . . ., n. 
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Thus, two polynomials [cp ( 2 :) and / (x)l of degree n are 
equal to each other at n -f 1 different values of the inde¬ 
pendent variable x . consequently, they are equal identical¬ 
ly, and we have 

cp (x) *=* / (x) 

for any x . 

And so, we have checked the validity of the formulas. 
It is not difficult to deduce this formula. 

Let / (x) be an nth-degree polynomial. First of all we assert 
that it is always possible to choose the coefficients 
A 0 , A u A 2 . . . - A n such that the following identity takes 
place 

' (x) = A 0 ~ A x x -f A 2 x (x — 1) -f- A 3 x (x — 1) (x — 2) + 
-+-.••• t A n x (x — 1) (x — 2) ... (x — n -r 1). 

Indeed, let us divide the polynomial f (x) by (x — 1) X 
X (x — 2) ... (x — n). Since the last polynomial is also 
of degree n, the quotient will be a constant, and the remain¬ 
der a polynomial of degree not exceeding n — 1. Dividing 

this polynomial by x (x — 1) ... (x — n + 1), we find 

the constant and so on. 

Let us now compute the constants A 0 . A { , .1 2 . . . 

n - 1 » 71 • 

Put for brevity 

x (x — 1) (x — 2) ... (a: — A: -j- 1) --- cp* (x) 

(* =■= 1, 2, 3, . . .). 

Then we have 

Acpft (x) =,(p k (x + 1) — cp* (x) 

- (a; + 1) x (x — 1) ... (x — /c + 2) — 

— x (x — 1) ... (x — At —1~ 1) ~~ 

= k-x (x — 1) ... (x — k -f 2) = /fcpft_i (x). 

To determine A x , A 2 , . . ^4 n proceed in the following 

way. Put in our identity x — 0. Since (p k (0) = 0, we find 

A 0 = /( 0 ). 
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Let us now take the difference between the members of the 
identity. We obtain 

A/ (x) = A i Acpi (x) -{- A 2 Acp 2 (x) + . . . -f 

+ A n Acp n (x) = A t + 2^4 2 (pi (x) + . . . — 

+ ^4 n cp n _i (a:).. 

Putting here x = 0. we have 

-4 4 = A/ (0). 

Further 

A 2 / Or) = 2^4 2 Acp 1 (a:) + . . . + Acp n (x) = 

= 2A 2 + • • . + n (n — 1) 4 n fp n _ 2 (4- 

Hence 


Continuing this operation, we find all the coefficients 

A 0 . Ain . . A n . 

88. Replacing x by x -f 1, we have 

(.r-j-l) ,x — A 0 -\- A\X + *r (^‘— 1) ~r ( x —1) 0 r —2) —f- — —[— 

+ ^f L .r(a’— 1) . . . (.r — ?2 + l). 

Putting / (x) — (x -f l) n and using the result of the pre¬ 
ceding problem, we find 

A s = A•/ (0). 

From formula 2° of Problem 86 we get the required expres¬ 
sion for A s . 

89. Putting k = 0 in formula 2° of Problem 86, we get 

A Co — C ri Y^n-l 4 Cn-2 • • • ~f~ ( 1) 

Put 

1 

C °^(x + n) 2 

and take 

1 1 1 

C °"“ (.r + «) 2 ’ C| — (x + n — 1)2 • C ' l— x2 ’ 
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to prove our identity it only remains to prove that 


/-L_i _ 1 _l _j__ 1 _ \ 

\ X ^x + 1^ • • • ^ x + n /• 


“ (x+n)2 x(x+l) ... (x + n) \x 1 x + 1 1 1 x + n/’ 

Use the method of induction. At n—i the formula is 
true. Assuming, as usual, its validity for n, let us prove 
that it is also valid for n-t-1. We have 


(x + n + l)2 ' 




-M 


-7i + 1) (z + l *^"a: + 2~^" * ’ 


\ (*+l) (x + 2) ... (. x + n + i) \x + l * x + 2 1 * * * 1 

JL _ - _ \\= _—-/ ——i- - -L J-1_ \ 

' x + n+l// a; (x+1 ) ... (x + ti) \ x ~x + l ~ ' ' x+n J 

_ — - f — -1-!-L J---\ = 

(x+1) (x + 2 ) ... (x + ti + 1 ) \x + l ' x + 2 ~* ‘ x+n+l/ 

== x(x+l) ...'(x+n + l) {( z + n + 1 ) (t+x + 1 + • • '~^~x + n) 




...+- 


hr)} 


(»+*)» f 1 i 1 i i 1 i 

x (x —j- 1 ) ... (x —{- n +- 1 ) \ X X -j- 1 X -j- TL —j -1 ) 

At x~i our identity yields 

1 (J_ _|_i , i 1 \ _ j ] > /_ i 

71 + 1 I 1 1 2 ' * * * ‘ 71 +1 j 12 22 ‘ * (72 + 1)2* 

90. The expression q+ (x + y) is an rath-degree polynomial 
in x. Therefore we may represent it as (see Problem 87) 

<Pn (x + y) = A Q +A i y i (x)-\-A 7 $ 2 (*)+ ... + A n <p n (x), 

where A s = (since cp n (x-\-y) turns into <p n (y) at 

x~0). However, it is known (Problem 87) that Acp n (y) = 
= n ( Vn-i(y), consequently 

A 2 cpn (y) = ra (ra — 1) cp n _2 (y), 


A s q> n (y) = ra(ra —1) . . . (ra —s+l)q+_ s (*/). 
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Thus 

A » (#-fi («-2) ... ip».| l») _ A™ /.A 

a* — 7] — u «Tn-« U/h 


and our formula is valid. 

However, the validity of this formula can be proved 
using other reasons. Let x and y be positive integers 
greater than n. Then the following equalities take place 


(1+2)* 


1 + xz + 


.r (x — 1) * 

1.2 2 


x(x — l)(x — 2) mA , 

. 1-2.3 Z i_ 


(1 h z) v = 1 -f yz 


y (y — 1) .2 i v(if — i)(y — 2) , 

1-2 Z ^ TT3 Z + 


(i+.r»=i+(x +> ).+ ,■+ 

- ( xJ r\f) (* + i/ — t) (# + .(/ — 2) , 

1*2*3 Z 


On the other hand, 
i. e. 

2 <pfe (*) z k' y <P.s (y) z 5 __ y <ht (* r +*/) z n 
k\ /lJ s\ n! u 

Equating the coefficients of z n in both members of this 
equality, we get 

<Pn ( x + y) = C P /1 ( x ) + Cn c pH-l ( x ) ( pl (y) + • • • + 

+ Cr l Cfu (X) Cp,,.! (Z/) + <p H (Z/) . 


Let i/o be a whole positive number exceeding n. Then 
cp n (*+»<>) and cp /t (a:) + C l n ( p /t _, (a) cp t (*/<>) + . • * + <p» (tfo) 

are two rath-degree polynomials in x, and they are equal to 
each other at all whole values of x exceeding n. Consequent¬ 
ly, they equal identically at all values of x. But y 0 may 
attain all whole values exceeding n. Consequently, as in 
the previous case, we conclude that y 0 can attain any values 
and the equality 

<pn (* + */) = <Pn ( x ) +C l n (p„_, (x) <pj (tf) + . . . + 

+ CS^cpi ( x) cp,,-! (y) + (p n (y) 
is valid for any values of x and y. 
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91. First of all, both identities 1° and 2° can be readily 
proved using the method of mathematical induction. Indeed, 
at n = 1 identity 1° takes place. Suppose it takes place for 
all values of the exponent, not exceeding n , so that we have 

x n +y n =P n -j p n ~ z q + p n -Y - 

t (!LZ2> 4- 

123 1 q ^ ‘ * ‘ * 


Multiplying both members of this equality by x-Vy — p, 
we get 

x n+1 + y n+1 -f xy (x n ~ l + i/"- 1 ) = 


,n + ! _ n n (n -3) 2 n (n-4) (n-5) 


= P" +1 - T P"' 1 ? + P'~? 


Hence 

a: n+ i -j- j/ n+l = 


1-2-3 


X 


x p n V -f 


= P n+l - t P "- 1 ? + P n ‘V' 

_ »(”- 4 ) («— 5 ) „_ 5 3 , __ 

1-2-3 p 

_ q ( p*- 1 _ n>‘-3n _U (K-mn-- 4 ) n „_ w 


— P 


1-2 


P a < 7 ‘ 


(» — !)(» ~ 5 ) (» —6) _n-7„3 


1-2-3 


P"-V+ ...)- 


- P- - ¥ f-I + { ^ + ¥} P’-Y - 

_ f n (n — 4) (n — 5) (n — 1) (n — 4) 1 , , _ 

\ 1.2-3 "f* 1-2 / 1 q ' - 

= p-t - 2+1 p "-i g4 . (b + 1 1 ) . ( 2 "~ 2) p""¥ - 

— 3) (ft 4) n -5 2 | 

1-2-3 1 q " r 


and the theorem holds at n + 1- 

Proposition 2° can be proved just in the same way. 

Bear in mind that if x and y are the roots of a quadratic 
equation, then both formulas represent none other than 
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the expression of symmetric functions of the roots of this 
equation in terms of its coefficients. 

If we put in these formulas x = cos <p-f- i sin cp, y = 
= cos cp — i sin rp, then 

x n + y n = 2 cosncp, p= x-\-y = 2cos<p, q = xy— 1, 

x n+\ — yn+1 sin (n-]~ 1) (p 

x—\j sincp 

Thus, we obtain an expansion of cos mp and — ~~~— 

in powers of coscp. 

92. Put 

x k -\-y ,l = S M> xy — q. 

We have to prove that 


S m + CmQS m -i -\r CS m -2 4" • • • T" C2m-2 ( f n 1 *S'i=l‘ 
Assuming the validity of this equality, let us prove that 
S m +l-{-Cm+ +C’w-j-2^ 2 *5 r m-l“f" • • • -\-C2m- l9 m “ 1 5 2 + 


+cSrf w 5i = i. 


We may consider that x and y are the* roots of the 
quadratic equation a 2 — a -}~(7 = 0. 

Hence 

S k + i “ k- 1 

for any whole k. 

Consequently 

^m-fl — ySm-i 1 

Sm — Srn -1 Q^m-: 2? 

Sm-l — 


S 3 ~ S 2 — qS u 
S 2 = S\ — ^iS" 0 , 

Let us multiply these equalities in turn by 

1 . cj, +1 gr, CS.+*? 2 , .... 

and add them, 
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Then we obtain in the left member 

S m+l +Cl +[ qS m +C; n , r2 q*S m ^ +. ..+c 1 ?-l 1 q m -'s 2 -c'? m q m s l . 

We only have to prove that the right member is equal 
to 1. The right member is equal to 

"I" Cm+1 A-i -j“. . •-j-Csm-l#” 1 
4~ C™mq‘ n Sl — QSm-l — ^rn-f l5 2, ^m-2 — Cm-, 1 - 2<? 3 £m-3 — • • • — 

-C2mUq m S 0 - 

or 


+1) QS m -L-\-(Cm^ri 4" ^ra-fl) T^m -2 4" • • * 4“ 

+ (C?--2+C?-? 2 ) - gSm-, - 

-^ +1 g 2 5 m . 2 - .. . -C?m V^i-CL~- iq m S Q m 

= {5m + CjLg^m-i+c5i +1 fl a 5 m . a + ... 4 CSTiag” 1 - 1 ^} -f 

+ CLg m ^-C^ig m 5 0 . 


But, by hypothesis, the braced expression is equal to 1 
and O^jnSi — == 0, since — 1, and S q ^ 2. And 

so, the right member is equal to 1. Furthermore, it is appa¬ 
rent, that at m = 1 our equality is true. Now we can assert 
that it is valid for any m. 

93, If u- f-y = l, then 

u m (i+ civ+01+^+...+ r 2 ‘-V"- 1 ) + 

+ V m (1 + Clu + C 2 m+l u*+ ... + C?-l 2 u m -') = 1 . 

Put 


1/1 - u ? 

b — a 

Then u 4- v = 1. Further 


v — 


x — b 


a — 6 


1 


u m i; m 




pi 

Om-f-l 


m v m~l 
1 _L £ l 

Hence we get our identity 


—-— 4. 

v m~2 ~ 


um 


1 , r 2 1 
3f 1 ^m+l 


■C^4) + 


u m-2 


• ••+<? 


2m— 2 


t) 
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94. It is easily seen that we can always choose constants 
A u A 2 , . . ., so that the following identity takes place 

(1 + t) n = 1 + t n + A t t (1 + t n ~ 2 ) + 

+ A z t 2 (1 + i n - A ) + . . . . 

Indeed, (1 + t) n is a polynomial of degree n in t. Divi¬ 
ding it by t n + 1, we obtain a remainder (a polynomial of 
degree not exceeding n — 1). We divide it by t (* n “ 2 +1) 
and so on. It is clear, that the quotients thus obtained will 
be constants determined uniquely in the process of division. 

Putting* = -j in the identity being formed, we find 

(x + y) n = x n + y n + A 1 xy (z n ' 2 -f y n ~ % ) + 

+ A 2 **y*(x n -' + y n -*)+... . 

To determine the coefficients yl 1? A 2 , . . . let us put in 
this identity 

x — cos cp + i sin cp, y = cos (p — i sin cp. 

Then we have 

(2 cos (p) n = 2 cos rnp + 2A t cos (n — 2) cp + 

+ 2A 2 cos (n- — 4) cp -f ... . 

Taking advantage of the known formulas for the expan- 
sion of cosine’s power in terms of the cosine of multiple 
arcs (see Problem 10, 1° and 3°), we find the expressions for 
A i, A 2 , . . . . 

95. Let y { and y 2 be the roots of some quadratic equation 

y 2 + py + q = o. 

Let us set up this equation, i.e. find p and 
For this purpose we multiply the first equation by q , 
the second by p , the third by unity and add the results. 
We get 

x \(y 2j r {y\ + pyz + q) = a \Q-\- a zP + ( h = o, 

since 


2/1 + pyi + g = yt+py* + q = o. 
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We then multiply the second equation by g. the third by p 
and the fourth by unity. We get 


x,yi (j/'j + pyi -f g)+:c 2 y 2 (yl + py 2 -\-q ) = a 2 q -1- a 3 p-f a 4 = 0. 


Thus, for determining p and q we obtain a linear system 

+ a 2P + a .\ 0 . 

a 2 q «3 P + a k — 0. 


On finding p and q, we determine y Y and y 2 from the 
equation y 2 + py -f q = 0. Knowing y l and y 2 , we then 
determine x L and x 2 , say, from the first two equations. The 
general system is solved in the same way. Namely, suppose 
z/ A , y 2 > • • y n are the roots of a certain equation of degree n: 

y nJ rPiy n ~ l -'rPiy n ~ i T • • • +p n -iy+p n =-o. 


To set up this equation multiply equation (1) by p ny 
equation (2) by p n _i and so on, and, finally, equation (n + 1) 
by 1 and add the results. We get 

<l\Pn + ^2Pn-l + • ♦ • + (In+i = 0. 

We then multiply equation (2) by p n , equation (3) by 
p n and so on and, finally, equation (n + 2) by 1 and thus 
obtain a second linear relationship for determining p n , 
.... Continuing this operation, we finally get n 
linear equations for determining the unknowns p u p 2 , . . 
p n . If p iy p 2 , . . ., p n are found, then to determine y ly 
y 2 , • • •» y n we have to solve the equation 

y 71 -j~ py n 1 -f- • • • -\-Pn-iy + Pn 0. 


To find x ly x 2 , . . ., x n it only remains to solve a system 
of linear equations. 

Demonstrated below 7 is the original method of solving 
this system belonging to S. Ramanujan. Consider the follo¬ 
wing expression 


<*>( 0 ) = 


x \ 

1 —B|fi 


*2 j ■ *71 

1 —Dr /2 T ' ’ * ‘ 1— Qy n 
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But 

t ^- = .t 1 (1 + 0i/i + 0 2 L/i + 0 3 (/?+ • • •)> 
Y ~- 2 = *2 (1 -r 02/2 + 6' 2 2/2 + 0 3 2/2 + •••), 


T -±|_ = (1 + 0j/ n + 0%+0^ + ...). 

Consequently, 

<D (0) = (aq + *2 -r • ■ ■+x n ) J r(x 1 y l + x 2 y 2 -r ■ • ■ J rX n y n )Q + 

+ (x t y\ + ... +x n yl) 0 2 + • • • + fai/?"" 1 +x 2 y\ n -‘ L 

+ x n yl n ~ l ) 0 2n_1 + {x iy T+ • • • + x n yn n ) 0 2 " + • • • • 

But by virtue of the given equations we get 

O (0) = d{ -f- d 2 Q “T fl 30 2 "t“ • • • 4~ a 2n w n 1 . . 

Reducing the fractions to a common denominator, we find 

(D /m -^l-r^ 2 0 + ^30 2 + •••+ A nB 71 " 1 

l+^e+M 2 ^--- +^n0 n * 

Hence 

(a* -f* d 2 Q T* a 30 2 ~l“ • • • ~T a 2 n0 2n 1_ j“ • • •) (1 “f”-S1020 2 ~i“ 

+ B n Q n ) =* A t + A Z Q + ... + A n Q"~K 

Therefore 

Ai=a u 

A 2 = d 2 d\B i, 

^3 — a 3~\~ d 2 B i a,B 2 , 

A n = a n J r cin-iBt + a n _ 2 B 2 + ... + d\B n ^ 

0 = a n+i + a n Bt + . . - + diB ny 
0 = d n +2 + d n +iBi + . . . + d 2 B ny 


0 — a 2n + a 2n-\Bl + • • • + d n B n . 

Since the quantities a 1? a 2 , . . a n , a n+1 , . . a 2n are 
known, the last equations enable us to find first B u J5 2 , . . 
B n and then A { , A 2 , • . A n . Knowing the quantities 
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A t and B t , we can construct a rational fraction ® (0) and 
then expand it into partial fractions. Let, for instance, the 
following expansion take place 


(D(0) 


Pi | P 2 i P3 

1 1 —“ *? 2 0 ' 1 — #30 


+ • • • + 


Pn 

1 —9n0 ' 


Then it is clear that 


&i = Pu yi — Qu 


%2 —P2 T 1/2 = 92; 


— Pm 2/n— 9n - 

The system is solved. 

96. Eor the given case we have 

a) m - 2+9+392+293+9* 

w “1 —9 - 502 + 83 + 39*-65 - 


Expanding this fraction into partial ones, we get the 
following values for the unknowns 



X — 

ft. 

CO |tO 

1 

= -l, 


71 - 

18+1/5 

3+1/5 


y — 

19 ’ q 

2 ’ ‘ 


z = 

18-1/5 

10 ’ 

3-1/5 

J 2 


u = 

8 + 1/5 

,-Vs-*. 


21/5 ’ 

2 ’ 

■ 


8-1/5 

, _ ll/5 + l 


v ==: 

21/5 ’ 

2 

97. 1° 

We have 



(m, p) = 





[1—X 2 ) ... 

(1 _. 

jm-n+lj (1_*«-1)(1 —*«) 

(1- 

-a:) (1 —a: 2 ) 

... (1— 3+)(l- 

X) (l-l2) ... (1 _*”*-!*) 

Hence 

it is clear that 




(m, fi) = (m, 

m —p). 


23-1225 






354 


Solutions 


2° Indeed, 

/m „ i jv (l-^a-x"*-!)... 

(l m, q + i;- (1 _ t)(1 _,2 } ... (1 _ x 4 )(1 _ x n+i } 

(1 —x" 1 " 1 ) ■ ■ ■ (1 — a-” 1- * 1 ) (1 — 1— r.™ 

(1 — x) (1— X 2 ) .. . (1 — x^ 1 ) 1 — 

Thus 


(m, q+l) = (m —1, q+1) 


1 — x m 


=,(^-1, q + l)--= 

= |i +1) [l -VrgtL .] = 

= (m — 1, fx-f-1) + x m ->‘- 1 ) (m — 1, q). 

3° Using the result of 2°, we get a number of equat¬ 
es 

(m, q + l) = (m — 1, n + l) + z m ~ M -~ 1 (m -1, p), 

(m — 1, q-fl) = (m —2, (r + l) + x m -w-2( / 7i_2, q), 


(P+2, fx+ 1) = (fx + 1, p+l) + z(q + l, jx), 

(p +1’ P + 1) = (P> p)- 
Adding these equalities termwise, we find 
(m, p+l) = (p, p)+*(p + l, p) + • • (m— 1, q). (*) 

4° It is required to prove that ( m , p) is a polynomial. 
We have 

( m , 1) = 1 t ^=1 + .x + x 2 +... + x”*- 1 . 

Thus, our proposition is true at p = 1 and any m. Assuming 
that (m, k) is a polynomial at k ^ p, by virtue of the for¬ 
mula (*), we may assert that ( m , p + 1) is also a polyno¬ 
mial. And so, our proposition is proved by the method of 
mathematical induction. 

5° Introduce the notation 

/ (x, m) = 1 — (m, 1) + (m, 2) — (m, 3) + . . . + 

+ (—i) m (m, m). 
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First let us prove that 

/ (x, to) = (1 — x m_1 ) / (x, m — 2). 

We have 

1 = 1 , 

(to, 1) = (to— 1, l) + x m -\ 

(to, 2) = (to — 1, (to — 1, 1), 

(to, 3) = (to — 1, 3) -j-z" 1-3 (to — 1, 2), 

(to, to — l) = (m—1, to—1)+x(to—1, to—2), 

(to, to) = (to — 1, to — 1). 

Multiplying these equalities successively by ± 1 and 
adding the results, we get 

/(x, to) = (1 — x mi ) — (to — 1, l)(l-x m - 2 ) + (TO-l, 2) x 

X (1 — X m-S ) — . . . +( — l) m- *(TO — 1, TO — 2) (1 — x)« 

But 

(l-x m - 2 ) (to —1, 1) — (1 — x m_1 ) (m — 2, 1), 

(1 — x m-s ) (to — 1, 2) = (1 — x m_1 ) (m—2, 2), 


Therefore 

/(x, to) = (1 — x m_1 )(1 — (to —2, 1) + (to —2, 2)— .. .+ 

+ (-l) m ' 2 (TO-2, TO-2)} = (l-x m - 1 )/(x, to —2). 

Thus 

/(x, to) = (1 — x m-l )/(x, to — 2), 

/ (x, to — 2) = (1 — x m_ *)/(x, to — 4), 

First let us assume that to is even. We get 
/ (x, to) = (1 - x™- 1 ) (1 - x m - 3 ) (1 - x™- 6 ) ... (1 -x 3 ) / (x, 2). 
But 

/(x, 2) = 1 — (2, l) + (2, 2) = 2-i=^ = l-x. 
Consequently, indeed, 

f(x 9 m) = (i-x m - 1 ) . -. (1—»») (i — x) 

if m is even. 
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If m is odd, we have 

f(x, m) — (1 —x" 1-1 ) (1 — x m ~ 3 ) ... (1 — x 2 ) / (x, 1). 

But f (x, 1) = 0, consequently f(x, m) = 0 for any odd 
m. However, the last fact can be readily established imme¬ 
diately from the expression for / (x, m) 

f(x, m) = i — (m, 1) + (m, 2) —(m, 3) + ... + (—1 ) m (m, m). 
98. 1° Put 


1+ 2- n- x ui-z*u..li-x* x 2 2 =jp »- 


1 


Then 


(1 — x) (1 — X 2 ) ... (1 — x k ) 


FlnA 1) — 1 I U y (l-^)(l-xn) ... (l- g n-h + 2 ) *g+l> 

1 + ' i+ Zl <i— X )t\ — X 2) ... (l—^h) X Z - 


fe=l 


(1 — o :) (1 — o : 2 ) ... (1 — x k ) 


Hence 

F(n + l)-F(n) = 

_ Z <i-* n ) (i-x n - h+2 ) k tA n+1 . , 

2 (1 — x)(l — x2) ... (l-xh) z 2 {1 a: 1 + 


ft=i 


(n+l) (n-f 2) 


-2 

h= 1 


(1 z n ) ... (1 h+2 ) 2 k n-k +1 /.j_ fe, , 

(1— x)(l — x2) ... (1—*h) " X ' + 

(n+l)(n+2) 

+ X 2 z n+1 = 

h(h- 1) 


= (1 J n ) (1 jn-1) ... (l-xn-^2) 

^ (1—a) (1^*2) ... (1—xk-1) 2 + 


ft=l 


And so 


n(n-f-i) 

+ zx n+1 x 2 z n = zx n+1 /' (re). 


F (re +1) — F (b) = zx n+1 F (»), 
i.e. 

F (n +1) = (1 + zx n+1 ) F (n). 
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Therefore 

F (n) = (i + zx n )F{n-i), 
F(n- 1) = (1 + zx 71 ' 1 ) F (n — 2), 


F(3) = (l + Z r 3 )^(2), 

F(2)^(l + zx 2 )F(l), 

F(l) = l + *z. 

Multiplying these equalities, we actually get 

(ra) = (1 + xz ) (1 + x * z ) . . . (1 + x n £). 

2° is proved similarly. 

From l n it also follows that 

(1— x n) (1 — gn-l) ... (1 — a;n-fe+l) 

(1 — a;) (1 — x 2 ) ... (1 — x k ) 

is a polynomial in x (see Problem 97). 

From the same equality we can obtain Newton’s binomial 
formula as well. Indeed 

1 — £ 7 l-*fc + l i+x + x*+...+x*- h 

1 — x h 1 -\-x-{-x 2j r • • • + 

Therefore, at £ = 1 the last expression attains the value 
1 • Consequently, we may consider that the expres¬ 
sion 

(1 — a*)(l— a^-l) ... (1— gn-fe+l) 

(1 — x) (1 — X 2 ) ... (\-x h ) 

at x = 1 turns into 


n (n — 1 ) .. 

nr 


(n — k + 1 ) 
.. & 


= c 


n 


and formula 1° at x = \ yields 

(l+z)" = l + Sc*z fc (Euler). 

ft=l 

99. Readily obtained from 1° of Problem 98 at z = —1. 

100. Put 

C Q + Ci (z + z- 1 ) + C 2 (z a + z- 2 ) + 

+ • • • + (z n + z" n ) = <jp n (z). 
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We then have 

/ 2 \ / \ 1 +£ 2n+1 Z 

<p n (* 2 z) = <Pn(z) -q 

(expressing (p n (z) in terms of a product). Making use of 
(p n (z) expressed as a sum, we find with the aid of the last 
identity 

C k x 2k+1 (1 - x 2n ~ 2h ) = C h+i (1 - x 2n+2h+2 ) 

(k = 0, 1, 2, . . n— 1). 

Furthermore, it is obvious that C n m x n2 . Putting in the 
last relation the following values for k in succession: 
ra — 1, ft — 2,.. . 0 and multiplying the equalities thus 

obtained, we find 

^ _(1 — j;2 n+2fe+2) (j _ s2n+2fe+4) ... (j _ x 4n) ^ 

(1 — X 2 ) (1—£ 4 ) ... (1— x 2n ~ 2h ) 

(k = 0 , 1 , . . ., 72 — 1 ). 

101. 1° Put 

cos x + i sin x — 8. 

Then 

cos x — i sin x = e -1 . 

Further 

cos lx + i sin lx = s l , cos Zx — i sin lx = e~ l . 
Consequently 

sinZ,z = -||- (1 —e~ 2 *). 

Substituting this value of sin lx into the expression for 
u h , we find 

__ (1 — q 2 ”) (1 — ?2n-l) .. . (1 _ q 2n-h+i) _ i fe(2n-fe) 

Uh ~ d-9) (I-? 2 )--- (1 —9 ft ) 9 

where g =■ e“ 2 . 

The required sum is rewritten as follows 
1 — U\ 4- U 2 — 223 -p U2n = 1 T" 

2 n 1 

, V/ ,\fc(l — 9 Zn ) (1 — 9 2n_i ) ... (1 — g2n-h+i) - ^ H2n-h) 

^ 1 ’ (1 — 9) (1 — 9 2 ) • • • (1 — 9 h ) ‘ 9 
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Now let us take advantage of formula 1° of Problem 98 

i 

and, replacing in it n by 2 n, put x — q and z — —q~ n ~ 2 . 
We then have 

2 n 4 

fl _ Yi _ 

l — Ui + Ut — u s + . . . +u 2n = JX (1 — q 2 ) = 


2 n 


h= 1 
n 


= n (1 - e 2n+1_2ft ) = n (1 - e 2fe_1 ) (1 - e- 2ft+1 ) = 

ft=i ft=i 

n n 


-II2U — cos (2/c — 1) x] — 2 n nil — cos (2& — 1) x\. 

fe=l h= i 


Then 


Put (as in Problem 97) 

(1 — q2n) (1 — qZn-i'j . . # (2_ g2n-fc+l) 

(1 — 9) (1 — (Z 2 ) • * • (1 — Q k ) : 


(2 n, k). 


-ifc(2n-k) 

= (2/z, /c) g 2 


where q = cos 2a: — i sin 2a:. 

We have to compute the following sum 


2 n 


2n 


S (-l) h u|= S (-l) ft (2n, ^) 2 9 - ft<2n - ft, I 

/t=0 fc=0 

where ( 2 / 2 , 0) = 1. 

From Problem 98, 1° we have 


2 n fe(ft+l) 

(1 — gz) (1 — q 2 z) . . . (1 — q 2n z) = ^ (-— l) ft (2rc, it) g 2 z h . 

o 

Put 

(1 —gz)(l —g 2 z) ... (1 —? 2n z) = <p n (z, g). 

We then have 

<Pn (2, ?) • CPn ( — Z, g) = (Pit 2 2 ) * 

Hence 

2n ft(k-H) 2n s(s-f-l) 

2 ( — i) h (2/i, /c) g 2 z h -J±(2n,$)q 2 z 8 = 

fc = 0 5=0 

2 n 

= S (— l) m {2ra, m} g m < m+ i> z 2m , 

w=0 
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where {2 n, m } is obtained from (2 n, m) by replacing q by 
q 2 . Consider the coefficient of z 2n in both members of this 
equality. On the right this coefficient is equal to 

( — l) n {2n, ra} q n < n+1 \ 

In the left member we obtain the following expression 


But 


S (~l) ft (2n, k)(2n, s) q 2 

Jt-f s=2n 


h(h+ 1) , s(s- fl) 
2 


(2n , 2n — k) — (2 n, k ), 


therefore the last sum is equal to 

2 n 

g 2 n 2 +n 2 (— l) h (2n, k) 2 q h2 ~ 2nh . 

h =0 

And so, we have 


2 n 


? 2n2+n 2 ( - l) ft (2«, /c) 2 q hi - 2nh = ( - l) n {2W, «} ? « 2 +". 
fe=0 


But 

hence 


2 _ j.l^nk-h* 


( 2 / 2 , kfz=u\q‘ 


2 n 

S (-l) ft i4 = (-l) n <r n2 {2«, B>. 

Further 

i n 2 

( 2 / 2 , /i) — u„g 2 , { 2 / 2 , / 2 } = u n q- n2 , 

where u n is obtained from u n by replacing x by 2x. 
Finally, 


2 n 

2 . sin (2»4-2) x sin (2n-|-4) j ... sin 4».r 

* ' h ' sin 2x sin ... sin 2 nx 

h=0 

We proceeded from 

2 n 

2 (- l) h (2n, k) 2 q^- 2 nh = (_ i)" { 2 «, n} g-" 2 . 

fc =0 

Likewise we can obtain the following formula 

2n-j-l 

2 ( - l) h (2/2+ 1, /C) 2 g fe a -(2n+l)h = 0, 
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If we put q = 1, then (n, k) turns into anc | we ge t the 
formulas 

2n 2n+l 

2 (-i) ft (c* n )*=(-i) n c?„, 2' (~i) h (^ n+1 r=o. 

fc=0 fe-=0 

Likewise, if we take advantage of the identity 
9n ( Z i ?) -<Pn ?) = <p2n (*> 9)» 

we get 

2 ( re > k) 2 q h2 = (2n, n) 

h =0 

and hence 

2 (^) 2 =a 

fc=0 

(see Problem 72). 


SOLUTIONS TO SECTION 7 


1. We have to prove that 


1 11 1 

c + a b~\~c ~~ a-\-b a-\~c 

However, this equality is equivalent to the following 

b — a _ c — b 

(c + a) (b + c) ~ (a + b) (a + c) 


or 

i.e. 


b — a _ c — b 

~b + c~~ a + b ’ 

b 2 a 2 = c 2 - b 2 . 


The last equality follows immediately from the condition of 
the problem. 

2. If a n is the rath term and a m the mth term of the arithme¬ 
tic progression, then we have 

a n = a t + d (n — 1), 

a m = cti + d (m — 1 ), 

where d is the common difference of the progression 
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Hence 

a n — a m = (« — 

By hypothesis, we have the following equalities 
& — c = (q — r) d, 
c — a ~ (r — p) d, 
a — b — (p — q) d. 

Multiplying the first of them by a, the second by fc, and 
the third by c, we get 

d \{q — r) a + (r — p) b + (p — q) c] = 

= a (b — c) + b (c — a) -}- c (a — b) -= 0 , 

whence 

{q — r) a + (r — p) b + (p — 7 ) c = 0 . 

3. We have 

a v — a (] m (p — q) d, 

where d is the common difference of the progression. 

Since, by hypothesis, 

ctp = 7 , ctq ~ p, then a v — a q = q — p, 

therefore 

q — p ^ {p — q) d, 

and, consequently, 

d = -1 

(we assume p — q =£ 0). 

Further 

a m — = (m — p) d, 

hence 

a m = a p + {m — p) d = q — m + p. 

4. We have 

a r+k ~ a k + pd. 

Let k in this equality attain successively the values: 
1, 2, 3, . . ., q. Add termwise the q obtained equalities. We 
get 

a p +1 + a p+ 2 + • • • + dp+q ~ 

= a x + a 2 + ... + a q + pqd, 
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But 

a p +1 + a p+ 2 + • • - + dp+q = Sp+q ~ ^p> 


di 


S r 

d% + • 


therefore we have 

Sp+q = £p + 

On the other hand, it is known that 

a l ~\~ a q 


+ a q = 5 a , 


e _ fl i + a p o 

^p — 9 p, 


Hence 


or 


2 S T 


2 

2 ^a 


: a p — a q = (p — q)d 


2 (p^p — pSq) 
P —4 


pqd. 


Consequently 

Sp+q = Sp~*r S q -\- 

Finally 


2(?^p — pSq) (p-\-q)Sp — (p-\-q)Sq 


p — q 


p — q 


E±±(S p -S q )=-(p + q). 


5. Follows from Problem 4. However, the following 
method may be applied. We have 

n i -}- a q 
= — 2 — 


fl4 + a n 

s p = , p, 5, 


hence 


+ fl T] 


a l + a q 


or 


[2a! + d (p — 1)] p = [2a 4 + d {q — 1)] g, 

2a t (p — q) + d (p 2 — p — q 2 + q) = 0, 

2a 4 d (p q — i) =0, 


Hence 


di + flp+g = 0 , 
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since 

But 


a p+q = U\ + d (p + Q — !)• 




a i tN a p+g 


(p + q)- 


Consequently, indeed, 


6. We have 


>p+< i ' 


0 . 


m, S n ■ 


From the given condition follows: 

a l ~f~ a m __ m 
H + a n ~ n ’ 

i.e. 


2a i -f- (m — 1) d _ m 

2<Zi + (n — 1) d n 

Hence 


2a! (n — m) + {(m — 1) n— (n— 1) m) d = 0, 


therefore 

a m = a l + (m — i)d = ^ J r (m—i)d = -^^-d, a n = 2 ' t ~ 1 d 
and finally 

Ujyi 2m — 1 
a n 2n—l 


7. It is necessary to prove that at the given n and k 
(positive integers k ^ 2) we can find a whole s such that 
the following equality takes place 

(2s -j- 1) "4“ (2s -f" 3) -f- ... -f- (2s -j- 2 n — 1) — ftk. 

The left member is equal to 

(2s + n) n. 

Therefore it remains to prove that it is possible to find an 
integer s such that the following equality takes place 

(2 s-\-n)n = n h , $=== —”■- • 

But n can be either even or odd. In both cases s will be an 
integer, and our proposition is proved. 
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8. Let a 2 = d. Then a k — ai + d (k — 1) = d (k — 1), 
since, by hypothesis, a i = 0. 

Consequently 


s =j+i+ 


n —1 
n — 2 


(*+ 4 + 



n—2 

=s 

&+1 

n—2 

V 1 

/c 

2j * 





4r 2 -S(< + 4)- 


n—2 n—2 n—2 n—2 

-S4+„4- 2 =2i + S|-St 

fc=l h= 1 fc=l fe=l 


1 

n — 2 


1 (w — 2) d . d _ ^7i—l | ^2 

n — 2 d ~'(n — 2)d a 2 ' a n _j 


9. Multiplying both the numerator and denominator of 
each fraction on the left by the conjugate of the denomina¬ 
tor, we get 

_ V<t 2 —V°i Va 3 — Va^ , Va n —Va^Il _ 

a 2— a i a 3 — a 2 a n — a n -i 

= -j (V a 2 — + V a 3 — V #2 4" • • • + V#n— V #n- 1 ) = 

Va n V a i 

" d 

since 


^2 — #3 #2 — • • • — #71 # 71—1 — d. 


Hence 




Van-Vat 


a n — a i 


71 — 1 


(V«n + V«l) V a n + V*i ' 


10, We have 


a\ — al= (ai — a 2 ) (a t + a 2 ) = — d (a x + a 2 ), 
#3 — #I=(#3 — #4) (#3 + #4)= — d(#3+# 4 )> 


#2fc— 1 — #2fc = (#2A-1 — #2fc) (#2ft-i + a 2h) = — d (a 2 k- 1 + #2fc) • 

Therefore 

S = — d(a* + #2 + #3 + #4 + ••• + # 2 ft-i“l - # 2 &) = — d 2/c. 
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But 

a 2 k = di-\- d(2k— 1), a l — a 2 h = — d(2k—i), 

consequently, 

5 = - d (2k - 1) (a\ - a\ h ). 

11. 1° We have 
S (n + 2) — S (n -(-!)== fln+ 2 * 

S (ft + 3) — 5 (n) = a n+ i + fl n +2 + 0 n+ 3 « 
Consequently, we only have to prove that 
#n+l *T &n+2 ~h fl n+3 — 3fl n+2 = 0. 


But it is possible to prove that 

a r-\~ a s _ „ 

rj — #s-f-r 
_ 

(if r and s are of the same parity). 

Indeed, 

a r + ci» — 2 a t + ( s — 1) d -f (r — 1) d — 

= 2 [oti-h (“y-—l) d]= 2 a r±f , 

therefore 

a n +1 + #n+3 = 2a n+ 2» 

and, consequently, 

a n+ i + a n+2 + 0^+3 — 3a n+ 2 = 0 * 

2° First of all 

5 ( 2 ») -5 (n) = a n+1 + ... + a 2n = -Saii+ffiL. 

Now we have 


S (3 n) — di + a 2 + a n ”t~ (#n+1 “b • • • 4“ a 2n) + a 2n+l + • • • + 

4“ ^3 n ~ n + t ^~ 2n " n “1“ i a n 4~ a 2n+l) 4~ 

+ ( a n- 1 + azn+2) + • • • + ( a i + #3 n)- 

But since the sum of two terms of an arithmetic progres¬ 
sion equidistant from its ends is a constant, we have 

a n ~h a 2n+l = a n -1 + a 2n+2 — • • • = a l 4" a 3n = a n+l~\~ a 2n» 
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Therefore 

5 ( 3 n) = n + (a^+azn)-n = 3 » = 

= 3(S(2n) —S(n)). 

12. According to our notation we have 

*Sa = ^(A-l)n+i + ^(A-l)n+2 + • • • + 

<S'/ J+ i = Clhn+1 + #An+2 + • • • + fl<A+l)n* 

Consider the difference 

Sh +1 — ^A* 

We have 

^A+l *^A ~ [^An-f-n. &An] + • • • “f" [#An+2 ®(A-Dn-f'il “f" 

+ [^An+l~ fl (A-l)/?4-l] ■ 

But since 

a m — ai = (m —- Z) d, 

we have 

$ — Sji = nd -f- ... -j- Tid -f- Tid =z Yi^d. 

13. We have 

b — a = d(q — p), c — b — d(r — q), c — a — d(r — p)\ 
on the other hand, 

a — Ui co p_1 , b = u i (o q ~ 1 , c = w 1 co r " 1 , 


where is the first term of the geometric progression, 
and co is its ratio. 

Therefore 


a b-c . 6 c-a . C a-D = a d iq - r) . b d ( r-p>. c d<p- a) = 

__ u d(g~r ) +d(r-p ) +d(p-qf) #co d{ ( q-r )( p-i)+ ( r-p)(q-i>+(p-g)(r-i)} > 

But it is easily seen that 

d(q — r) + d(r — p)+d{p— g) = 0 , 

(? — r )(P — l) + (r — p) (q— i) + (p — q)(r — 1)=0. 

And so 

a b ~ c . b c ~ a • c a ~ b = 1. 


14. We have 

l+a: + z 2 + .. . -f x n 


x n+l — 1 

X — 1 
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Consequently 

( 7* 71 + 1_ 4 \ 2 

-s- j--) 

_ (x n+i — i ) 2 — x n (x— 1) 2 __ a; 2 n+2_ 2x^ +i + l— x n + 2 -\- 2 x n+i — x n 


(*~ 1) 2 

(X n — 1 ) (^+ 2 — 1 ) 


(*— 1 )* 

= (1 + z + x 2 -f . . . + x n ~ 1 ) X 

X(l + x + x*+ ...+x n+1 ). 


(x — i)(x — l) 

15. Let the considered geometric progression be 


l/l, U 2 , • . •, Uri’i Un+ 1? • • ^2n» ^2n+it • • •? ^3n* 

Hence 


S 3 n — S 2 n — 

u 2n+\ 4- . . . + U 3n , 

S 2 n — — W n +i • • • 

• • ~b U'in 

But 

u A = 

U s = Ufl*' 1 . 


Therefore 

u h = u s -q h ~ s , 

l< 2 n+ft = W S g 2n , 



consequently, 

S 3n — S 2 n “ w 2n+l + • • • + ^3n = # 2n (W-l + ^2~b • • * ~\~ u n) = q 2U S n , 

S 2 n — S n = ^n+1 H" ••• H~ ^2n “ (7 n (^l~i“^2“l~ • • • “b^n) = Q^^n- 

Therefore 

Sn (S 3 » “ S 2 n) = ? n S*, (S 2n - Sn) 2 = g 2 "S*, 

and the problem is solved. 

16. Using the formula for the sum of terms of the 

geometric progression, we get 

J_J__1_ 

c a nQ a i c r _ a n 9 a \ a n c l a l 1 

9 — 1 J 1 9 — 1 «n«l 

9 

Consequently 

S 

g / fln^i * 

But, on the other hand, 

P 2 = (a { a 2 .. . a n ) 2 = (flia n ) n , 
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hence 


n 



17. Let us consider Lagrange’s identity mentioned in 
Sec. 1 (see Problem 5) 

{x\ + xl+ ... + 4 _i) {y\ + y\ + ... + yn- 1) — 

— (*1^1 +*2^2 + • • • + Xn-\y n -iY = (*lJ/2 — *20l)* + 

+ (Zll/3 — *3j/l) 2 + • • • + (^n-2yn-l — yn-Z^n-l)*. 

Put 


*^i — ^1? *^2 — • • • ? *^n-l — ^n~l» 


^1 — a 2'> Ut — #3i •••» Vn -1 — 

We then have 

(aj + a2+ • • • +&n-i) ( a 2"i" a 3"+" • • • + a n) — 

— ( a l #2 4“ #2#3" 1 “ • • • + ^71-i^n) 2 = (^1^3 — # 2 ) 2 4~ 

+ (a^ — ^3^2) 2 + • • • ~f~ (#n-2 a n — #n-1) 2 * (*) 

The bracketed expressions on the right have the following 
structure 


CLfiCLg ~~~~ Oift'Or ) 


and k + s = k'-\-s'. It is evident that if a iy a 2 , ..., a n 
form a geometric progression, then (provided A; + s = &'-}- 

+0 


Qrflttg - 0 . 


Indeed 


a h = atf- 1 , a s = atf \ 


Therefore 

and 


ah' = a 1 <7 fc,_1 , a (r - = a,g s '- 1 . 


a k a s = a\q h * s ~ 2 
a h -a S ’ = afg ft '+ s '- 2 , 


— Q'h’G's'• 

Thus, if fli, a 2 , . . ., a n form a geometric progression, 
then all the bracketed expressions in the right member of 
the equality (*) are equal to zero, and the following rela- 


24-1225 
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tion takes place 

(a] + a£+ ... + dn~ l) (^2"T a 3+ * • * 4~ a n) = 

— 4~ fl 2 a 3 4" • • • 4“ fln-l^n) 2 * 

Now let us assume that this relation takes place. It is 
required to prove that the numbers a u a 2 , . . a n form a 
geometric progression. In this case all the bracketed expres¬ 
sions in the right member of the equality (*) are equal to 
zero. But among these expressions there is the following one 
(aia h — a 2 a h -i) 2 (k = 3, 4, . . n). 

Therefore we have 


a h 


a h -1 


C 2 _ 


(fc = 3, 4, n), 


i.e. the numbers a u a 2 , really form a geometric 

progression. 

18. 1° It is known that 

C a rnQ — a i 

q — 1 * 

Let us make up the required sum. We have 
S\ 4 ~ S 2 + • * • 4 " = 


fl ig — a i . a i 


a n q — a l 


q — 1 1 q — 1 * q — 1 

(Ql + °2 + • • • + a n) 9 (Qn9 — Ql)9 

? — l 9 — 1 (9—l) 2 9—1 

i _ 1 r 1 ! 1 i i j_ \- 

“n-i —“n 1 —9 2 l of + + - ^ a£_! / 

_1 _l_l_ M_l_\ 

1 °n-l ' 9 2 Pi _ V Ql / 


1 — 9 2 


— 1 


(1 — 9 2 ) 2 


3° 


of-l-aj 


gk(± _JL \ 

1 l a* - of/ 


a n-l + «n l + 9 h 1 — 9* 


9* M_1_\ 

1 — q2h V a h ) 

19. Let the given progression be a t , a 2 , . . a n . Let a 5 
designate the /cth term from the end of the progression. Then 
al = a n — (k — 1 ) d, a h — a t + (k — 1 ) d. 
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Consider the product a k a k . We have 

a-hO-l = ai a n — (k — l) 2 d 2 + (k — 1) d ( a n — a t ) = 

=a,a n — (k — l) 2 d 2 + (fc - 1) (n - 1) d 2 . 

And so 

a ft aft = a t a„ + d 2 {(k — 1) (n — 1) — (k — l) 2 }. 

It only remains to prove that the expression 
P n = (k- 1) (n - 1) - (k - l) 2 

increases with an increase in n from 1 to or . 

We have 

Ph — (k — 1) (n - k), P h+l — k (n — k — 1). 
Hence 

Ph +1 — P k = n — 2k. 


Consequently, P h+1 > P k if n — 2k > 0, i.e. if A: < and 
our proposition is proved. 

20. Let a 4 , a 2 , . . ., a n be an arithmetic progression, 
and u t , u 2 , . . ., u n a geometric progression. By hypothesis, 
aj = Ui, a n = u n . Let the ratio of the progression be 
equal to q. Then 

u n = UiQ 11 - 1 = fln• 

Put 

+ #2 + • • • + u n = s n , + u 2 + . . . + u„ = a n . 


Prove that 
We have 




Sn > On 


“l + «n „ a l + °l9 n_1 „ „ 1 + 9 n_1 

- 5 - n = - * - n = ai - 5 - 


n , 


o n 


U n <l—U A _ 

=-i=r-= a * 


— 1 

q—i * 


Since, by hypothesis, ai>0, it only remains to prove 
that 


q n — 1 ^ 1 -fgn-l 
$-1 ^ 2 


71 . 
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Let us write the left member of the supposed inequality 
in the following way 

-^-=H-g+9 2 +...+? n - 3 +? n - 2 +9 n - 1 -= 

=4 {(i+<7 n_1 )+(?■+ <r 2 ) + • • •+ (v h + <r h ' 1 ) +... + 

+(<r i +i». 


Let us prove that 

q h + g n-h-i^ i+q n- K 


Indeed 


q h + g n-h-i _ { __ q n-i = _ 1) + (1 - g ft ) = 

= (g h -l)(l-g r, -' ! - , )<0, 


since if q > 1, then — 1^0, 1 — qn-h-i ^ q, and if 
q < 1, then — 1^0, 1 — q n ~ h ~ 1 ^0. At g = 1 it is 
clear that the product contained in the left member of our 
inequality is equal to zero. And so, indeed, 

q k + q n-k-i <l+g n-i 

The braced expression contains n bracketed expressions each 
of which does not exceed 1 + q n ~ l - Therefore 

qn — 1 . 1 + 9 n_1 

T=r<"—— ■ 


which solves the problem. 

21. Let the first common term of the progressions be a, 
and the second b. Then the nth term of the arithmetic pro¬ 
gression will be equal to 

a + (b — a) (n — 1), 

and the corresponding term of the geometric progression has 
the form 

And so, we have to prove that 

a-f(6 — a)(n— !)<«(-£•)” *, 
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in other words, that 


a + (6 — a)(n — 1) — <*(-)” <0, 


Let us rewrite the left member of this inequality as fol¬ 
lows 

•(!-*){«■-»-[(4r+(4r+-+(4)+i]}. 

Considering separately the three cases: ~ > 1, A < 1, 

A. — l ? we easily prove the validity of our inequality. 

22. We have to compute 

S n = 1 -x + 2a; 2 + 3a; 3 + • • • + wa; n . 
Multiplying both members of this equality by a;, we have 
S n x = 1 -x 2 + 2a; 3 + 3a; 4 + ... + (n — 1) x n + nx n+1 . 
It is evident that the right member is equal to 
S n — x — x 2 — a; 3 — ... — x n + nx n+i . 

Thus, we have the identity 

S n x==S n + nx n+1 ~x (i + x+ x 2 -\- . . . + 

S n (x— 1) = nx n+1 — x ~ ~~~ , 

S n (x -1) 2 = x {nx n+1 + l — ( n + l)x n }. 

And, finally, we have 

Sn = (JZ lj2 {^ n+1 — (^ + 1) ^+1}* 


23. We have 


5=2 Q'hU'h • 

fc=l 
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Let us multiply both members of this equality by q (where q 
is the ratio of the geometric progression). We obtain 


n 

sq= 2 a h u k +1 

k=i 

(since u h q = u k + t ). 

Subtract s from both members of the last equality. We 
have 

n n 

Sq S — 2 CLfillji+i 2 QkUfo. 

1 k=l 


Transform the right member as follows 

71+1 71+1 

2 CLh~l u h — 2 a k u k — + ^n+l^n+l =' 

=2 k—2 

71+1 

— 2 (^A Q'h-iill'h (l ill i -f- Ctn+iUji+i — 

h=2 
71+1 

= — S du* + a n+1 w n+1 — a,w„ 

h—2 


where d is the common difference of the arithmetic progres¬ 
sion. 

Thus 

71+1 

s(q—l)=—d 2 Uk + an+iUn+i — a^Ui, 

k—2 


Finally 


s (q — 1) = a n+1 u n+1 —ayUi — d — n - ^ 1 —■ 


a 71 +1^71 + 1 

q -1 


7 l hi + iq ^2 

(<z-i) 2 


24. The required sum can be rewritten in the following 
way 

x* + x*+ ... + x* n + ± + ±+ ...+>±+2. n. 


Summing each of the geometric progressions separately and 
joining the partial sums thus obtained, we have 



(x 2 n + 2 + 1) (* 2 n_l) , 0 _ 

(x 2 —l)a:2n “T 
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25. The sum Si is readily computed by the formula for 
an arithmetic progression. Let us now compute S 2 . Consider 
the following identity 

(x + l) 3 — x 3 = 3x 2 + 3x + 1. 

Putting here in succession x = 1, 2, 3, . . ., n and sum¬ 
ming up the obtained equalities termwise, we have 

2 (a-fl) 3 — 2 2 ® = 3 2 * 2 + 3 2 x+n. 

*=1 *=i *=i *=i 

Or 

{2 3 + 3 3 + .. .+n 3 +(re + 1) 3 } — {l 3 -(-2 3 + ...+ra 3 } = 

= 3 S 2 -f- 3S i -J- n • 

And so 3S 2 + 3S 1 + n = (/i+l) 3 -l. But 

c- _re(n + l) 

=-2 • 

Now we find easily 

a n(n + l)(2n + l) 

- 6 • 

The formula for S 3 is deduced in a similar way. We only 
have to consider the identity 

(x + l) 4 — x 4 = 4x* + 6x 2 -f- 4x 1 

and make use of the expressions for Si and S 2 found before. 

26. We have identically 

(x + l) h+1 - z* +1 (k + 1) x h + x ft_1 + 

■+ — 1} **~ 2 +... + (* + 1 ) g + 1 ■ 

Putting here successively x = 1, 2, 3, . . ., n, and sum¬ 
ming up, we get the required formula. 
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27. Consider the following square table: 


i h | 2 h 

3 ft 

4 ft .. 

. n h 

i h 2 k 

3* 

4 h .. 

. n h 

\ h 2 h 

3 h 

4 ft . . 

. n h 

• • • • 

• • • 

l ft 2 h 

3 h 

y. : . 

. n h 


The sum of terms of each line is equal to i k + 2 h + 
+ . . . + n h = Sk (n). Thus, the sum of all the terms of 
the table will be nS k ( n ). 

On the other hand, summing along the broken lines, we 
get the following expression for the sum of all the terms of 
the table 


l h + (l ft + 2 -2 k ) + (1* + 2* + 3-3*) + (1* + 2 h + 3 ft +4.4*) + 
+ .. . + (l ft + 2 fe + 3 fe -f- •. • + (ft — l) /l + n-n h ) =. 

= 1 + [S k (1) + 2 k+1 ] + [S k (2) + 3 ft+1 ] + [S k (3) + 4 ft+1 ] +... + 
+ [5 ft (n-l) + rc h+1 ] = 


= S k (l) + S h (2)+ ...+S h (n-i) + 

+ (l ft+l + 2 h+1 + 3 h+1 4- ... + n h+l ). 

And so 

nSh (n) = Sh+i(n)-\-Sit ( n — (n — 2 ) 4 - ... 4 -Sk ( 2 ) 4 ~^ a ( 1 )- 


28. Both 1° and 2° are readily obtained from the formu¬ 
la of Problem 26. Let us rewrite it as 


S*=-4S*-i- 


fc(fc-l) 


1 - 2-3 


Sk-z — 


■S r 


k 4-1 


( B +i)»+i_i 

+ *4-1 

At k — \ Si — 14~ 2 4 * 3 4" • • • 4 * n ~ — 7jr~ ■== ~2 n * ~2 n ' 


(*) 


Thus, both propositions (1° and 2°) are valid at k = 1. 
Suppose they hold true for any value of the subscript less 
than k and let us prove that they are also valid at the sub¬ 
script equal to k. Since, by supposition, S h _i is a polynomial 
in n of degree k, S ft _ 2 a polynomial of degree k — 1, and 
so on, it is easily seen from the formula (*) that S k is indeed 
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a polynomial of degree k + 1. Further, since S h - 2 i . • •» 
S 0 do not contain the term independent of n , it follows 

that S h also does not contain such a term ( — 
when expanded in powers of n , will not contain a constant 
termj. As is evident from the same formula (*), the coef¬ 
ficient of the term of the highest power in the expansion of 
S k in powers of n will be . It only remains to prove 
that the coefficient of the second term, i.e. B , is equal to 
Y • In the expansion (*) there exist only two terms contai¬ 


ning nr. 
other in 


One of them is contained in — and the 


(n-f-l)fe+i — 1 
k+ 1 


From what has been proved we have 


~1 5 *- 1= -4{T nft + ■■■} = -T nh+ ••• • 

Further 


+ n h 


( w + l)fe+i-l _ i h+l 
k +1 ~/c +1 

Hence, it is obvious that 

B "y ■ 

As to the structure of the rest of the coefficients (C, . . ., L), 
we may assert the following: the coefficient of n h+1 ~ l will 
be equal to 

/nr l A 

A: —(— 1 ’ 


where 4 is independent of k . This proposition is proved using 
the method of induction with the aid of the formula (*). 

29. S 4 can be computed using, for instance, the formula 
from Problem 26. 

However, we may also proceed in the following way. 
From the result of the previous problem it follows that 

£4 = y ft 5 + y rc 4 + Cm? + Bn 2 + En . 

It only remains to determine C, D and E. Since the last 
equality is an identity, it is valid for all values of n. Put¬ 
ting here in succession n — 1,2, and 3, we get a system of 
equations in three unknowns C, D and E. Namely, we have 
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C -f Z>*f E = ~, 8C + 4D + 2E = i -l , 27 + C+9D+3E . 
He ace 

C = |, D = 0, E_-^. 

It only remains to factor the expression 

n* , n A , n 3 n 
~ 5 ~ ' ~ 2 ~ ”3 30 

and the required result will be found. 

The remaining three formulas are obtained similarly. 

30. The validity of the identities is established by a 
direct check, using the expressions for S n obtained before. 

31. Put k = 1. We have 

(B + l) 2 - B 2 = 2, 
or 

B 2 + 2Bi -f- 1 — B 2 = 2. 

l 

Consequently, Bi — y . 

Then, put k — 2. We get 

(. B + l) 3 - B 3 = 3, 
i.e. 

5,+35 2 +35,+l-fl3*=3, i.e. 5 2 = |. 
Proceeding in the same way, we get the following table 


5i=4> 

D 1 

#8 = 42 - 

to 

1 

p 

3617 

/ * 16 510 ’ 

5 2 = 1, 

5 3 = 0, 

5 7 = 0, 

Bs== ~30 ’ 

0 691 

n ~ 2730’ 

5i3 = 0, 

5 17 = 0; 

R 43867 

to 

il 

1 

ol~ 

5 9 = 0, 

5h = |, 

to 

CO 

II 

p 

5 S = 0, 

bo 

0 

11 

81» 

to 

Cn 

II 

p 


Knowing this table, we may easily solve Problem 29, i.e. 
arrange S 4 , £ 5 , S 6 and S 7 according to powers of n. These 
numbers play quite an important role in many fields of 


mathematics and possess a number of interesting properties. 
They are called Bernoulli’s numbers (J. Bernoulli, Ars 
Conjectandi). We can show that for odd k's exceeding unity 
B h will be equal to zero. And Bernoulli’s numbers with an 
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even subscript will increase rather fast. Let us consider 

z 

the value of B m . If we put B m = — —, then it turns out 
that 

N - 171390 , 

Z = 62753 13511 04611 93672 55310 66998 

93713 60315 30541 53311 89530 55906 

39107 01782 46402 41378 48048 46255 

54578 57614 21158 35788 96086 55345 

32214 56098 29255 49798 68376 27052 

31316 61171 66687 49347 22145 80056 

71217 06735 79434 16524 98443 87718 

31115 

Thus, the numerator of this number contains 215 digits 
(D. H. Lehmer, 1935). 

Let us now prove relationship 2°. 

On the basis of the results obtained in Problem 28 we 
may put 

(*+1) (l ft +2* + 3 fe -f .. .+n h ) = 

= re ft+1 + ^+i . . .+Ln, 

where C, Z>, ...,L are independent of n, but undoubtedly 
depend on k. Put 

(* +1) (l h +2*+3' ! + ... -f -n h ) = n h+1 +a + iain ft + 

1 ~f-. .. ^Ch^\cCk~in 2 -\-Ck-\-iCc h n. 

We may then write the following symbolic equality 
(k + 1) (1*4-2* + . • • + n h ) = (n + ct)* +1 - a* +1 . 

On removing the brackets in the right member by replacing 
oc s by a s (5=0, 1, 2, . . .), we pass over from the symbolic 
equality to an ordinary one. 

Since this equality is an identity with respect to n, we 
may put in it n + 1 instead of n and obtain 

(&+1) [1* + 2* + .. . + (n + 1)*J = (n +1 + a)* +1 - cc* +1 

Subtracting from the last equality the preceding one, we 
find 

(k + 1) (n 4- l) ft = (n + 14 -a )* +1 - (* + a)* +1 . 

Putting here n = 0, we have 

(a + 1)* +1 — a* +1 = A 4 *! • 
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Besides, it should be remembered (see the solution of Prob- 

\ 

lem 28) that a’s are independent of k and that a t = y . 

And so, the numbers a h and B h are determined by one 
and the same relation, and a i — B it Therefore 

a* = B h 

for any k. 

32. Let d be the common difference of our progression. 
Then 

x h — x i + d (k — 1). 

From the first equality we have 

x\-\-x n , , n In — 1) , , 

■ 2 — n — a, nxt+d ^ 2 ~ fl - (*) 

On the other hand, 

x\ —xl~\-2x 1 d(k — l)-\-d 2 (k—i) 2 . 

Therefore, from the second relation we get 

2 x\ = nx\ + 2X]d 2 (/c-l)4 d 2 2 {k-if = b\ 

h= 1 1 1 

Hence 

nx\ + 2 Xl d ^T 1 + d2 (,i ' : n V 2, ' :r1> = b * (1) 

(see Problem 25). 

Squaring both members of the equality (*) and dividing 
by n , we find 

nx\ + 2 14=11 +^ 111=12 (2) 

Subtracting (2) from (1), we get 

d 2 n (n 2 — 1) b 2 n — a 2 
12 = n * 

Consequently 

d , 21/3 (6 2 ra — a 2 ) 
n V n 2 — 1 

Substituting d into the equality (*), we find x u and, con¬ 
sequently, we can construct the whole arithmetic progres¬ 
sion. 
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33. 1° Put s = 2 k 2 x h *. Hence x-s — 2 k 2 x k . 

k=i h= 1 

Subtracting the first equality from the second, we find 

n-f-l n 

s [x — 1) — 2 {k— l) 2 £ ,i_1 — 2 k 2 x k ~ x . 

k=2 h= 1 

Consequently 

n n 

s (x — 1) = 2 (&— -f- n 2 x n — 2 k 2 x h ^, 


s (x - 1) = nV* - V (2k- 1) x h ~ l = n 2 x n - 2 2 + 


+ 2 * ft_1 = ~ 2 ( T=Tj5 ( nx " +l - (« + 1) * n + 1} + ^ 


(see Problem 22). 

Finally 

l-[-4^ + 9^ 2 + * • • -j~ fi 2 x n ~^ — 

_ n 2 x n (x — l) 2 — 2 nx n (x — 1) -|- (x n — 1) (x-{- 1) 

= Tz=i T 3 ' 

2° Proceed as in the previous case. Put 

n 

s = l 3 + 2 3 x + 3 3 x 2 + ... + nW- 1 = 2 ft*** -1 . 

1 


Make up the difference 


sx — s = n 3 x n — 3 2 k 2 x h 1 -f 3 2 kx h ~ l — 2 x h *• 

/i=i ft==i 

Substituting the expressions obtained before for the sums 
on the right, we have 

v ' (x— 1)3 1 

n^ +1 —(m + 1) # n + l — 1 

+ ^ (*—lja • 
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Finally 

s (x — l) 4 = n 3 x n (x — l) 3 — 3 n 2 x n (x — l) 2 + 

+ 3 nx n (x 2 — 1) — (x n — 1) (£ 2 + 4# + 1). 
34. To determine the required sums first compute the 
following sum ^ 


l + 3x + 5z 2 + . .. + (2n-l)z n - 1 = 2 (2*-1) x h ~ l = 

1 

n n 

= 2 y kx k -'-% x h - x =. lnxn (*+ j )(^ n —1) 

fe=l ^ ^ 


For computing the first of the sums put in the deduced 
formula a; = y. We then have 

,.3.5,7, , 2n —1 « 

1 + ^-+x + -« + ••• 


2 ^ 48 ’’’ 2 rl_1 

1 

And putting x-= — y, we find 


2^.(3 (2”-l)-2 n ). 


1——+ —- 
1 9 * A 


2n + (_l)n+i (6n 4-1) 

9-2^-i 


35. 1° First assume that n is even. Put az —2m. Then 
1-2+ 3-4+ ...+(-lf" 1 ^ 

— I — 2 + 3 — 4+ ... + (2m— 1) — 2m — (1 + 3+ .. .4 

+ 2m — 1 ) — (2 + 4 + ... + 2 m) = — m = - y . 

Now let n be odd and put n = 2m — 1. Then our sum 
takes the form 


[1 — 2+3 —4+... — (2m —2)] + (2m —1)- 

— — (m — 1) + 2m — 1 = m~ 1 

Thus, if we put 

1 —2 + 3 — 4+ ...+(-1)"’ 1 n = 5, 

then 

5= —y if is even, S = - "y 1 if rc is odd. 

However, this result can be obtained in a simpler way. 
Indeed, if n is even, we have 

S = [1 - 2] + [3 - 4] + [5 - 6] + ... + [(2m — 1) — 2m] = 

= — l*m= — m = — y . 
Hence we also get the result for odd n. 
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2° First assume that n is even and put n — 2m. We 
have 

l 2 —2 2 -j-3 2 — ... +(— l) n_1 n 2 = (l 2 — 2 2 )-f- 
+ (3 2 — 4 2 ) -j- .. . + [(2m — l) 2 — (2m) 2 ] = — (1 -f 2) — 

— (3 + 4) — ... — (2m — 1 + 2m) = — [1+ 2 + 3 + 4+ ...+ 

■ + 2i» — l + 2ro]= — ( - 2w V )2ro = —«_(«+!) _ 

Thus, if n is even, then 

l 2 — 2 2 + 3 2 - ... + ( — l) n -i« 2 = — n( *+*> . 

If ra = 2m+l is odd, then 

l 2 — 2 2 + 3 2 — ...+(—l) n_1 n 2 = l 2 — 2 2 + 3 2 — 4 2 — 

- (2m) 2 + (2m + l) 2 = ~ 2w( | m + 1 ) + (2m + \f = 

_2 n (» — i) _ « (» + l) 

- R 2 T2~ • 

3° The required sum is equal to —8 n 2 . The result is 
obtained as in the previous case. 

4° Rewrite the required sum as 

2 (f+/c 2 )=2 ^+2 fc2 - w(n+1) - ^ - f - 

h=l ft—1 ft=l 


(see Problem 25). 

36. The considered sum may be rewritten as 
10 — 1 102 — 1 10 3 —1 10 n — 1 

9 9 ' 9 +•••+ 9 > 

wherefrom we easily find its value 

1 f . n 10 n —1 I 

T{ 10 -5-“I' 


37. Consider the first bracketed expression on the right 
and rewrite it in the following way 

2x 2n+1 - 2x 2n ~ V + 2x 2n ~'Y — .. . ± 2 xy in - s 2n+1 = 


0 x 2n+2 + y 2 * +2 

= x 2 + yi 


r 2«+l 
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The second bracketed expression arises from the first one 
as a result of permutation of the letters x and y, therefore 

_J_™2n+2 

it is equal to 2 y —- y 2n+1 . Squaring both obtained 

expressions and adding the results, we easily prove the 
validity of the identity. 

38. The required product is equal to 

(l*c+l*a 2 -f • • • + 1 -a" -1 ) + (a-a 2 -\- . .. -f aa n_1 ) + 

+ (aV+ ...+a 2 .a n " 1 )+ . ..+ a"' 2 •a"' 1 = 


= a (1 + a + •.•+«" 2 ) + a 3 (1 + a + .. . + a" 3 ) + 

+ a 6 (l + a + ... + a" -4 ) + ... +a 2 "- 5 (1 + a) + a 2n " 3 = 


+ a 2 


a 2 — 1 


„ 2n-3 a i 1 


a —1 


——4 = —r {(«” + a" +1 + 

a —1 a —1 u ' ' 


+ a" +2 + • • • + a 2n_3 + a 271 2 ) — (a a 3 + a 5 -f- • • • + a 2 ” 5 + 


,2n-3 


)} 


(a n — 1) (a n — a) 
(a — 1) (a 2 — 1) 


39. The sum on the left may be rewritten as follows 


The first bracketed expression is equal to 




[x + 2a: 2 + . . .+(« — !) x n ~ 1 } = 


x f(n — \)x n — raz" -1 +1 ] 

# (a:—1)2 


(see Problem 22). 

The second bracketed expression is obtained from the 
first one by replacing a: by-. Hence, we get the required 
result. 
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40. 1° We have 


JL = i_± 

1-2 2 ’ 

2- 3 2 3 ’ 

3- 4“ 3 4 


n (rc-f 1) 


1 1 

n n -\-1 


Adding the right and left members, we get the required 
result. 

2° The required sum may be rewritten in the following way 


*(* + l)(* + 2) 


k(k + i)(k + 2) 9 


11 1 | 1 1 
2 * k k +1 + 2 * k + 2 


Therefore 


s = T( 1+ T + ---+T) + T(T + T + --- + ^Ti + ?rT2) _ 
•• • + 7+7T}t) = t ( 1+ t) + 

4-(4 + 4 + • • • + T) + Y (+ 1TT2 ) ” T _ TfT “ 

/ 1 1 . . 1 \ 11 1 1 1 
\3'4'*’*'rc/ 4 ' 2 n + 2 2 n + 1 ” 

J_ M_1_\ 

2 \ 2 (ai -|- 1) In -f- 2) / 


3° Solved as the preceding problem. 
41. The sum is equal to 


k ^ 

4/c 2 — 1 


25-1225 
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Hence 

ific V 16A: 4 —1 + 1 ^ tA1A , 1 Y (2fe + l) —(2fc—1) 

165 = 2j 4P-1 = 2l ( 4& + 4 > + T 2 j (2*-l)(2fc+l) • 

fe= 1 fc=l fc=l 

165=4 “f+y +ii+^+i- 2! (-a+r-s^r). 

fe=:i 

165.= 2 ”(" + 1 3 ) (2n + 1 ) +n + l{l-|-+i—i- + l+...+ 

o-_J_L_\ 

' 2n — 1 2n+l /’ 

ICO 2n(n+l)(2n+l) , , n 

lbi- —3 - '~ n + !Z+T • 

Finally 


165: 


m(m 2 + 2) 1 


where m = 2n + l* 
42. We have 


2m ’ 


1 


1 


a l 4~ a n 


a i a n a l~\~ a n a l a n a i 4 

1 1 a 2 + a ?»~l 


4" a n V a n a l / 


®2®n-l “f - 


fl»-i 1 (— 4- 1 \ 

n-l a 2 4 a n-i \ a 2 fl/i-l / 


1_ a i J T a n 


a n a 1 a i4 fl n a l a n fl l+ 


M 

h«n V a l a n J 


But 

#1 “T a n = &2 4" a n-i — a 3 4“ a n-2 = • • • • 

Therefore, adding our equalities termwise, we find 


1 


_u 


1 


1 


a i a n a 2 a n-i 


a n a 1 a \ + 


_/_L , J_ . t I _1_\ 

\ ^2 / 


43. 1° It is obvious that the following identity takes 
place 

1 1 n-f/c — 1 

(n~\~k— 1)! (n4/c)! (n-\-k)\ 

Putting k= 1, 2, . . p4-l and adding the obtained equa¬ 
lities termwise, we prove that 

n , n 41 , , «tP 1 1 


("fl)! -1 (« + 2)i 


...+ 


"tP __ 

(« + /' + !)! «! (« + P+l)I 
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2° We have 


n, . rt, 

(" + !)'• ' (« + 2)I 


(re + p+1)! 


<-_"_ 

V («+!)! 


+ 


I » +1 | | " + P _ 1_ 1 

' (« + 2)! ~ l ~ ' " ~ t ~ (« + p + l)! n! (n + P+1)! 

(see 1°). 

Therefore 


1 


1 


(n + 1)! (n + 2)! 


(M + P+ 1)! 


< L [1 

^ n \ 


1 


nl (n-f/’+l)! 


44. The following identity holds true 


1 

1 

2 

z— 1 

*+l - 

z 2 — 1 


In our ease we have 

1 

1 

2 

x — 1 

x-\~ 1 

a: 2 — 1 » 

1 

1 

2 

*2-1 

X2+1 

— 1 ’ 

1 

1 

2 

X 4 — 1 

**+l 

- — 1 ’ 

1 

1 

2 

* 2n -l 

* 2 " + l 

~ x 2n+1 -l 


(1) 

( 2 ) 

(3) 


(»+l) 


Multiply both members of equality (1) by 1, of equality (2) 
by 2, of equality (3) by 2 2 and so forth, finally, multiply 
both members of the equality (n + 1) by 2 n . Adding the 
obtained results, we find 

12 2 n 1_ 2 n+i 

x-\-\ - 1 ' * ‘ ’ a: 2 n _|_ 1 ~ X— 1 a .2 n+1 _! 


25 = 
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45. We have 

n—p 

tt + P + 1 V n-p — k-j- 1 
n — p + 'i 2j (p + k) (n-k + 1) 
fe= 1 


n — p+i ^ \ p + 

/t=l 


2 ( t ^ t +-jr^k+r)( n -p- k + i y- 


1 VA / re + l £ \ 

/i — p 1 \ P~\~k n — k -|- 1 / 

fc=l 

= 7T=7+r+!) <7TT+7^ + • • •+r)- 

-p (t+ict+ •••+ttt)] = 
=^+r(7Tr+--- + 7)(^- 1 -P) = 

= 7^ + ‘'' + ^ = ( 1 + 7 +---+ t ) _ 

— ( i + 4 + t + • • • + 7 ) = s n -s P . 

46. We have 

?< _ « + l f 1 I 2 . re — 2 

n — 2 l»M) T M)M) T '" t 2-3 J 

n —2 

n + 1 vn * 

2 Zl (re — A + l)(n — /c) ~ 


Let us expand the fraction , .-. -7- 

r (re —A+1) (re —A:) 

fractions. Namely, let us put 


£+1 | XA _ — k 

2 ~r Zj (re —A+l)(n — ft) * 

&=i 

— k 

rr iw m _m lnt0 two Partial 


(rc — fc+l)(rc — A;) /z — 7c 1 ‘ n — k ’ 

— k = A (n-k) + B(n — k-\- 1). 

Hence, putting first & = and then fc = n + l, we find 

7l=r 72-f- 1, 5= — n. 
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Therefore 
c * + l 


n—2 


n-2 


2* +(^+ 1 ) iz — A- +1 72 2 n — k “ 


fe=l 


fc=l 


= 4i +( „ +f)( i + -i r+ ...+•)_ 

- n (-^T + T =2 + --'+ t ) = 

= 4 i + «(l + -^T+---+T) + 

+ (t+7“T + •••+¥)- 

-«[(^+ir“T + ••■+y) _ ¥+T] == 

= 4 i +(l+^+-+l)+l-f= 


=1 +T+T+ 


• •h4 


47. Let the rath term of the required progression be a n , 
its common difference being equal to d. Then 


S 


X 




Hence 


Shx z 


a i-\~ a hx 

2 


kx. 


$hx a i~\~ a kx 7 „ 2cl^-\- d {kx 1 ) _ 2cl\ d-\-kxd . 

S x ~ <H + a x 2a 1 + d(* —1) 2ai —d + dz 

For the last relation to have a value independent of x it is 
necessary and sufficient that 

2 a { — d = 0, 


i.e. the common difference of the required progression must 
equal the doubled first term. 

48. We can prove the following proposition 

&h + di — a h f + ar 


if k + l = k' + V. 
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Indeed 

O'n = ai -f (k — 1) d, a L = + (Z — 1) d, 

= fli + (*' 1) ^ > a r = a t + (Z' — 1) d. 

Hence 

-j~ —f— (At —j— Z — 2) d, 

-j- = 2flj -j - (/c -f- Z — 2) d. 

But since by hypothesis 

k + Z = ft' + Z', 
it follows from the last equalities that 

= dh’ + dl'* 

And so we have 

di + di + 2 = a/ + i 4- aj +1 = 2a i+ i. 

The given sum is therefore transformed as follows 


But 

therefore 


*=2 


a i a i+l a i+2 

a i *T a i+2 


1 71 

2 “ 2 a i a i+2* 
i—i 


fli = — d, a f+2 = a i+ i + 


n n 

5 = T S «M ~ d *) = lSK + 2a ‘ di + (* 2 - !) rf2 l = 

i=l i=l 

== y { a i n + 2a » d — j 7 — - nd? + n — + ^ +1} rf 2 } 
~=T n { a i + M( re +l) + ( "~ 1) ^ 2re + 5 ) . 



49. As is known 

tan (a-f-fcp) tan [«+(*-1) Pi = • 
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Therefore 


n 


s 


_1_ 

cos (a + A$) cos[a + (fc— 1) P] 


n 

S < tan ( a + fe P) - tan f« + (*-!) P» = 

H ft-i 


— p -{tan (a+P) — tana-f-tan (a-(-2p) —tan (a+P)+--- + 


+ tan (a-f-wp) —tan (a-\-(n— 1) P)} = 
50. We have 


tan (q-j-ftft) — tan a 
sin P 


2 cot 2a — cot a = — tan a, 

2 cot a — cot -y = — tan — , 

2 cot -z — cot -r— — tan - , 
2 4 4 


o . a .a , a 

2 cot 2?^ “ cot "2^r = - tan 2^ • 

11 1 

Multiplying these equalities in turn by 1, y 2n-1 

and adding termwise, we get the required result. 

51. Consider the following formula 

cos la + (k —- 2) ft] — cos [a + kh] = 

— 2 sin h sin [a + (k — 1) ft]. 
Putting k = 1, 2, 3, . . n — 1, a, we find 

2 sin h sin a = cos (a — ft) — cos (a + ft), 
2 sin h sin (a + ft) = cos a — cos (a + 2h), 

2 sin h sin (a + 2 h) = cos (a + ft) — cos (a + 3ft), 

2 sin h sin la + (rc — 2) A) = 

= cos la + (n — 3) h] — cos la + (n — 1) A], 
2 sin h sin la + (n — 1) ft] = 

= cos la + (n — 2) ft] — cos la + raft]. 
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Adding these equalities term by term, we find 
2 sin h {sin a + sin (a + h) + sin (a-\-2h)-\- .. . +sin[a + 

-f (a —1) h]} — cos a+eos (a — h) — cos (a-f nh) — cos [a-\~(n— 
— 1) h] = {cos a— cos [a -f (a— 1) h\) + 

+ {cos (a — h) — cos (a -f nh)} = 

=•2 sin n h sin ^a-f- h j +2 sin ^a + — 1 ■ X 

X sin —y 1 h = 2 sin ^a -f h j -2 sincos y . 

Hence 

sin a + sin (a + h) -f sin (a -f 2 h) + .. . + sin [a + (a — 1) h] = 

. / , n—1 ,\ . nk 

s]n ^ + __^ s in _. 

~ . ft 

s,n 2 


The second formula is obtained similarly. However, it can 
also be readily obtained from the above deduced formula by 

replacing a by y — a. 

52. Putting in the previous formulas a — 0, h = — f 
we get 

S = cot-£-, S' = 0. 


53. Taking advantage of the results of Problem 51, 
we have 


sin a-f-sin 3a + . . . -f- sin [(2a—1) a] 


sin na sin na 
sin a 


cos a -)- cos 3a + ... + cos [(2a — 1) a] 


sin na cos na 
sin a 


The rest is obvious. 

54. The required sums can be computed, for instance, in 
the following way. Make up the sums S' n and It is easi¬ 
ly seen that 

S n -\-S n = 2n. 

On the other hand, 


S' n — S'n = cos 2x + cos Ax + ... + cos Anx. 
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Using the second formula from Problem 51, we find 


cos 2x + cos 4z - 


And so 


Hence 


S' n — S n - 


, , sin 2nx cos (2rc + l) x 

-\-cos4nx^- -r- 1 - ! —-— . 

1 sin x 

sin 2nx cos (2 n 4-1) x 


Sn + Sn^2n. 


S'n — n + 


S'n = n- 


sin 2nx cos (2n + 1) x 


sin 2 nx cos (2 n-\- 1) x 


55. Let us make use of the formula 

sin A sin B — ~ [cos (A — B) — cos ( A + B )]. 
We then have 


c \r\ . mm . nm 

S= >, sin—rr ,sm —rr 
p+1 p + 1 

i=l 


-1 V pri" 1 V (m. + n)m 

• 2 2 j C0S P + 1 2 2 j C0S p+1 * 


But if ra + n is divisible by 2 (p+1), then cos 
r=l and 


(m + ft) ni 


o 1 (m — n) ni 1 

- TP- 

2 = 1 

Using formula 2° from Problem 51, we easily find 


Vi (m — n) ni 

>, cos--— 

^ p + 1 


Hence 


5= — 


All the remaining cases are proved analogously. 
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56. We have 


arctan (k + 1) x + aretan ( — kx) = 

kx + x — kx 


= arctan 


l — (k-\-\)x (— kx) 


= arctan 


1 + /C(fc+I) x 2 » 


since (k+ 1) .r (— kx) < 1 (see Problem 25, Sec. 3). 
Hence 

arctan 2x — arctan x = arctan 


1 + 1-2* 2 


arctan 3x — arctan 2x —arctan 


1 + 2 • 3a: 2 ’ 


arctan (n +1) x — arctan nx = arctan -j—— 7 —, ——^ . 

v ' 1 + n (n +1) x 2 

Adding these equalities termwise, we find that the 
required sum is equal to 

arctan (n + 1) x — arctan x = arctan . 

57. It is obvious that 

arctan a h + arctan (— au~\) = arctan = 

i -j- o,k a k-i 


— arctan 


1 + afeaft-l 


Now we find easily that our sum is equal to 


58. Put 


arctan 


a n +1 a i 
1 + a l a n+l 


1 + fc 2 + /c 4 = — xy, x-\-y = 2k. 

(This is done to use the formula 

arctan = arctan x + arctan y if xy <i 1.) 

1 xy 

Then 

arctan TfS+ki = arctan (**+* + *) — arctan (* 2 - * + 1). 
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therefore 

n 

2 arctan 2 + kz+k* ' = arctan 3 — arc tan 1 -f arctan 7 — 

k=i 

— arctan3 + . • • + arctan (n 2 + n +1) — arctan (n 2 -n -f 1) == 

= arctan (n 2 + n +1) — *^r . 


59. Let /c be one of the numbers 1, 2, 1. Multi- 

ji 2jc 

ply the first equation by sin/c—, the second by sin A;— , 

1 Tt 71 

3ji 

the third by sin and, finally, the last one by 

sinfe — . Adding the obtained products termwise, we 
find 


AiX i + A 2 x z + .. . + A n _= a t sin k + a 2 sin k +-...+ 


, . . (/i —1 )ji 

+ fl n-i sin k -—*— . 


And 


= sin Z — sin /c — + sin l sin Zc + sin Z — sin k ^ -f 

+ ... +sini -i^lliL. a i. 


Taking advantage of formula 2° of Problem 51, let us 
prove that 

Ai = 0 if Z /c, 

= y if Z = &. 

Hence 





sin ft—-fa 2 cos ft 
n 1 * 


2n 


(& = 1,2, 3, . 


+ ... + a n -1 sin k 
.n — 1). 


(ra — 1) n 
n 


) 
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SOLUTIONS TO SECTION 8 

1. We have 

JL —_L 1 ^ 1 1 1 1 1 

2n 2n ’ 2n — l' > 2n' ’ ’ ‘ ’ w + 2 ^ 2rc ’ n-f 1 ^ 2rc 

Adding these inequalities termwise, we find 
_i, _J_, i_L. - 

n + l ra + 2 ^ * * •“« 2rc ^ 2rc “T“ 2» _r * * * 2n 2n 2 ’ 

2. It is obvious that 

111 
(n-f/f + l) (w + fc) S (rc + &) 2 ^ (rc + fc — 1) (n + fc) 


But 

1 

1 

1 


(re + fc + l) (re + *) 

n+k 

n 4- /c +1 


1 

1 

1 


(re-)- k — 1) (re-|- k) 

n~\-k- 

-1 ti + A; 

therefore 




1 

1 

i 

1 


_‘_<_ i _<-_-_i— 

n-i-k n-\-k-{-\ ^ (n-\-k) 2 ^ n-}-k — 1 n-\-k ‘ 

Summing these inequalities (from &= 1 to /c=p), we 
get the required relation. 

3. Let us have n fractions (n^l) 

JL .1 JL JL jl JL 

a ’ 6 ’ c ’ d ' ' * •’ /c ’ l * 

Let us assume 

2 <a<6<c<d<...<it<Z. 

Then 

b —j— 1 9 c b -f~ 1, d c -f-1» . . ., l /v -f- 1. 

Consequently 

fr^a + 1, cJ^a-j-2, d^a + 3, l^a-^-n —1. 

Therefore 

-k+w+---+i*^+idw + --- + 

1 1 1 

4___<" —---- 

' (a-{-n — l) 2 ^ a — 1 a-j-n — 1 
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Hence 


But 


11 1 


a2 T *2 


[a — 1 ){a-\-n — 1 ) 


a — 1^1, a + 72— l^/2 + l, (a — 1) (a + rc — l)^ra + 1 
and 


1 1 1 
-+«-+.•.+ir< 


a 2 ' fc 2 


12 ^ w + i 


< 1 . 


4. Indeed 

(n!) 2 = (l-n).(2 (* - 1)) . . . (n- 1). 
k (n — Zc + 1) >i, 


But 

since 


k (n — k + 1) — n = (n — /c) (ft — 1) ^ 0. 
Therefore 

1 -w = n, 

2 • (tt — 1) ^ n, 

3 • (n — 2) ^ rc, 


Hence 
5. Since 
we have 


ft-1 = n. 

(re!) 2 > re” and /re! > ]/re. 
a < yl < a + 1, 


V A- + a <C 2a + 1, < 1, K^4 — a > 0. 

Hence 

(VJ+a) (VJ_a)_ < yj_ aj 


2a + 1 


A — « 2 


< 1/ 4 — a, y A >> a - 


-4 — a 2 


2a+l ^ r ' 2a + l * 

Let us now prove the second inequality. 

For any x there exists the following inequality 

^ (1 — x) = x — . 
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Indeed, we have 

x — x l —-£-= — ( x —f) 2 ^0. 

j 

It is obvious that we have an equality only at x = y- 
Since it is possible to assume that Y A — a y , we have 

[l-(/J-a)](/ 

1 -(| rA-a) <7r £-j, 

(2a + 1 ) — (]/ A -j- a) <C. 


4 (V A — a) 

Multiplying both members of this inequality by ]/A —<C> 
> 0, we find 

(2 a + 1) ( YA-a) ~ (A - a 2 ) < 4- . 


Whence finally 


'M<a + 


^4 — a 2 


I 


2a-\-\ * 4(2a+l) * 


6. We have 


*>2Yn + i-2Vn, 

Vn 


since 


Yn +1 — Yn — — 7===——7=r < -~j= 


Consequently, 


~\/ n 2~\/ n 

1 >2/2 — 2, 

-^=->2/3-2/2, 

=->2/4 — 2/3, 


V3 


4=>2/n+l-2V r ». 

y« 


Adding these inequalities, we obtain the required result. 
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7. Put 


a _ 1 r s _ 1 3 5 

— 4s °2s — 2 ' 4 ' 6" ' ‘ 


.^24 2s 246 2s 1 

3 ' 5 ' - • 2s+l ~ 1 ' 3 ’ 5 • - • 2s—1 2s+l 


Hence 


A 2s + l • 

A 2 < ~sr~r7~ i ^4< *_ 

25 + 1 ^ V2s + 1 


But, on the other hand, 

A i 2 4 ^ 25—2 

> 2 * 3 * 5 25-1 ’ 

A _ 1 3 5 25-1 

^ 2 * 4 * 6 * * * 25 * 

Multiplying these relationships, we find 


8. Since 


we have 


tan 0 = ■ 


21/5 * 


2 tany 
1 — tan2 y 


cot 0 = 


2 cot 


Consequently 

fl cot 2 y — 1 fl 

l-|-COt 0 — cot y = 1 4- 5 - COW 


=-+ { cot 2 y —2 cot | 

2 cot — 1 2 z 




2 cot 4 






400 


Solutions 


since 


cot -s- > 0 (0 < 0 < jt). 


9. We have 

tan (A + B) = = tan (n - C) =* - tan C > 0, 

since C is an obtuse angle. 

And so 

tan A-\- tan B 


1 — tan A tan B 


>o. 


But since A and B are less than -y , it follows that 
tan A A- tan B > 0, and hence 

1 — tan A tan B > 0, tan A tan B < 1. 

10. Indeed 

x /n x tan 0— tan cp (n — l)tancp 
tan (9-9)= ! + tan e t an q, '= 1tan^ y ' 

Therefore 

, 2 x __ {n l) 2 _ [n — l) 2 _^ {n — l) 2 

an ( cp) (cot cp n tan cp) 2 (cot cp —ra tan cp)2_p_ 4/^ 4 n 


11. We have 


cos 2y : 


1 — tan 2 y 


1 + tan 2 y 

To prove that cos 2y ^ 0, it is sufficient to prove that 
1 — tan 2 y ^ 0. 

But we have 


1 — tan 2 y = 


cos 2 a cos 2 P — (1 -f sin a sin P) 2 


cos 2 a cos 2 p 
We only have to prove that 

cos 2 a cos 2 P — (1 + sin a sin P) 2 ^ 0. 

But 

cos 2 a cos 2 P — (1 + sin a sin P) 2 = 

= (1 — sin 2 a) (1 — sin 2 P) — (1 + sin a sin P) 2 = 

= — (sin a + sin P) 2 ^ 0. 
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12. Let m be the least and M the greatest of the given 
fractions. 

Then 

(i = l,2, 3, ...,ri). 

Hence 

mbi ^ di ^ Mb t . 

Summing all these inequalities (from i = 1 to i = n), 
we find 

And so indeed 



13. We assume, of course, that all the quantities a, 6, . . ., 
I are positive, and the principal value of the root is 
taken everywhere. Besides, m, n, . . ., p are positive inte¬ 
gers. Let us take logarithms of our roots, i.e. consider the 
quantities 

log a log b log l 

m ’ n * ’ ‘ * ’ p 

Let \i be the least and M the greatest of these fractions. 
On the basis of the results of Problem 12 we have 

. log a -f- log fr -j- log l . M 

m + n+ ...-{-p 

Consequently 

H. < log m+n+ -' ■ +p Yob ...l < M, 

wherefrom follows our proposition. 

14. See Problem 12. 

15. We have 

— y % — — y 2 (^~ 2 — y k ~ 2 ) + z 2 (x^~ 2 — z^~ 2 ), 

since 

x 2 == y 2 + z 2 . 

From the same equality follow x > y, x > z. Therefore, if 

X — 2 > 0, 


26-1225 
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then 

x x-2 — y x_2 >• 0 and x x_2 — z x ~ 2 >■ 0 , 
and, consequently, for X > 2 , 

x x — y x — z x > 0 , i.e. x x > y x + 

We prove in the same way that 

x x < y % + z x if X<2. 

16. (See Problem 7, Sec. 1). It can be proved, for instance, 
in the following manner. If a 2 + b 2 = 1, then, obviously, 
we can find an angle 9 such that 

a = cos <p, b — sin 9 . 

Likewise we can find an angle 9 ' such that 
m - cos q>', n = sin 9 '. 

Then we have 

| am + bn | = | cos 9 cos q/ + sin 9 sin 9 ' | = 

= | cos (9 — 9 ') I < 1 . 

17. We have 

a 2 > a 2 - (b - c) 2 , 
b 2 > 6 2 - (c - a) 2 , * 
c 2 ^ c 2 — (a — b) 2 . 

Multiplying, we get 

a 2 b 2 c 2 ^ (a + b — c ) 2 (a + c — b) 2 (b + c — a) 2 . 

Hence follows the required inequality. 

18. It is known that if A + B + C — n, then 

tany tany+ tany tan-^—)-tany tan-y = 1 

(see Problem 40, 4°, Sec. 2). 

Put 

t A ^ B , C 

tany — x, tarty = y, tariy = z. 

It only remains to prove that 

x 2 + y 2 +z 2 > 1 
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if 

xy + xz + yz = 1. 

But we have 

2 (x 2 + y 2 + z 2 ) — 2 (xy ■+ xz + yz) = 

= •(« — y ) 2 + (x — z ) 2 + (y — z ) 2 > 0 . 

Hence 

2 (x 2 + y* + z 2 ) _ 2 < 0, 
x 2 + y 2 + z 2 ^ l. 

19. We have 


sin 4 =Y- 


(p — b) (p — c) 


be 


si 4=/ 


(p —a) (p — c) 
ac 




Consequently, it is sufficient to prove that 


(p — a) {p — b) (p — c) ^ 1 

abc ^ 8 * 


But 


p — a : 


<1 —6 -{- c 
2 


^ + C a -r, U _ aJ r c b 

'» P U — 9 


p-c = - 


2 

a4-6 —c 


Therefore, we have to prove only the following 

(b+c — a) (a + c — b) (a + b — c) ^ 4 
aFc 

provided b-\-c— a > 0, a-\-c — &>0 and a-{-b — c^>0 (see 
Problem 17). This inequality can be proved in a different 
way. Put 


. A . B . C t 
sin y sin ~2 sm "T = 


then we have 


i-4( 


COS 


A-B 


A + B \ A-\-B 

■ cos —^ j COS - 


Hence 


2 A-\-B A — B A-\- B . q£. 

COS 2 -5-COS- 7y - COS - Ty -t- 2fe = 0. 


26 * 
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Consequently 
A + B 


A-B ^ 
cos-^- ± 


cos 


j/* cos 2 


A-B 


-86 


2 


Since cos ^ B and cos — are real, there must be 


cos* 


A — B 


■ 86 > 0 , 


8 |^cos 2 —y—- , 86<1, 

20. 1° We have the relationship (see Problem 40, 2°, 
Sec. 2) 

cos 4 4- cos B + cos C = 1 + 4 sin -y sin y sin y. 

Using the result of the preceding problem, we get the 
required inequality. 

2° Since there exists the following relationship 

cos y cos y cos y = (sin A -f sin B + sin C), 

the given problem represents a particular case of Problem 48 
of this section. 

21. It is sufficient to prove that 

(<a + c) (b + d) ^ ab + cd + 2 ]/ abed , 

i.e. that _ 

cb-4- ad ^2 Ychad. 

But _ __ _ 

cb-\-ad — 2 Ycbad=* {]/cb — ]/ ad) 2 ^0. 

22. We have 

a 2 + b 2 -2ab = (a-b) 2 ^0. 

Hence 

a 2 — ab + b 2 ^ab, 

a 3 + b 3 ^ab (a + b ). 

Consequently 

3a 3 + 36 3 ^ 3a 2 6 + 3 ab 2 . 

Add a 3 + fc 3 to both members of the last inequality. 
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We have 

4a 3 + 4& 3 >(a + 6) 3 . 

And so, indeed, 

a 3 -f-6 3 ^ ^ a + 6 \ 3 
2 ^ \ 2 ) * 

23. 1° It is required to prove that the arithmetic mean 
of two positive numbers is not less than their geometric 
mean. Indeed, 

— ]/a 6 = y (a -f 6 — 2 = y (]/a — Vb ) 2 > 0 . 

2° To prove that 

{a>b) , 

it is sufficient to prove that 

n/a-Vfe) 2 ^ 1 («-&)* 

2 555 8 6 


Consequently, it is necessary to prove the following 


(Va + Vb) 2 > 1 


We have 


86 


2 * 


(Vs+Vfc) 2 1 / i/mS 1 

86 ~ 8 \ 1 K 6/^2’ 


since -=- > 1 . 
0 


The second inequality is proved in a similar way. 

24. Put a = x d , b = y 3 , c = z 3 . The only thing to be 
proved is that 

x 3 + y 3 + z 3 — 3 xyz ^ 0 


for any non-negative x , y and z. 

But we have (see Problem 20, Sec. 1 ) 

x 3 + y 3 + z 3 — 3 xyz =, (x + y + z) x 

X (x 2 + y 2 + z 2 — xy — xz — yz). 
And so, it only remains to prove that 

x 2 + y 2 + z 2 — xy — xz — yz ^ 0. 



406 


Solutions 


But we have (see Problem 10, Sec. 5) 

2x 2 + 2j i 2 + 2z 2 — 2 xy — 2 xz — 2yz = 

= (x — y) 2 + (x — z) 2 + (y — z) 2 > 0. 

25. We have 

Adding them termwise, we get the required inequality. 

26. We have 


1 + a i ^ I f _ 1 + fl 2 


: Y02, 


1 + fl 71 


^ v 2 ^ • • •» 2 ^ <2n* 

Multiplying these inequalities term by term, we have 

(l + ai ) d+g)---(l + 8 ") ^ y ai a 2 . . . a „ = 1. 

And so, indeed, 

(1 + ai ) (1 + a 2 ) . . . (1 + a n ) > 2 ". 

27. 1° Make use of the following identity 
(a + b) (a + c) {b + c) = 

= (ab + ac + be) (a + b + c ) —abc. 


But 


a+6 + c > /^, ab+a , c+bc >y a w. 


Therefore 

(a + fe + e) (afe + ac + fee) ^ 9 abc, 
and consequently 

(a + fe) (a + c) (fe rf e) ^ 8 abc. 

2° We have 

a , b . c 


b-\-c ' a + c ‘ a-\-b 

, c+a+b 


a-\-b-\-c _ . b-\-a-\-c _. 

b + c a + c 


a-\-b 


1 — { a + fe + c ) ^ 


1 


1 


b-\-c * a-\-c 


ITf)- 3 - 


But 


(b + c) + (a + c) + (c + b) >3 (b + c) (a + c) (a + b), 


l.e. 


-j-b + c^YV^ (& + c)(a + c)(a + b). 
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Further 


b-\-c a + c a + 6 (6 + c)(a4-c)(a + 6)^^ _ ^ C ^ a '^ -C ^^ - 

+ (& + c)(a + &) + (a + &)(a + c)}> 

> j f +c y,.+o FFt) ^+ c >* (a + C)1 <°+^ 

Therefore 

Tfr+7FT+VTI->l^(‘+ e )<«+')(“+‘)x 

X (»+c) (n+t) («+<>) ^< i + c )’(o + «) ! (i* + *)*— 3- 

Thus 

a | ft ■ e ^ 3 
6+c a-\-c *” a + 6 2 ’ 

28. It is sufficient to prove that 

(a + k) (b + l) (c + m) ^ (y^afec + /klm) 3 . 

We have 


(a + k) (b + 1) (c + m) — 


But 


= abc + klm + (ale + kbc + abm) +- (klc + aim + kbm ), 

(/ abc + /klm) 3 — abc-\-klm-j- 

-\-S/a 3 b 2 c i klm-\-3/k i l 3 m 2 abc. 


Mc+aZ 3 m+/c6m > */WWMc. 

Hence follows the validity of our inequality. 

29. We have 


But 


x.e. 


i + i + ±> 3 1/1.1.1 

a ' b ' c ^ 6 V a b c 

L> 3 

Yabc a + 6 + c * 


y/~ abc 
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Therefore 


4-+x+- 


>3 


> 


VWc ^a+b+e 


30. It is necessary to prove that the arithmetic mean 
of n positive numbers is not less (^) than the geometric 
mean of these numbers. We are going through several proofs 
of this proposition. Let us begin with the most elegant 
one which belongs to Cauchy. 

Thus, we have to prove that 


* i +* 2 + • • • +*n ■^,^/ r XiX9 


X 


n* 


At n = 1 the validity of this inequality is obvious. At 
n = 2 and n — 3 the proposition was proved in Problems 23 
and 24. 

Let us first show how to prove the validity of our assertion 
at n =4. We have 

x i + x 2, , *3 + *4 _ 

X\ -f- #2 ”1“ x 3 “1“ x k 2 2 \ 1 / X 1 “f“ x 2 X S + x k 

4 ~ 2 2 2 ‘ 

But 

Therefore 

Xi * 2 ^ * 8 ~ - > ]/~K 


Let us now prove that, in general, if the theorem holds 
at n = m, then it is valid at n — 2m too. 

Indeed, 

x \ ~4~ x 2 4~ x 3 ~h • • • ~t~ x 2m-l x 2m ___ 

2m 

*l + *2 , *3 + *4 , | ^2m-l + ^2m 

2 2 ’’’ “' 2 ^ 

TYl ^ 


> 



x l + x 2 
2 


^3 + ^4 
2 


^2m-l + x 2 m 
2 


(since we assume that the theorem is valid at n~m). 
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Further 


x \ -f - x 2 ~4~ x 3 ~f~ • • • ~t~ x 2m \ 

2m ^ 

> VX { x 2 • YX 2 X k . . . YX 2 m-lX 2 rn = 2 V X { X 2 X^X k . . . X 2m . 

And so, assuming that the theorem is valid at n = m, 
we have proved that it is true at n — 2m as well. And 
since we proved the validity of the theorem for n = 2, 
it is valid for n = 4, 8, 16, . . ., i.e. for n equal to any 
power of two. However, we have to prove that the theorem 
is true for any whole n . Let us take some value of n. If n 
is a power of two, then for such a value of n the theorem 
is valid, if not, then it is always possible to add a certain 
q to n such that n + q will yield some power of two. 

Put 

n + q = 2 m . 

We then have 

X 1 H~ ^2 ~1~ x 3 4- • * • x n ~t~ x n+i ~f~ » • • ~\~ x n+q \ 

n+q Y _ 

> n+ y X X X 2 .. . x n x n+i . .. x n+q 

for any positive Xi (i = 1,2, ...,n-\-q). 

Put 

_ _ _ ^ __ ^1 + ^2+ • • • +X n 

X 71+1 — «^n+2 — • • * — x n +q — — . 

We get 


x l + x 2 + •• • + ** + 


x i + x 2 + • • • + x n 


Hence 


X\X 2 . . . Xji 


1 x i ~h x 2 -f- ... -\~x n \ Q 


x \ + X 2 ■ ~t~ x n - 


. . . X n ^ 


X 1 + x 2 4" • • • + x n \ q 


r x l + x 2 + • • • + x n \ n +4. 


^1 + ^ 2 + • • • -\-x n \q 


' x l + x 2+ •• • + x n\ n 


/ X\-\- x 2 -\- 
•••Xn [ n 

Y^XiX 2 . . . Xn 
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and finally 


^l + * 2 + • • • +*n 


> 




X\X 2 


Xn 


And so, the theorem is valid for any whole n. It is obvious 
that if Xi — x 2 — . . . = x n , then the sign of equality 
takes place in our theorem. Let us prove that the sign 0 / 
equality occurs only when all the quantities x u x 2 , . . ., x n 
are equal to one another. Suppose at least two of them, 
say Xj and x 2 , are not equal to each other. Let us prove that 
in this case only the sign of inequality is possible, i.e. it 
will be 


*l + * 2 + • • • +x n ^ «/-— — 

n / V x i x 2 ■ • • x n • 


Indeed 


Xi + x 2 +... +x n 


*1 + 22 . *l + *2 , _ , , _ 

- 2 -- 2 -1^3+ • • • + *n 


> V (£i+£^) 2 x 3 ...x n . 
But if Xi is not equal to x 2 , then 
^i±^_ > i/^F 2 , 

consequently 

J / ( ) 2 X 3 . . . X n > X { X 2 X 3 ...x n , 

and therefore 


x t + x 2 +... +x n ^ n/'— — 

--- y X\X 2 • • • x n 

if at least two of the quantities x t , x 2 , . . x n are not 
equal to one another. 

Given befow are some more proofs of this theorem. Let 
us pass over to the second one. Let n be a positive number 
greater than or equal to unity (n ^ 1). We assume here 
that a and b are two real positive numbers. Then the follow¬ 
ing inequality takes place 
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Hence 

a n -f- b n >• a^b + b n ^a. 

Consider n positive numbers a, b, c, . . k, l. Let us apply 
this inequality to all possible pairs of numbers made up of 
the given n numbers. Adding the inequalities thus obtained, 
we find 

(a n + b n ) + (a n + c n )+... + (a 71 +l n ) + 

+(b n +c n )+...+(b n +n+...+(k n +n > 

> {a n ~ l b + b n ^a) + (a n_1 c + c^a) + .. . + 

+ ( a n -H + l n ~'a) + . .. + (k n ~H + V^k). 

Hence we have 
(n-l)(a n + b n + . 

> a ( b n ” 1 + c n_1 + . . . + F 1 - 1 ) + b (a 71 - 1 + c"” 1 + .. . + l 71 ' 1 ) + 
+ c (a 71 " 1 + b n ~ l -(-••• + ^ n ~ 1 ) -+-••• + 

+ l (a 71 - 1 + b 71 ' 1 +■...+ k 71 ' 1 ). (*) 

Using this inequality, it is possible to prove our theorem 
on the relation between the arithmetic and geometric means 
of n numbers by the method of induction. We have to prove 
that 

«± **+ n -+*n > y XiXi :— n .- . 

Put 

Xi = a n , x 2 = b n , x 3 = c n , . . ., x n „i = k n , x n = l 71 . 
Then it is sufficient to prove that 

gn +b n + ... +k n+ln ^ 

n 

Let us assume that this inequality is valid at the exponent 
equal to n — 1, i.e. 

h 71 -^ .. .+k n ~ 1 + l n ~ 1 ^(n — l)b-k ...l, 
a n-i + c n-i + .—l) a -c ...l, 


a n-i + b n-i + '" + k n - l ^(n — l)a-b ...k 
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Using the inequality (*), we find 
(n - 1) (a n + b n + .. . + k n + l n ) > 

^ a (n — 1) bk ... I + b (n — 1) ac ... I + . . . + 

+ l (n — 1 ) ab . .. k. 

Hence 

( n — 1) (a n + 6 ri + . . • -f + l u )^(n — 1 )>n*abc . . . fcZ, 
i.e. 

•*+*.+■ ... id. 


Thus, our theorem is proved for the second time. Let us 
pass over to the third proof of this theorem. It will be carried 
out using the method of mathematical induction once again. 
Let there be n positive numbers a, fe, . . k, l. It is required 
to prove that 

a + & + . . • -\-k-\-l'^n r y r ab . . . kl. 

Assuming that the theorem holds true for n — 1 numbers, 
we have 

a + 6+ • • • + — l) n ~y^ab . . . k-\-l. 

And so, the theorem will be proved if we prove the 
inequality 

(n — 1 )ab .. . k + l^n^ab . . . k*l. 

Thus, we have to prove the inequality 



Therefore, it is required to prove that 

(n-l)t n + l^n£ n - 1 . 


And so, to prove our theorem means to prove the inequa¬ 
lity 


nl*- 1 #- 1 , 
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where | is any real positive number and n is a positive 
integer. Let us prove this inequality. At | = 1 we obviously 
have the equality. Suppose now ! > 1. It is required to 
prove that 


|n_l 

1-1 




We have 


|^r=£ n - l +i n - , + ...+i 2 +s-H. 

But 


i<l<v<l s < ■ • • < l n - 2 < 6 "- 1 . 

Therefore 


r- 1 +r- 2 +...+i+i<^ n - 1 , 


and, consequently, indeed 


|n_l 

i-i 




If £ < 1, we have to prove that 


E*-i 

1-1 


> nr -1 . 


This result is obtained as in the previous case, and, thus, 
the theorem is proved. 

All the considered proofs were carried out using the 
method of mathematical induction. Therefore, it is desi¬ 
rable to get such a proof which would establish immediately 
that 

y ~ ... fln 


if a i} a 2 , . . a n are any positive quantities not equal to 
one another simultaneously. Put a* = x”. Then we have 
to prove that 


*P + *g+---+*S 

n 


x t x 2 . .. x n > 0, 


i.e. the problem is reduced to finding out that a certain 
function (form) of n variables x iy x 2 , . . x n is positive. 
As is known, n letters x t1 x 2 , . , x n can be permutated 
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by n\ methods. If / (x u x 2 , . . x n ) is a function of n 
variables x[, x 2 , . . x n , then the symbol 2/(^i» 
will denote the sum of n\ quantities obtained from 
/ (#i, # 2 , • • •» £ n )» using, all possible permutations. For 
example, 

2 X\X 2 ... x n = n! x x x 2 • • • x ny 

2 = —1)! (#? + ^2 + • • • +^n)- 

Introduce the notation 

^1 + x 2 + • • • + x n t \ 

1 - Y —± — X x X 2 . . . x n = q>(x u X 2 , . . ., X n ). 

It is easily seen, that whatever permutation is used, the 
function cp(xi, x 2 , ..., x n ) remains unchanged. Therefore 
we have 

1%\ (p {X\i X 2 ) • • • ) *^7l) 

= 4- 2 (*? + *? + • • • + x n)~ S X l X % • • • 

But 

2 ^ + ^+ . ..+^ = n!(xf + x?+ . ..+a£). 

On the other hand, 

+ x 2 + • • • + %n = ( n _i)J 2 ’ 

therefore 

rz! (^i» #2’ • • • * 3?n) == 2 X l 2 x i x 2 • • • (*) 

Let us consider the following functions 

<Pi =' 2 i x T l — x T l ) (*i — x i), 

^2 ^ 2 ( X 1 2 — X 2 ") ( X 1 *^ 2 ) ^3> 

q>3=2 (*r - *r 3 ) (*1 - * 2 ) 

(Pn~i = 2 ( X l — X %) ( Xl ^ 2 ) ^3*^4 • • • x rv 
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We have 

<Pi = 2 2*? —2 2 x n - l x 2 , 

Cp 2 — 2 2 X n ~ l X 2 — 2 2 

cpg = 2 X 2 X$ 2 X J XyX^Xfa 


(Pn~i = 22 X \ X 2 X 3 ... X n -~ 2^ X\X 2 X 2 . . . X n . 

Adding these expressions termwise, we find 

<Pi 4~ <P2 4” ^3 4“ • • • 4“ <pn-l = 22^? — 2 2 #1^2 • • • #»• 

Comparing this with the equality (*), we get 

n! Cp (#j, X 2 , . . ., x n ) = Y ((Pi + cp 2 + 93 + • • • 4” ^Pn-l)* 
And so 


3:? 4 ~^2 + -■■+*% 

n 


~ x i x 2 . . . X n = 2 "^j- (^1 4“ 92 4" • • • 4" ( Pn-i)* 


But it is evident that <p 1? cp 2 , . . (p n _i vanish if and only 
if Xi = x 2 = . . . = x n . 

If not all of the variables are simultaneously equal to 
one another, then all cp f > 0. Indeed, we have 

<Pi = 2 ( x i — x zf ( x *i~ 2 4~ • • • 4 ~ x 2 2 )^0, 


<Pz = S ( X 1 — X zf « 3 + • • • + *2 ®) x 3>0, 


<Pn-l = S ( x t — x zf x 3 x i 

Therefore 


*f+*g+ 


-^^2 . . • X n ^ 0 , 


the equality being possible only if x t = x 2 = . . . = x n . 
And so, the theorem is proved. This proof belongs to A. Gur- 
witz. 

31. We have (using the preceding problem) 

^ a i + a 2 + • • • 4" a n a i4 ' a n „ a i4 a n 

^ » “ 2n n ~ 2 * 

To prove the second inequality consider the product 
(ciia 2 . , , ci n ) = (flja n ) (# 2 ^ 71 - 1 ) • • • { a 'n a, i)* 
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But we can prove that 

a h a n _ k+i ^ aia n (see Problem 19, Sec. 7) 


Therefore 


• • • a n ) 2 > (aia n ) n 


y/ j/ Ui(l n . 

I 

32. Consider a quantities equal to —, b quantities equal 

1 1 

to y, and c quantities equal to — . The arithmetic mean 

of these quantities will be 

111 

a.—+b~+c — „ 

a b c 3 

CL-^-b-\-C CL -j- b -J- c 

The geometric mean is equal to 

a+b+ j/~ 1 ^ 1 

V a* ‘ b*> * C c * 

Consequently 


a -j- b -J- c 


a+b+c / , , | 

; r * C c > 


33. Put 


a & c -^1 / , l \ 

fla+b+c ^a+b+c ^a+b+c 3 ' ' '* 


a = —, 6 = —, c = —, 

m m m 


where a, p, y and m are positive integers. 
Consider the product 

/a , b — c\a/ A , c — a \ b / 4 , a — b\c 


=’/('+^r(‘+^)"('+v) v ' 


Since a, p and y are whole positive integers, the radicand 
may be considered as a product of a factors equal to 

1 + h ~ c each, p factors equal to 1 + - ~ a each, and y 
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factors equal to 1 -f 


each. Then we have 




^(, + i^ )+ p(, + ^) +T (, + iiz±) 

a+P + Y 

Raising both members of this inequality to the power 
a + b-\-c, we get the required result. 

34. We have 


- + - 


s — l 




s n 


But 


(s a) (s -b) ... (5 l) — a) (s — b) ... ( s—l) 


Yis-a) (s-b) . . . (s-l)<^ 

— a )~h ( s — b) -j-... -{-(s — l) __ n — 1 ^ ^ 
^ n n 

Therefore 

1 >_"_. 

j/ r (s — a) (s — b) . .. ( 5 — l) ^ ( n — t) s 

The further proof is obvious. 

35. First of all this inequality can be obtained from Lag¬ 
range’s identity (see Problem 5, Sec. 1). But we shall pro¬ 
ceed in a somewhat different way. Let us set up the following 
expression 

(kdi + pbi) 2 + (Xd 2 + P^) 2 + • • • + (^71 + M'frn) 2 = 

- AX 2 + 2BX\1 + Cp 2 , 

where 

A — a\-\- cl\-\- • • • -f- C = b\ -f- b\ -j- . .. -f- bn , 

B — a,ibi + d 2 b 2 +•••"{■ cLnbjf 

Since the left member of this inequality represents the sum 
of squares, we have 

AX 2 + 25V + C\i 2 > 0. 

for all values of X and p. 


27-1225 
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Consequently, the trinomial 

Ax 2 + 2 Bx + C 

is greater than or equal to zero for all real values of x. The¬ 
refore, the roots of this trinomial are either real and equal 
or imaginary, and its discriminant is less than or equal 
to zero, i.e. 

B 2 - AC ^ 0. 

Thus 

(CL\bi -f- #2^2 4“ • • • 4" a nbn) 2 — 

— ( a i 4" a l + • • • 4“ a n) {b\ 4" . . . -f bn)^ 0, 

wherefrom also follows that the equality sign is possible 
only if 

a \ __ __ _ a n 

b i b 2 b n 

36. Put «= b 2 = . . . = b n = 1 in the inequality of 
the preceding problem. We then have 

(<Zi 4~ 4“ • • • 4" a n) 2 ^ W (flj 4“ #2 4~ • • • 4~ #n)* 

Hence 


■ 4 ~ ^2 4 ~ • •. 4 “ &n ^ V n (^i 4 “ a l 4 “ • • • 4 ~ a n) • 

37. The result is obtained from the formula of Problem 35 
if we put 


a a — X\ 1 


C^2 — *^ 2 » 


h* —J— h 2 _— h 2 — — 

— — * °2 — > * * • ’ °n — • 

#1 *£2 •*’71 

But we may also use the theorem on the arithmetic mean. 
Then we have 

4“ ^2 4” • • • 4“ ^ ^1^2 • • • *^71 > 

—+ —+ + l/"—. 

#2 *^ 7i ' *^1 *^2 

Multiplying these inequalities, we get the required result. 

38. Let us first prove that 
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We have 

q = x t x 2 + Xix 3 + . . . + x n _ v x n , 

0 < (x t — x 2 ) 2 + <X! — x 3 ) 2 + . . . + (x n _i — x n ) 2 . 
Consequently 

(n — 1) ( x \ + x \ H~ • • • + x h) — 2q^0. 

But 


x \ 4~ x \ + • • • + x n — p 2 — 2g, 


wherefrom we get 



Consider now n — 1 quantities (instead of n): x u x 2y . . 
x i-ii x i+ 1 > • • •» x n » eliminating x* from the quantities 
under consideration, and put 

p — Xi =p\ 

q — (x t X 1 + X t X 2 + . . . + X t Xi^ 1 + + . . .+ 

+ x i x n) = ?'• 

Using the deduced inequality, we may assert that 

But 


q — q Xi {Xi "4“ %2 "”f~ • • • “f" x i —1 “1“ x i +1 ”f“ • • • “4“^n) — 

= q — Xi (p — x t ). 


Therefore 


(p — Xi) 2 — 2 2 1} (g— pxi + s 2 i) > 0. 


Consequently 

nx\~2pxt -\-2(n — \)q — (n — 2) p 2 ^0 . 


Consider the trinomial of the second degree 

nx 2 — 2p;z + 2 (ra — 1) q — (ra — 2) p 2 


and denote its roots by a and (3 


27 * 
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Solving the quadratic equation, we find 

a = —-1/ p 2 - r q, 

n n V r n~~ 1 * * 

P = T + ^T i ]/j> , -^T''' «>>“)• 

We then have an identity 

rax? — 2 p;r* + 2 (n — 1 ) q — (n — 2 ) p 2 = 

= n (x t — a) («| — P) < 0, 
wherefrom follows that x t lies between a and p, i.e. 
a < x % < p. 

39. Let a and b be two real positive numbers. If p > 0, 
then a p — b p > 0 for a > 6 ; and if p < 0 , then a p — b p <Z 

< 0 for a > b. Therefore we may assert the following: 

(a p — fc p ) ( a q — b q ) ^ 0 if p and q are of the same sign; 

(a v — b p ) ( a q — b q ) 0 if p and q are of different signs 

and for any real a and b. Let us first consider the case when 
p and q are of the same sign. We have 

a p+q + b p+q ^a p b q + a q b p , 
a p+q + c p+q ^a p c q + a q c p , 


a p+q + l p+q ^>a p l q -\-a q l p , 
b p+q + c p+q >b p c q + b q c p , 


Adding these inequalities termwise, we get 

(n — 1) ( a p+q + b p+q + . . . + l p+q ) > V a v b q ? 

where a and b (in the last sum) attain all the values from 
the series a, 6, c, . . ., Z. Adding 2 aP+g 1° both members 
of this inequality, we get 

n ( a p+q + b p+q - i_ . ..+/*>+?) >(a p + & p -f- ...+ 

+ Z p ) (a* + &«+...+ Z*). 

The second inequality is obtained just in the same way. 
From these inequalities we can easily get the results of Prob¬ 
lems 36 and 37. 
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o 1 

1° Let 

» m 

^~~n ' 

m > n. 

We have 



V( 

1 + a— 
n 

)(•+“ 

m \ 
n ) 


i-i.. 

1< 


<! 

1+a — 
( n 

)++ 

«t) + - + 

(1 + a ■ 

— ) +m-n 
n ) 




m 



(the 

factor 1 

m 

+ a — 

of the 

radicand is 

taken 

n times, 


the factor 1 is taken m — n times j . Hence 

n 

(l+o^f <1+* 

' or 

m 

(1 + a) n > 1 4 a • 

2° Put X — — and first assume that i.e. ?i>l. 

We have 



The factor 1—a — of the radicand is taken n times, and 

n 

the factor 1 is taken m — n times. Hence 


(a In \ m ^ A ^ 1 A nl / 1 

V n f ^ ^ 1 + a n m 

(1 + a) 71 


(1 -fa) 71 <--sr. 

1 —a- 

n 


Let us assume now that m<^n. We have 

+ ct) m = ^(1-fee) (1+a) . . . (1 + a) • 1 • 1 ... 1 < 

^ (l+a)m + ?i — m am, ^ 1 



I 


s 


i 

l 

I 


s 




s 

5 


I 

? 


1 


n 
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And so, in this case also 


m 

(l + a)~< 



Remember that we assumed < 1. 

n 

41. 1° Put in inequality 1° of the preceding problem 
a = — ~j~r i ^ . We get 

n -\-1 ’ n & 

n -f 1 

(* + T^r) ” > 1 +4" 

Hence 

(<+?rr r>('+^)". 

i.e. ii n +i > u n . 

Here is one more proof. Without using the theorem on 
the arithmetic mean, let us prove that 

(«+^rr>(>+ir 

if a > 0 and n is a positive integer. 


Consider the identity 


1 -\-nx l+(rc— 1) x l+3x 

l-f(re — \) x i-\-(n — 2)x *** l+2x 


( x > 0 ). 

But 


1 + 2;r 
i + ~x 


1 +x 

1 


l + (fe + l)g A , g V. i I X = ! + (” + !) 3? 
l + fcz ' 1+fea: ‘ l-|-rc;r 1 -f- 

(/c = 0, 1, 2, . . ., n — 1). 

Therefore 


\ + nx> [ ]"’ (l+«z) n+1 > [l + (n+l)x) n . 


Putting here = 
/ 


n (n +1) 
a \n-fl 


we get 
(a . a 


n 
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In particular, at a— 1, we find 
1 \n+1 


1 


(‘■+THT r>(‘ + T) 


2° We have 




Hence 




1 \fe 


(*-t) 


for any whole positive, k. 

If k = 6, we find 

(‘+^r<( 4 )'<* 

42. We have 

n+ jArn n(n+ V / («+i)» 


n /— 

v n 


(see Problem 41). 
But the fraction 


l >/(* + l)" _ 

- n,n+ 'VlJ+W¥ <’" +, KI 


-<1 if n>3. 


Therefore 


n+1 


^ n + 1 < 1 if n>3. 

U yU 


43. It is required to prove that 

n /——- 

»/« + ! 


We have 

n(n— 1) 


n _i — < 1 (« = 2, 3, 4, ...). 

y n 


'V^W-= M '"W+VrT - 
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44. Let us prove that 

log in > a i{ log xi -f a i2 log x 2 + . . . + a in log x n 
(i = 1, 2, . . .,n). 

To this end it suffices to prove that 

log (ax -\-by-\-cz-\- . . . -f lu) > a log x + b log y + ... + 

-f- / log u. (*) 

if a-\- b +... + l~ 1 and a, b, are rational positive 

numbers. 

Put 

_ a _p_ i — — 

a ~ tv ’ N ' ' N ■ 

Then 

os -f- P “I - • • • ~t~ A, — TV. 

To prove the inequality (*), it is sufficient to prove that 
ax + by + cz-f- . . * + lu > # a i/ b . . . u l . 

13ut we have 

.z a i/ b . . . u l = .z 06 */^ . . . — 

= ... xy ... y ... u . 77 

^ az + Py+^.+M* + ,.. +fu . 

Thus, it is proved that 

log log 4-a< 2 log .r 2 + . . . + a;„loga: n 

(i = l, 2, . .., n). 

Hence 

n n n 

2 log yi >(log X X ) 2 flu + (log z 2 ) 2 a <2 + • • • + 

2=1 2=1 2=1 

n 

+ (log X n ) 2 CLin■ 
2=1 
or 

n 

2 log^i^logz. + logz 2+ • • • + log£ n = log X\X% .. ,X„. 

i =1 
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Finally 

yil/2 ■ ■ ■ yn^XiX 2 . . . X n . 

45. Put — =x t (i = 1, 2, . .., n). Then we have to prove 

a i 

the inequality 

(1 + x \) (1 + x t) •••(!+ x n) ^ 1 ~\~V^ x i x 2 • • • x n • 

The theorem is valid at n—i, 2, 3 (see Problems 21 and 
28). Suppose it is true at n = m and let us prove that 
it also holds at n — 2m. 

We have 

(1 + x \) (1 4" x 2) * • • (1 + x 2m-l) (1 +- x 2m) = 

”V^V(l + ar,) It + i,)-K(l + (1 + Jr 4 > ... 

...7W H~ x 2m-i) (1 -f - x 2m) 

- • ■ (1 + V*2m-lZ2m) 5= 

>i+;n7 1/ ^ 3^4 . . . x 2m-l x 2m — 

Thus, the theorem is valid for all indices equal to any 
power of two. Let us now prove that it is true for any 
whole n . Let n + q = 2 m . Then 

n V (1 +#l) (1 + x 2) ••• (1 + x n) (1 + */i) (1 + # 2 ) ••• (1 + */g)^ 

>1 + n_t ^ X\Xi . . . • • • yq • 

Put 

1 + ^!= 1 + 1/2= • • • =l+ifa = 

— (1-f-^l) (l+^ 2 ) • • • (1 ~\~ x n) — 

We have 

>i + n+ /*,z 2 ... * n (y—i) 9 

But 


(1 + ^( 1 +^) ...(1 +Xn) = Y n 





426 


Solutions 


Therefore 

n +y ynyq ^ j n +^x t ... X n (Y- l) 9 , 

i.e. 

r>l+ n ^^ ...a: B (y-l)« 
or 

(F~l) n+g >% ... Xn(y-m 

Hence 

(F -l) n >^ 2 • • - 
y — X\X% . . . £ n . 

Finally 

Y = (1 —)—-2^i) (1 —|— ^ 2 ) • • • (l-{"j X\X<i . . . x n ,- 

and the theorem is proved. 

The equality sign is possible only it = x 2 = . . . = 
= ^ n =1. 

46. This theorem, as the previous one, is proved using 
Cauchy’s method. The proposition is valid at n = 1; let 
us first prove that it holds true at n = 2, i.e. prove that 

( + (*) 

for any whole positive k. At k =1 the last inequality really 
takes place. Assuming the validity of this inequality at 
k = Z, let us prove its validity at A; l + 1. And so, we 
have (by supposition) 

'(*1 + *2) Z ^ x[ + x[ 

2 1 ^ 2 

Multiplying both members of this inequality by , 

we find 

(^l + ^2) Z+1 ^ fa* + 4) (*1 + ^2) _x[+ l +X l 2 +i +X i X l 2 + X 2 z[ 

2i+i ^ 4 “ 4 

But 

x l l x z -\-xix i ^x l l + i -\-x l + ] > 
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since 

x {+ 1 +^ +1 —x[x 2 — x[xi = (xi — x 2 ) (x[ — x l 2 )^0. 
Therefore 

^ ^ ^ +1 +4 +1 

and the inequality (*) is proved for any whole k. And so, 
our basic proposition is valid at n = 2. Let us now prove 
that if it is true at n = m, then it is also true at n = 2m. 
Indeed 


^1 + x 2 4~ X S + ^4~f~ • • • 4~ x 2m-l 4~ x 2m \ h 


2m 

X ^-^ X2 - £3 "I - £4 


+ 


■f ••• + 


)- 

x 2m-l x 2m \ h 


<c 


sC 


^ fl+f2 y ^ ^ *3 + *4 y | | ( - x 2m y 


sC 


x£-f;r£ , x% + Xt , , x 2m —1 ""I” x 2m 

Q 1 “ o I 4 O 


sC- 


*? + *§ + *3 + *4+---+*2m-*+^ 


2m 


2m 

Thus, we have established that the theorem is valid 
at n equal to some power of two. It remains to prove its 
validity for any whole n. Put n + p — 2 m . 

Then 

/ #1 + ^ 2 + . . + x n + y\ + J/2 + • • • ~\rVp 
l ^ 4~ P / 




-{- a: 2 + ... + + */1 + ^2 4~ ‘ ' * 4~ ^p 


Put 


We have 


y i ^ - 




w 4~ P 

x \ 4“ x 2 J T • • • 4" - r n 


4~ • • • + x n 4- .Vi 4- */2 4- • • • 4" yp — 

_ (^l4~ • • • 4~ x n) ( n 4_p) 
n 
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Hence 

< 

Finally 


X 1 4~ • • • 4~ x n \ k 




'?+• ••+*£+( 


*l+*2+ • • • 4 -x n 


^1 + ^2-h- • • +^71 \ h 


<c 


n + P 


x 1 + x 2 T" • • • + *^n 


and the proposition is completely proved. It is easy to 
establish that the equality sign is possible only if 

Xi = x 2 = . . . = x n . 


47. This proposition is the generalization of the previous 
theorems (see Problems 30, 45, 46). The proof is carried 
out in the same way as in the mentioned theorems. Namely, 
assuming the validity of the theorem at n = m, let us 
prove its validity at n = 2m. We have 


2m 


-)■- 


<P 


h~\~h 






m 

^2m-l 4“ 12m 


< 


9 00 + 9 (h) | , <P p2m-l) + <P (hm) 

9 ' * * * T 0 


< 


jP_0l)_+jP (*2) + • • • 4- (hm-i) + <P (*2m) 
2m 


(since, by hypothesis, not all of the quantities t u t 2 , . . t 2m 
are equal to one another, they can be grouped so that, for 
instance, t 1 =£ t 2 ). Thus, the theorem is valid at n = 2 m . 
Let us put now n + p = 2 m . Then 


/ h + H 4~ • • • + tn T .4" t 2 + • • • + 'tp 
\ n + P — ~ 



< 


<p(*i) + -- - +q>Un) + q>(Ti)+ ••• + <p(* P ) 


« +/> 
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(here t u t 2 , .. .,t n are not all equal to one another). Put 

+ *2 H" • • • ~f“ tn 


Ti — X 2 — . . . —X p - 

T 1 + 4“ • • • 4~ T P : 


h 4* H + • • • + in 


p* 


Consequently 


1 ty -p^2+ • • 

• + in + T l+ • 

\ - w ( 

l 

n + P 

j _cp l 


h H~ • ■ • 4 

n 


)■ 


On the other hand, 

(p (tj) + •• • 4~ 9 (in) + 9 (^i) + • • • + 9 ( T p) 
n + P 

<P (h) +■•••+ <P (t n ) + P<P ( - L - j : + — ) 

-f- JD 


From the last inequality we get 


v( ‘sL^)< 


9 (4)4 •• • 4~ 9 (in) 

n 


The above-deduced theorems (see Problems 30, 45, 46) are 
obtained, as we already mentioned, from this more general 
proposition. Let us demonstrate this. 

1° Let 

9 (*)= — log (1+0* 

then 

(p (j 1 +^) = - log ( 1+j! + i ) 

Further 

9(*i) + 9(*2) _ log(l + *i) + log(l + * 2 ) _ 

2 2 

— — Jog V (1 +*i) (i-j-4)^ 

But 

vqr+WT5)< 1+<l + 1+t2 = 1 +-^- 

Therefore 


logV i + h)(i + t 2 )<iog(i+-h±!±-) 
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(the base of the logarithms being greater than unity) and 
— log V(l + <i)(l + * 2 ) > — log (l + —y-* 2 )• 

Thus, the function 

cp(0= — log(l + <) 
really possesses the following property 

q) ^ ^ 9 (*i) + 9 (* 2 ) 


and therefore it must be 


<p( 


t\ H + • • * + tn 


)< 


9 (*l) 4~ 9 (* 2 ) ~t~ • • • + 9 {t n ) 
n 


i.e. 


— log (1 + 


^1 + ^2+ • • • + t n 


)< 


^ log (1 + ^i) + log (1 + h) + . . . + log (1 + t n ) 

, 

(1 “f~ ^l) (1 ^ 2 ) • • • (1 + ^n) <C 

<iog(i + - fl+ -; +tn ). 

Further 

1 Y '(1 + *i) (1 + * 2 ) •••(! + t n ) < 


<1 


t\ + • • • + t n 


_ (1 + *l) + (1 + * 2 ) + • • • + (1 + tn) 


Putting — we finally get 

ri/ r X\ + x% 4 “ • • • 4 “ %n 

V *1*2 • • • < — - n -- r - iL . 

Obviously, if we assume the possibility Xi = x 2 — ... =x n , 
then it will be 

n /“ “ ^ x i + X 2 + • • • + %n 

y • • • *bn '^5; ~ — . 

2° If we put 

cp (t) = t h , 
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ti~\~t 2 


then 

f( 2 

Assuming that the inequality 




(T) < 


k | j.h 


<l + <2 \ ft ^ *1 +* 


holds true, we get the result of Problem 46. 
3° Put 

<p (0 = i°g (l + 

(the logarithm is taken to the base e>l). 
Then 

ti+t 2 

<P ( * : g —) = log (1 + g 2 ), 


-—— — = log Y(i + (1 + e*z), 


Since 


tl+<2 


V(l + e*i)(l+ «**)> 1 + e 2 , 
fulfilled for the function q) (£) is the inequality 


Therefore 


*( j! y L )< 


9 (*i) + 9 (* 2 ) 


(ti¥= h)- 


cp( 


tj-\-t 2 -\-... -f t n 


) 


tp (t 1)+ • • • +jpj*n) 
n 


i.e. 


log (1 + 


<l+<2+..-f* w 

e n 

*l+*2+ n 


1 -j-e 


\ log (1 + e* 1 ) + . ■ ■ + log (1 + e 

I n 

< (1 +e*t) ... (1 + e <n ). 


n) 


e* = K t = log e l. 


Put 
Then 

(1 + e l i) ... (1-fV”) = 

— y/"(1 -j- X*) (l + ^ 2 ) •••(! + h n ) ^> 


log &!+...+l 0 g l 


> i + e 
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Finally 

V (1 + ^l) (1 + ^ 2 ) •••(! + A. n ) > 1 4" ^1^2 • • • • 

48. Let t 2 , ...,t n be contained in the interval bet¬ 

ween 0 and jc. 

(0<^<jc). 

Let us prove that 

*i + *2+---+*n sin t\ + sin t 2 -\- . • • +sin t n 

— sin-<^.-. 

n n 

For this purpose it suffices to prove that (see Problem 47) 
h + h ^ sinii + sinfa 

Sill ft fv . 


Indeed 

0 ;„ h + h sinij + sinia h + h 

Sill n o - Sill o 


. t\ - 4 - to t\ — to 

- sin — - y ■ ■ cos ------ -- 


= sin . 2 sin 2 tl ~ h > 0 


(in our case cp (t) — — sin t). 
Thus 


sin ti + sin t 2 + ... + sin t n , . 
- — -—-I-— < sin 

n 


*1 + *2+ • • * J r t n 

n 


(if 0 < ^ < ji). 

Therefore if a i -\-a 2 + • • • + &n = Jt, then 


sin a { + sin a 2 + sin a n <Cn sin 

if a 1? a 2 , . . are not equal to one another. 
On the other hand, if 

— Ct 2 — ... — <z n = , 

then the sum 


sin «! + ...+ sin a n 

becomes equal to 

it 

n sin — . 
n 
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Thus, indeed, the greatest value of the sum 
sin cti + sin a 2 + . . . + sin a n 

will be 

n 

n sin — , 

ri 

provided 

a i ~T #2 + • . • + n ( a i > 0); 

and this greatest value is attained at 

= a 2 = . . . == d n = — . 

49. Let us prove that the difference 

xP — 1 X<1 — 1 

P Q 

(if x 1 and p > q) exceeds zero. To this end it is suffici¬ 
ent to prove that 

A =■: q (x p — 1) — p (x q — 1) > 0. 

First let us assume that x>l. We have 
A -- q (x p — 1) — p (x q — 1) = (x — 1) {q ( x p ~ 1 -f- # p ' 2 
-r x + 1) p ( x 9-1 -f x q ~ 2 -f .. . + x + 1)} = (x — 1) {q (x p ~ x -f~ 
+ x p -' 2 + . . . + x q ) — (p — q) {x^ 1 + x q " 2 + . . . + X + 1)}. 
If x > 1, then 

x v _1 + x p ~ 2 -f- . . . + x q > (p — q) x q . 

Therefore 

A = q (x p — 1) — p ( x q — 1) > (x — 1) {g (p — q)x q — 

— (p — q) qx q ~ 1 } = (p — g) (ar— l) 2 > 0. 

Thus, if x^> 1, the theorem is proved. Now let us assume 
that x < 1. In this case we have 

^ p-1 + *£ p ~ 2 + . . . -f x q < (p — g) x q , 
x q ~ l -f- x q ~ 2 -f- x -f-1 > qx* 1 ' 1 , 

q{x p ~ x + . . . +x q ) — (p — g) (^ _1 + . . . -M+l) < 

C (p —g) qx q — q(p — q) x 1 * 1 = q (p — q) x q ~ l (x — i). 


28-1225 
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Consequently 

A > q (p — q) x q ~ x ( x— l) 2 > 0. 

However, this proposition can be proved proceeding from 
the theorem on the arithmetic mean. We have the following 
inequality (see Problem 40) 

(l+a) x > 1 + aA, 

(k > 1, rational, a > 0, real). 

Likewise we can deduce the following inequality 

(1 — a) x > 1 — ak 

if 0<a<l; k^> 1, rational. Using these inequalities, 
we shall prove that 

xV — 1 xQ — 1 

V ^ q 

if p>q (^=^1). 

Put x 9 = £, ~ = X. Then we have to prove 

| x -i>MS-i) 

or 

& - 1 - X (| - 1) > 0. 


First suppose x > 1, \ > 1. Put | = 1 + a. We then have 

I* — 1 — Ml — 1) - (1 + a)* - 1 - Xet > 0. 

If x < 1, then | < 1. In this case we put 
i = 1 — a (0 < a < 1). 


We find easily 

g* _ 1 _ Ml - l) = (i 


a)* - 1 - X (-a) > 0. 


50. Let us first assume that m > 1. Put m = — (p > g, 
positive integer). We then have (see Problem 49) 


|p_ 1 gg-i 

n ^ 


(£=*!)• 


Putting t^mx, \ = xq , we get 

;r /n — 1 > m (x — 1). 
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Replacing in this inequality x by —, we find 




Multiplying both members of this inequality by — x m , we get 
x m — 1 < mx m ~ i (x — 1). 

Thus, if 1, then 

m/" 1 (x — 1) > x m — 1 > m (x — 1). (1) 

Let us assume now that 0</n<l. Putting = x, 

— = m , we find 
P 

— 1 
x m —1 > — lx— 1). 

m v ’ 

Replacing here x by x m , we find 

x m — 1 < m (x— 1). 

Replacing in the last inequality x by —, and performing 
all necessary transformations, we find 

mx in ~ x (x— 1) < x m — 1 < m (.z— 1) (0 < m < 1). (2) 

Let us now consider negative values of m. Put m = —n, 
where n > 0, rational. Let us first prove that if m is nega¬ 
tive, then 

x m — 1 > m (x — 1). 

Since n > 0, it follows'that n ~f 1>1 and we may make 
use of inequalities (1). Namely, we have 

x n+1 — 1 < (n+ 1) x n (x— 1). 

Hence 

nx n (x—l)^>x n —i. 

Replacing here n by — m , we find 

— mx~ m (x~~ 1) > x ~ m — 1. 

Multiplying both members of this inequality by — x m , 
we get 

x m -l>m(x-l). 


28 * 
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And if we replace here x by —, then we find 
x m —l<rnx m - 1 (x—i). 

Thus, indeed 

mx m ~ { (x — 1) < x m — 1 < m (x — 1), 
if 0 < m < 1, 

m (x— 1) < x m — 1 < mx m ~ 1 (x— 1) 

if m is any rational number not lying in the interval between 
0 and 1, and x is any real positive number not equal to 
unity. 

51. The inequalities of this problem follow immediately 
from the results of the preceding problem. 

52. Put 

v Q 

x i ~ Vii y= m - 

Then the inequality is rewritten as follows 

^ */l + */2+--- +*/n y i <, ^ + •••+yZ t 


where m ^ 1, rational. Using the results of Problem 47, 
it is sufficient to prove that 

^ *l + *2 W + t? 


for any rational m > 1 and for any real positive and t 2 . 
In other words, it is sufficient to prove that 

h^r)"+(^r> 2 ' 

Let us make use of the results of Problem 51 


(1 + x) m ^l + mx 


if m > 1 is rational and 1 + x > 0. We have two inequa¬ 
lities 


/ 2*! 

\ *l + *2 

/ %h 
\ -f- 


m ( 


2>t\ 




2*2 

*l + *2 


<)• 

*)■ 
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Adding them, we get inequality (1) which is the required 
result. The solution to our problem can be obtained imme¬ 
diately from the inequalities of Problem 51. Let us show 
that, using this method, we can deduce even a more general 
inequality. So let us prove that 

/ yi+V2+ •••+y n ^ y^+y^+ •••+?}; 


r< y i +^2 + ••• +y n 
f n 


if A. is a rational number not lying in the interval between 
zero and unity and 

/ Vi+Vi +•■•+>» ^+yfr + ---+y£ 

\ n ) ^ n 

if 0 < X < 1. To prove the first inequality it is sufficient 
to prove that 


_ rcyi 

yi+yi+---+y 


r)‘+( 


nyt 

yi + y2+- 


^r)‘+- + 


^i+ • • • + y 


-f>n. (2) 

n t 

—0- 
y n / 


But we have (see Problem 51) 

( — ^ x ) x >l + ^( x T X -!)• 

V y\-\- */2 + • * • -\~yn ) \ */l + */2 + • • • + yn I 

Putting here i = 1, 2, . . n and adding the inequalities 

thus obtained, we actually get inequality (2). We proceed 

quite analogously for the case 0 < K < 1. 

53. Put 

X 1 4' x 2 4" • * * + x n = p» x \ + x 2 + * • • + x n = p' • 


We have 

(x— Xi ) 2 + (x — x 2 ) 2 + . . . +(x — x n ) 2 = 

--- nx 2 — 2px-\- p' = n \x 2 — ^ x + J — 

Our expression can attain the least value only simulta¬ 
neously with ^x -^ since the quantity -is 

independent of x} . But cannot be negative, 
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therefore its least value will be equal to zero. Hence 

x __P_ __ ^ 1 + • • • H~ x n 

n n 

Thus, the sum 

(x — ;r,) 2 +(x — X 2 ) 2 + . . . + (x — X n ) 2 
attains the least value at 

x _ J t + J2+- ■ • ±Xn 

n 

54. Put 

X 1 + x \ + • • • + x n = *$2- 

Then 

( x l — x 2) 2 + ( X i — x 3) 2 + • • • + ( x 2 — x 3) 2 + • • • + 

+ ( x n-\ — x n) 2 — ( n — 1 ) $2 — 2 q, 

where 


q = X\X<i + x t x 3 + .. . + x \ x tl +x 2 x 3 + . . . + x n -i x n* 
Further 

(Xi -|- x 2 -j- . . . x n ) 2 = S 2 + 2g. 

And so 

(n — 1) S 2 = 2q + 2 (xt — xj) 2 , 

j>i 

C 2 = S 2 + 2 g, 

wherefrom we find 


w5 2 —C 2 -f ^ (Xi — x j) 2 - 
j>i 

The last equality shows that S 2 takes the least value when 

the least value is attained by ^ (x t — xj) 2 . The least value 

j>i 

of this sum is equal to zero and is attained at 


But since 


x ± = x 2 = ... = x n . 

X 1 + x 2 + • • • + x n ~ C, 


x*+...+x 2 n 


it follows that 
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takes on the least value at 


Xi — x% — ... — x n — ^ • 

55. First let us assume that % does not lie in the interval 
between 0 and 1. Then the following inequality takes place 

> ( *l + *2+-- -+*n ^ 


r- 


the equality sign (as it is easy to find out) occurring only if 
= x 2 = . . . = x n . 

If it is given that 

^1 + ^2 4 - X n — Cy 

then at all values ot x { , x 2 , . . ., x n , we have 

+ 4+•••+•*£>« 

wherefrom it is seen that the least value of the expression 
x\ + x\+ ... +x% 

( C Q 

— ) which is reached at x x = x 2 = . .. = x n = — . But 
if 0<X<1, then the following inequality takes place 


+ . • • + xh 


<( 


x l + • • * + x n 


)• 


Then at 

Xi = X 2 = . . . = X n 

we obtain the least value of the quantity 

*1 +** + • • -+ X n- 

56. We have the inequality (see problem 30) 

n /-—- ~ Xj +x% + ... + x n _ C 

v 1 * ^ n n 

Hence 

C \n 


x 4 x 2 ... (— y 
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Thus, the product x { x 2 . .. x n does not exceed j 

Q 

and reaches it only at x i — x 2 = . . . = x n (see Prob¬ 

lem 30). And so the greatest value is attained by the 
product x t x 2 ... x n when 

C 

X\ — X 2 — • • • — %n — ^ • 

57. We have 

*l + ®2 + . . • +X n ^ nf-^rz. ~ 

~ ‘M^'2 * * * • 

Consequently 

x t + x 2 + . • • "4" x n C. 

The equality sign being possible if x t = x 2 = . . . = x n . 
Hence, it is clear that the sum x x + x 2 + . . . + x n attains 
the least value if 

X\ — *^2 =...== X n — y/~ C. 

58. First let us assume that |i* (i = 1, 2, . . n) are 
whole numbers. We have 


M-l+M-2+M'3+. . .-f-M'/j /" 

M-1+- • -+Hn r 


/ Xi 

1 *2 

\ 112 

/ x n 

\ lln 

\ Pi 

/ \ P2 

) ’ 

\ Pn 

/ 

._fL 

Xj 

X 2 

x 2 

h 

* Pi 

’ * ‘ Pi # 

P2 

P2 

‘ Pi 



< 


x\ . x 2 

Hi — +H2 — 
Hi_H2 


- + ^ 


Consequently 
x^x^ 2 . . . x% n ^Z ^ 


Pl + P2+-*-+Pn 

C \ M'i-r - M'2+ • • • 
Pi + • • • + Pn / 


Pl + •• • + Pn 


nf 1 *!*? 2 • • • 


and the equality sign is obtained only if 
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Let now (li^ be fractions. Reducing them to a common 
denominator, we put 



where %i and p are positive integers. 

Since 

X^X^ 2 . . . X% n ~ y^x^xte . . . X^ n , 

the greatest value is reached by the product x^x^ 2 . . . x£ n 
simultaneously with the product x\'x^ 2 . . . xty, where hi 
are integers. As follows from the above-proved, it hap¬ 
pens if and only if 

_£j_ „ *2 __ ^ x n 

'k\ ^2 ^71 


Dividing the denominators by p, we get 


_ %2 71 

Pi ~~ P2 |LX rJ 

Thus, if XiZ >0 and x x + x 2 + . .. + x n — C, then the pro¬ 
duct x^x^ 2 . . . x^n (p, z >o, rational) attains the greatest 
value if and only if 

-^=-£ 2 --^ _ x n 

Pi P2 Pn 

59. We have 


~ T~Z ^ a i x i -\-a 2 x 2 + . ••+a n x n 
y a\X{'a^Xi . . . a n x n - 



wherefrom it follows that the product 

O x X x •& 2^2 * * • 

reaches the greatest value only if 

O x X\ = & 2 X 2 == • • • === 

But since 

d\Xi *0,2X2 . • • tt n X n — 2 • • • ^n) ip' 1'^2 • * * ^n) t 

the product x i x 2 . . . x n indeed reaches the greatest value 
if and only if 

C 

0 \X\ O2X2 • • • ^'Tl'^Tl • 
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60. Put 



dix\i = y t (i = 

= 1, 2, ..rc). 

Then 

*i = ( 

i 

flj / 

and 

J/l + J/2 + • • 

• + Vn = C. 

Further 



X^X}*; 2 . 

M-l 

JX2_ 

/ j/2_ \ (lu_) 1r 

\ a 2 / \ a n ) 


The problem is reduced to finding out when the product 


V2 

y\'-y\ 2 ■■■y)n 


takes on the greatest value if - -{-y n = C. Refer¬ 

ring to the results of Problem 58, we see that it will take 
place if 


J/l_ __ J/2_ _ __ J/n_ 

Pi _P2_ ’ " Pn 
A;1 hTl 

Thus, if 

ci\X^a,2x\ 2 -f- . . . -f- = C , 

then the product 

x^x^ 2 . .. x\* n 
reaches the greatest value provided 

^2 a 2^ 2 k n a n x ^ n 

Pi ~~ P2 — * * * ~ 

61. Put 


a i* r i' 1 = Vu a 2 x» 2 = y 2 , . . ., a n x%n = y n . 


Hence 


1 
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and the problem is reduced to the following: under what 
condition does the sum 

yi+yt+ ••• + */> 

attain the least value if 

X,j %2 Xn 

y?'-y $ 2 • • • y^^Ct, 
where Ci is a new constant? 

X X 

Since —, ..., — are rational, we put 
Pi Pn 

A<i ai X2 ct 2 Xji oCji 

Then the problem will read as follows: find out when 
2 /i + 2/2 + •.. + y n attains the least value if 

y*'y « 2 . . . y%n ~C 2 (a* positive integers). 

Finally, we put 

Z/l = a { U U y 2 =■ Ot 2 U 2 , • • • ? yn = 

and obtain the following problem: under what conditions 
does 

ai^l ^ 2 u 2 ~b •••“(“ ^n u n 
attain the least value if 

u^uf 2 . .. u% n — C 3 . 

But 

a\Uj -f- OC 2 ^2 4 ~ • • • -\-^n u n ^ 

+<% 2 + • . . -f-a n ^ 

>“ 1+a2+ - ' = ai +“ 2 +' ' •+ a ,/'C3 > 

Hence -|-a2^2 + • • • + a n ^ n attains the least value when 
u { = u 2 = . . . =u n . 

Thus, if 

x\ix \ 2 . . . x\ n = Cj 

then 

+ a 2 xM+ . . . + a n x%" 
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attains the least value provided 


zVi 

- _ 

xVn 

n 



Xn 

aim 

a 2M-2 

a nM'7i 


62. Applying the Lagrange formula (see Problem 5, 
Sec. 1), we have 

(x 2 + y 2 + z 2 + . . . + t 2 ) (a 2 + b 2 + c 2 + . . . + k 2 ) = 

= {ax + by + . . . + kt) 2 + (.xb — ya) 2 + 

+ (xc — za) 2 + . . . . 

Since 

a 2 + b 2 + c 2 + ...+ k 2 

is constant and 

ax + by + . . . + kt = A 

(by hypothesis) and, consequently, also constant, it follows 
that the sum 

x 2 + y 2 + z 2 + . . . + t 2 

attains the least value simultaneously with the sum 
(xb — ya) 2 + (xc — za) 2 + . . . . 

But the least value of the latter sum is zero which is reached 
when 

xb — ya = 0, xc — za = 0, . . 

i.e. when 

% y __ z __ _ 

a b c ’ k ' 

Let us put this general ratio equal to X so that 

x = aX, y — bX , z = cX , . . t == kX. 
Substituting these values for x, y, z, . . t into the equality 
ax + by + • • • + kt — A , 

we find 

a A _ 

a 2 + fc2 + ...+/c2 ’ 

and, consequently, the required values of x, y 9 ..t at 
which the expression x 2 -\- y 2 + ... +t 2 takes on the least 
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value will be 

a A 

X= fl 2 + & 2 + ... +fc 2 ’ 

bA kA 

y— a 2-J-b2 + .. . +/c2 * •••> *— a 2 + 62 + ... + fc2 • 

63. We have 

u Ax 2 + 2 Bxy Cy 2 + 2 Dx + 2£y + Z\ 

where 

^4 = aj +- a\ + . .. + a \, B= a A b Y -f a 2 b 2 + . . . + a n b n , 

C = 6j 4~ ^2 “1“ * * • *1" D = <2jCi -f~ ^2^2 ~b • • • "h UnCn i 

E = + b 2 C 2 + • • • + b^Cn , Z = C\ -f 4" • • • 4" c rr 

Put 

* = *'+<*, y = y' + p. 

We then obtain 

u == ^4 (x' + a) 2 + 2 B {x + a) (y / 4~ P) + C (y f + P) 2 + 

+ 2 D (x f + a) -f 2 E (; y ' + p) + Z\ 

Expanding this expression in powers of x' and y\ we get 
u — Ax 2 -j - 2 Bx y By' 2 2 (^4cx -f- Z?P -j- Z)) # -f- 

+ 2 (Ba + Cp + E) y' + F'. 

Now let us choose a and P so that the coefficients of x' and 
y' in the last expansion equal zero. To this end it is only 
necessary to choose a and P as the solutions of the following 
system 

Aoc -f- Z?p -}- Z) = 0, 

Ba + Cp + E = 0. 

Then we have 

u = Ax' 2 + 2 Bx'y' + Cy ' 2 + F\ 

Further 

u = 4- {4 V* + 4- ACy' 2 } + F' = 

= 4- {(Ax' + By') 2 + (AC - B 2 ) y' 2 } + F 1 . 
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But 

AC - B* = {a\ + a* + . .. + a* ) (6? + ... + K) - 

— (ci]b\ + d 2 b 2 + • • • + CLnbn) 2 5 > 0 , A 0 . 
Therefore, m- attains the least value when 

Ax' + By' == 0 and y' = 0. 

Hence 

== y' =0 and x = a, y = ft. 

And so, the values of x and y at which u attains the least 
value are obtained as the solution of the following system 
of equations 

Ax -\r By "T B =0, Bx -j- Cy -p E =0. 

However, this result can be obtained in a somewhat 
different way. 

Put 

a x x + b\y + c t = X u a 2 x + b 2 y + c 2 = X 2 , . . ., 
a n x + b n y + c n = X n . 

Let K, X 2 , • • • » k n be some constants satisfying the follow¬ 
ing conditions 

-p a 2 X 2 -p . . . -p a n k n ~ 0, 
b{X i -p b 2 k 2 -p .. . + b n k n = 0, (*) 

01^1 "4" ^2^2 4“ • • • ~P c nk n = 

where k is an arbitrary number. 

We then have 

XlXi + X2X2 + • - - + h n X n = k 
and hence, we have to find the least value of the expression 

x;+x;+... + xj, 

provided 

kiXi -p X 2 X 2 —f- ... — X n X n — k (constant). 

From the result of Problem 62 we have that the least value 
is obtained if 
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^1 = ^2 = X 2 \i, . . X n = X n [i. 

Substituting them into the first two equalities (*), we find 
ctiXi + a 2 X 2 + . . . .a n X n = 0 , 
biXi + b 2 X 2 + . . . + b n X n = 0 . 

Hence we get the system obtained by the preceding method 
of solution. 

64. As is known, there exists the following identity 
(see Problem 77, Sec. 6) 

— <* — *l) *2) (*— fw) 

• \ (* —^ 0 ) (* — *2 )-.-{x — x n ) V 

V (xi — xo)(xi — x 2 ).--.(xi — x n ) i" * ' * T 


1 f (x \ X n- 1) 

( x n x o) ( x n x i) • • • ( x n x n- 1) 

where / (x) is any polynomial of degree n. 

Equating the coefficients at x n in both members of this 
equality, we find 

1 = _ /fro) _ 1 

(*0 — x l) ( x 0 — X 2)--( X Q — X n)' 

4-_ tlaaA -l . 1 

( X 1 — X 0) ( X 1 — * 2 ) • • * ( X l — X Tl) 

_j_ / ( x n) _ , 

{x n Xq) {xn Xi) ... (x n #n-l) 

Let M denote the greatest one of the quantities 

l/(*o)|. \H X i)\i •••. \f( X n)\- 

Then 

{ | (aj 0 — xi)(xq — x 2 ) ... (x 0 — x n )\ 

_(_-_ 1 _ 4 ___ X 

1 I (Xi — X 0 ) ... (Xi — x n ) I '** I ( x n — ^ 0 ) • • * ( x n — x n-l) I J- 

As is easily seen, by virtue of our conditions we have 

f {p^k " *o) ip'h *^l) • • • {p'h %k- 1) ip^k 1) • • • ip'h ^n) | 

>/c! (n — k)\. 
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Therefore 


1 


I (Zk — Xo)(xk — Xi) • • • {Xh — Xn) I 
Consequently 

n 


sC 


A! (n — A;)! 


fc =0 fe =0 


Finally 




2 n 


65. Since sin 2 # + cos 2 x = 1, i.e. the sum of the two 
quantities sin 2 x and cos 2 x is constant, their product 
sin 2 x • cos 2 x reaches the greatest value when these quan¬ 
tities are equal to each other. It happens at x = ~. However, 
the same is easily seen from the identity 

1 


sin a>cos x 

66. It is known that if 

x ~j-y-\~ z z 


-sin 2x. 


n 

~2~ 


then 


tan x tan y + tan x tan 2 + tan y tan t = 1 

(see Problem 40, 4°, Sec. 2). Thus, the sum of the three 
quantities 

tan x tan y , tan x tan 2 , tan y tan 2 
is constant. Therefore, the product of these quantities 
tan 2 x tan 2 y tan 2 2 
reaches the greatest value if 

tan x tan y = tan x tan 2 == tan y tan 2 , 

i.e. if 

tan x = tan y = tan 2 
and consequently at 


X = y — z= — 
y e 
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67. We have 


n 1 n -|- 2 

-f 


68. Put 


•••+3re+3« + l ( re + 1 +3n + l ) + 

. — ) _L _|_ 1 = _ 4ra + 2 l 

4^4~ 2 _, 4n-f-2 v 

(rc + 2)3n 2(2 /i+1)3 ^ 

> (An + 2) | (2»+l)2 ^ 2(2« + l)2 } =1 - 

a = a 2 . 


It is required to prove that 

a 2n -l> w (a n+ 

Or, which is the same, 

a 2 " — 1 ^na" -1 (a 2 —1), 

But 

= a 21 "' 1 ’ + a 2< "- 2, + ... + a 2 + 1 > 

^a 2 »a 4 ... a 2n_2 

(using the theorem on the arithmetic and the geometric 
mean of several numbers). 

Since 

2 + 4 + . . . + (2 n — 2) — n (n — 1), 


we have indeed 


a 2n —1 
a 2 —1 


^na n_1 . 


69. Rewrite the sum in the following way 

1 +T+(t+'55’) + (t+T+T+15')+ ■” + 


+ ( 


1 


2n-2_|_l 


JL.V 

2n-l ; 


1 


1 


2"-i+l 


2 n — 1 


Each of the bracketed expressions exceeds y and, consequent¬ 
ly, the total sum is more than y. On the other hand, the 


29-1225 
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sum may be rewritten as 

1 + (t+t) + (t+t+t+t)+ ••• + 

+ ( 2"-i 2"-i +1 + • • • "l" 2 n —1 ) ' 

But each of the bracketed expressions is less than unity, 
and, consequently, the total sum is less than re. 

70. On transformation we get the inequality 

(a -j- c) (a + b) (b + d) (c + d) — 

— (a+ b + c + d)(c-\-d)ab — 

— (a + b + c + d) cd (a + b) ^ 0, 

or the following one 

(ad — be) 2 3 ^ 0. 


SOLUTIONS TO SECTION 9 

1. Putting in the basic, formula n = 1, we find 

v 2 = 3u t — 2v 0 = 3 *3 — 2 *2 = 5 = 2 2 + 1. 
Suppose that 


Vh = 2 h + 1 (*=1,2,..., re), 


and let us prove that 
Indeed 


I7 W+1 = 2 n+1 -f 1. 


= 3^- 2v n . i = 3 (2" + 1) - 2 (2 n-1 + 1) = 

= 3.2 n + 3 — 2 n -2 = 2 n (3 — l) + l = 2 n+1 + l. 


2. Solved as the preceding problem. 

3. As is easily seen, the required relation is indeed valid 
at n = 1. 

Assuming its validity at the subscript equal to n , let us 
prove that it is also valid at the subscript equal to n + 1. 
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Indeed 


«n + l-V^ __ 2 1 

S+^r) 

I -Va 

0n+i+V-4 JL 1 

2 1 


\ +Va 

a n 2 VI a n~\~A / a n — VI 


But by supposition 

a n~ V~A 


.-VI V2- 


°n— V / a i— V_A y 

a n -{-'\/A ' a i + V A / 


Therefore 


“n+i — VA / a n — Va \2 


A /a 

A ~ V a 


“n+l + V^ 


4. We have 

Ofl + Oi 


n + VA > 

-= / a<-VI \2-2 n " 1 == / g t _yi 

' fli "l - 1/A ^ \ dj -I-1/ A ' 


flence 


02—a. = 


flo — a i 


a i + a 2 
2 1 


CL 3 — #2 : 


a 2 "}" a 3 
2 5 


a 3"l“ a 4 

2 


flj — fl 2 


a 4 — Oa = 


Oa — a 3 


Consequently 


02 — Ct\ — — 


a i — #0 


03 — O 2 : 


a l — a 2_ a l — #0 


O 4 — 03 = 


It is easy to see that there exists the following general 
formula 


29 * 
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Adding term by term all the last formulas, we have 


a n — ay 


_ fl i — ftp j fl i — a o a \ — a o 


\n -1 a i — a 0 


22 


23 


••• + (-«)’ aw - 

-- a T S (‘-T + -p-+-"+<- 1 ) M ^=5-) = 

Henee, finally, 

— 2ay -f- a 0 , A\n-i _ a i — fl o 

a n— 3 "Tl 3 • 2 n_ i ’ 

5. Consider the relationship 

^ -f 1. 


Putting here k equal to 2, 3, 4, ..., n, we get 


n n 

2 = 3 2 + w —i. 

fc = 2 fc =2 


Put 

We then have 


#i + + • • . + a n = S. 


S — ay = 3 (5 — a n ) + n — 1. 


Consequently 

s = {3a„ — a t — n +1}. 


It remains to express a n in terms of a t . We have 
a n = 3 a„_! + 1, a n _j = 3a„_ 2 + 1. 

Hence 

(in ®n -1 = 3 (o n -i a n _ 2 ). 

Therefore 

a n — a n-i =3 (a n -i — a n _ 2 ) = 3 2 (a n _ 2 — a n _ 3 ) = 

= 3 3 (a„_ 3 — a n _ 4 ) ==...= 3™~ 2 (a 2 — aj). 
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But 
And so 


#2 = 3 di +1=7. 
a n — a n -i = 5>3 n - 2 


Putting here n equal to 2, 3, 4, ...» n, we have 


CL 2 — CL\ = 5 -1, 


CL 3 — a 2 = 5 *3, 

#4 — #3 = 5 *3^, 


— «n-l = 5-3 n - 2 . 

Adding these equalities termwise, we find 

— #1 = 5 (1 + 3 + 3 2 + . . . + 3 n ~ 2 ) = 

= 4 (3 n_1 - 1). 

Rewrite the expression for S in the following way 
S — " 2 ~ {3 ( a n — d\) 4* 2ai — n +1} = 

= 4 - {-+( 3 ”- 1 - 1 )+ 4 -« + 1 }= + {5(S-- 1 )- 2 «}. 

6. We have 

#71 = ^#7l-i + 

# 71-1 = ^# 71-2 + 

Consequently 

#71 # 71-1 = ^ (# 71-1 # 71 - 2 ) = (# 71-2 # 71 - 3 ) “ • • • = 

=/c n_2 (a 2 — #i)- 

Hence 

#2—#1 — (#2 — #1) 7 

#3 - #2 — ^ (#2 - #l) 7 

#4 — #3 = (#2 — #1)7 
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7. Rewrite the given relationship in the following manner 

a n +1 a n — ( a n a n- 1) = !• 

Put 

d n — &n-l == X n (it = 2, 3, 4, . . .). 

We then have 

£ n -fl X n =1. 

Putting here n equal to 2, 3,. . n — 1 and adding, we find 
x n — x 2 = n — 2. 

Putting then in the equality 

d n a n-i ~ X n 

n = 3, 4, . . n and adding, we get 

d n 0,2 == + *^4 “f“ • • • “l - X n , 

And so 

a n = a 2 4" X 3 + X k + • • • + X n . 

But 

n n 

2 x h= 2 ( x 2 + k — 2)--^(n — 2 ) x 2 + (w — 2 ) + 

+ (« — 3)+ ■ • • + 1 = (ra — 2) • 

Hence 

fln —fl2 + (w —2)a: 2 + (ft ~ 1 y n ~ 2) = 

= 02 + (n —2) ( 02 —ffli) -f (B ~ 1} 2 (n ~ 2) . = 

= (W — 1 > 2 < i* 2) + (n —1)02 —(re— 2 ) Oj. 

8. Put 

0„+2 — “n+l = x n- 

Then the following relationship will take place 

*n+l ~ 2* n + X n . t = 1. 
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Using the result of the preceding problem we have 
Xn — - — + (n — i)x 2 —(n — 2) x x . 

But it is obvious that 

n-2 

Q*n #2 === “f” ^2 • • • “4“ *^n —2 ==: S 

h=i 

Consequently 

n — 2 

fln — a 2~~2 2 ^ — 2) -f- 


Finally 

(n — l)(n — 2) 


+ X 2 2 (k- l)-x x 2 (k — 2). 


a 3 —(ra —3) (n — 1) a 2 + 

i (re—2) (n— 3) , (« —1) (re —2) (n — 3) 

+-2-° H -6- 


9. The required formulas can be deduced by the method 
of mathematical induction. It is evident that they take 
place at n =1. Since 

„ _ a n-l + ^n-l 

a n-— 2 ’ 

assuming that the formulas are valid at n— 1, let us 
prove their validity at n. By supposition, we have 

= — a) (i — 

J„.,_. + 4(6-.)(l+- F ^ T -). 

Then 

a n = » a + 4 ( t> - «) (1 ) 


and, consequently, this formula takes place for any whole 
positive n. It only remains to prove that the formula for 
b n is true for any whole positive n as well. 
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We have 

»„>Jl+Stl._ a+ 4 (b-a) (1+^f) 
and the proof is completed. 

However, this problem can be solved in quite a different 
way. It is obvious that 

„ a n-l + *n-l u a n-« + 3 &n-l 

u n — 2 * u n — 4 • 

Multiplying both members of these equalities by some 
factor X, we get 

a n -{-'hb n — (“2" +“4“ a n- i-f- (“2—^—4~ 

Let us choose X so that 

■f+iMT+iM*' 

There will be two required values of X, and they will be 
the roots of the equation 

*2 _ x _ 2 = 0, 

i.e. will be equal to X t =2 and X 2 = —1. 

And so, at these values of X there exists the equality 

a n + Xb n — ("2 ( a n- 1 + 

which holds true for all whole positive values of n. Put¬ 
ting here n consecutively equal to 1, 2, 3, n , we get 

a i -{-Xb l = (“2" +IT ^) ( a + ^)> 

02 + ^2 = (“jp + ’j" + 

a n + Xb n = ( -Tf + "4“ ^ ) ( a n-i + 

Multiplying these equalities termwise, we find 
An-f-^6 n = (-^-+ -^-X) 
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for any whole positive n and at X = 2 and — 1 . Substitut¬ 
ing these values of X, we find 

a n -f- 2 b n = a 4" 26, 

a n 6 n “ ( a 6), 

wherefrom we have indeed 
a n = a+^j{b — a) ( 1 - ) , 

&»==«+ -3- (& —a) ( 1+ 2 .4n ) ' 

10. We have 

x n = x n _! + 2 sin 2 a 
yn = 2 COS 2 a X n _! + l/n-l* 

Multiplying the second equality by X and adding the first 
one, we get 

x n + Xy n = (1 4 2X cos 2 a) x„_ t 4 (2 sin 2 a 4 Ji) y n . u 
Let us choose X so that the following equality takes place 
(2 sin 2 a-|-A,) = X (1 4 2X cos 2 a). 

Hence 

X — ± tan a. 

We then obtain 

(x n 4 Xy n ) = (1 4 2X cos 2 a) (x n . t 4 Xy n ~ ( ) 
or 

(x n + Xy n ) = (1 4 2X cos 2 a) n ( x 0 4 Xy 0 ). 

Substituting the values of x 0 and y 0 and putting in succes¬ 
sion X = tan a and X = —tan a, we find the following 
two equalities 

x n + y n -tan u = (1 + sin 2a) n sin a, 
x n — y n -tan a = — (1 — sin 2a) n sin a. 

Hence 

x n = -|- sin a {(1 4 sin 2 a) n — (1 — sin 2a) n }, 

J/ n = -|-cosa{(l + sin2a) n -)-(l — sin2a)"}. 
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11. As in the two previous problems, we get 

x n + X t y n = p? (*0+^0), 

Xn + hlln = p£ (*0 + ^2{/o)» 

where pt = a + (li 2 = a + A, 2 y, and X 2 being the 
roots of the quadratic equation 

(p 4“ A*8) = X (cx -f- ^y)* 

If Xi =#= X 2l then we have two equations for determining 
two unknowns x n and y n , and the problem is solved. 

Let us now assume that X { = X 2 . Then p d = p 2 and the 
two equations coincide. To determine x n and y n proceed 
as follows. 

We have 

x n = hyn + p? (x 0 + XiVo). (*) 

Substituting the value of x n into the second of the original 
equalities, we find 

Vn = y [ — hiUn-l + pr 1 ( X 0 + ^1*/o)] + fyn-l* 

Hence 

y n + (yK — 6) i/ n _! = yp^ 1 (*<> + Xtfo). 

Put y n — p”z n . Then for z n we obtain the following relation 

Pl2 n + (Y^i — 6) 2n-l = Y (*0 + 
or 

z n —s- ^ 1 Zn-i + “ (*0 + 

H-l H-l 

wherefrom we find z n (see Problem 6) and then y n ; x n is 
found by the formula (*). 

12. Rewrite the given relationship in the following way 

Xn CXX n _i P^ri-2 “ 

Put 

a = a + 6, P=—a6 

(i.e. a and fc are the roots of the quadratic equation s? — 
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— as — P = 0), Then we have 


Put 


x n — bxji -1 "f" abx n ^2 — 0 , 

X n — C&n -1 ^ (^n-l 2 ) 5=1 

X n #2n-l ~ Un m 


The given relationship takes the form 

y n — by n -i =0. 

Hence 

y n = by n . „ 

y„-l = %n-2, 


Consequently 


Vz = by 1 . 
y n = b n ~ 1 y l . 


For finding x n we now have 


x n — ax n - l = b n 1 y i . 


Put x n = b n z n , then 
or 


bz n — yi 


a 



+ 


J/i_ 

6 * 


Using the result of Problem 6, we find 



Performing simple transformations, we finally obtain 

flU- 1)71 flTl-1 — frn-1 

= ~^b~ Xi — ab «-ft *»• 

However, this problem can be solved by the method used 
in the previous problem, if we consider two sequences x n 
and y n defined by the relationships 

x n = ax n ^ + P y„M, y n = 1 -*„-i + 0-y nM . 
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13. Solved as the preceding problem. In this case 
a= 1, b = 


/> + 9 


14. Considering the two variables y n and z n , determined 
by the relationships 


y n = a lfn-l + K-l. Zn = YJ/n -1 + 6z n -„ 


we put 


yn 


— 


Then the variable x n will satisfy the given relationship 

ax n _i + p 


Xn — ■ 


n 7^71-1 + 6 ’ 

and the solution of our problem will be reduced to that of 
Problem 11. For instance, in the given particular case 

x n -l + l 


we have 


" *n-i+3 

y n = y n - 1 + Zn- 1 > z„ = y n _i + 3 Z„_! 


and so on. 

The second particular case 


x n-i 


~ n ~ 2x n _! + l 

is readily considered in the following way. 
Rewrite this relationship as follows 

1 __ 2a: n -i4~ 1 2 | 1 

'x n Xn—i x n -1 


Then 


■ 2 . 


x n x n -1 

Putting here n=l, 2, 3, ..., n and adding, we get 

_!_L —9 n x - — 

x n xo ’ n 2nx 0 + \ ■ 

15. It is easily seen that 

On+l^n+l = ®n^n> 
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and, consequently, 

a nb n = a ob 0 

at any whole n. 

But 


~V a n — Vfrn _ g n — _ a n — ~V a n-\b n -\ 

V a n + V^n fl n + V a n^n a n 4 “ V fl n-i&n-l 


a n-l4"&n-l -| /"- u - 

-2-r 

a n-l + &71-1 , 1 /" £ 

- 2 r r 


/ V«n-1 —V^n-A 2 
' 1/ a n -1 + V &n-l 


Put X— —= Then we have 

V«n + V*„ 


U n _i — U n __2> 


^n-2 — U n ~3 , 


2 2 

ir = at, 

2 

Ui = Uq. 


Raising consecutively these equalities to the powers 1, 2, 
2 a , 2"- 2 , we find 

2 n ’" 1 

^n-1 ~ ^0 


But 


u __ V a n-l V^n-l _ a n-l — Vttpfro 

T^n-l 4" V^n-1 a n-l+V a 0^0 

__ Vap — Vb 0 ap — ~[/apbp 

~V a P 4 “ a P 4 ~ a pbp 


Therefore we have 

a n -1 — Vapbp / ^0 — 1 /dpbp \ 2 n 1 

a n-\-\~~V a pbp ^ a P 4 " a pbp 
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16. We have 


1 * * * r * _i_]_ 

(2k) 3 —2k ~ 2k (2Jfc)2— 1 — 4k {.2k—i — 2k + l J — 

1 f2k—(2k—i) (2k+ 1) — 2k "I 

2 \ 2k (2k — 1) 2k(2k + l) f~ 

_1_Li_L_\ 

— 2 \ 2k—1 2k 2k ' 1 "2k+l / * 

Therefore 


2 (2k)3—2k 2 2n — 1) + 

ft=l 

+ (t+T+--- + 2^i)+2STT“ 2 (t+T+ •'•+^)} = 

= 4{ 2 ( 1 +T+---+2^)- 1 + 2^ri- 

~ 2 (t+T+ •••+4r)} = ( 1 +T + 4'+- -+2^ri) ~ 

_ (t+t+ •••+4r) _ 2^Ti • 

Hence 


n 


2 


1 

(2*)3— 2k 


n 

2^+1 



1 


' 2n — 1 


_1_ 

2n 


1 

/i + l 



(see Problem 33, Sec. 1). 

17. Let us denote our expression by <p„ (a:). We have 
<Pi (*) = (1 — x) + x = 1, 

<p 2 (x) = (1 — x)(l — X 2 ) + X (1 — X 2 ) + X 2 = 1, 


wherefrom we can assume that <p n (x) = 1 for any n. It is 
easily seen that the following relation takes place 

<Pn+l ( x ) = (1 — X n+1 ) <p„ (X) + X n+1 . 

Assuming <p n (x) =1, from the last relation we obtain 
<p n+1 (x) =1. But since <p t (x) =1, it follows that <p n (x) = 
= 1 for any whole positive n. 
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18. Put 

X . *2 , , X 2 " -1 

T=*+T=Z+-‘-+—-& = <fn(x). 

1 —X 

Then 

x 2 n 

<Pn+i ( x ) ~ ( x ) H 9 n +1 • 

1 — ar 

Now it is easy to prove the required formula using the 
induction method. 

19. Put 

(1 -f~ x) (1 + x 2 ) (1 + x 22 ) ... (1 + x 2n ~ 1 ) = X. 

Multiplying both members by 1— x, we find 

X (1 — x) = [(1 — x) (1 + x)] (1 + x 2 ) (1 + x 22 ) ... (1 + x 271 ' 1 ) = 
= [(1 — x 2 ) (1 + x 2 )] (1 4- x 22 ) ... (1 + x2,n l ) = 

= [(1 — X 4 ) (1 + X 4 )] (1 + X 8 ) ... (1 +^ 2n l ) = ... = 1 — X 2?l * 

Hence 

X = — ^ J*- =l + ^ + ^ 2 + ^ 3 + • • • + ^ 2n ” 1 • 

20. We have 


1 fl+l_a+l fl + 1 (fl + l)(b + l) 
a ‘ a& a ' afe ab 


Let us assume that 



a + 1 


ab 




Adding (a + 1)(fe + - ) 


(fl+l)(6 + l)...(«+!) 

abc ... sk 

(a + l)(b+l) ...(, + !) (fc + 1) 
a&c ... sk 


. (J+I)(fc+1) 
. SfcZ 


to both members, we 
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get 

(o + l)(6 + l)...(s + l)(fc + l) ■ (a + l)(6+l) ... (« + !)'(fc + 1) . 
abc ... sk ' abc ... ski 

(a+l)(H-l)... (fc + <)(l + l) 

abc ... sfei 


and the formula is proved by the induction method. 
21. We have 

b _ (a-\-b) — a 1 1 

a (a-\-b) a (a -f- b) a a-f-b 9 


c __ (a + b + c) — (a + b) 1_ 1 

{a -j- h) (a -J- b ~j— c) (a -J— b) (a -j- b -j-c) a-\-b a— -j-fe-j-c * 


l 1 

(a + 6+... +fe)(a + 6+ ... + *+Z) ~ a + 6+ ... + fc 

1 

a + fc+...+/C + Z • 

Adding these equalities term by term, we find 

a (a + b) ' (a + b) (a + 6 + c) ^ 

~(a + 6+...+fc) (a + 6+...+fc + I) 

1 1 6 + c+...+fc + l 

— a a + 6+_|-fc + Z ~ a(a + 6 + c+...+fc + J) 

and the identity is proved. 

22. We have 

F\ (Qz)=Y^(i — qz). 

Hence 

1 + Fi(z) —Fi(gz) = l + r ^(l —z) —^(1 —?z) = 1— qz, 

i.e. the identity is true at n = 1. 

But 

F n (z) = F n -i(z)+j^(l — z)(l — qz) ... (1 —gr n -^), 
^n( 9 z) = i ? n -i(gz) + T: 2^ r (l — gz)(l — q 2 z) ... (1 —g n z). 
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Let us assume that the identity is true at n — 1, i.e. 
that there exists the following equality 

1 + (z) — Fn -1 ( qz ) = (1 — qz) (1 — qh) ... (1 — q^z). 

We then have 

1 + Fn (z) — F n (gz) = (1 — qz) (1 — q 2 z) .. . (1 — q n 'H) + 

+ z )( 1 — ? z ) ••• (1— 5 n_1 z) — 

-T^r( 1 -9z)(l-g 2 z) ••• (l-g n z) = 

= (1 _ qz) (1 - qh) ... (1 - q n -h) {1 + ^ (1 - z) - 

— (* — 9” z )} = (! — ? z ) (* — 9 2z ) • • • (! -g n_1 z) (l-g n z), 

which proves the identity for any n. 

23. Put, as in the preceding problem, 

^(z) = T ^(l-z)+ T ^(i-z)(l-gz)+...+ 


+ dbr( 1-z M 1_ 9z) ... (i— q n ~H). 


Hence 


h=i * 

Let us prove that 

Fn (q~ n ) = —n. 

We have (see the identity of the preceding problem) 

l + n(g- 1 )-/ ; ’n(l) = 0. 

But 

Fn (1) = 0. 

Consequently 

Fn (? _1 ) — — 1 - 

Suppose 

^n(g- n+1 ) = -(n-l). 


30-1225 
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We have 

1 + Fn (q~ n ) - Fn (q- nn ) = 0 . 

Hence 

Fn(q' n ) = F n (q~ n+1 ) - 1 = - («-1) -1 = - n. 
And so indeed 


n 





gh-U 

qn ) 


n. 


Putting here q l = a, we get the required identity. 

24. Put 

a(a — 1) ... (o — fc-f-l) 

Uk ~ 6(6 — 1 ) ... ( 6 —* + 1 ) ’ 

_a(a — 1)...(« — k-{-i)(a — k) 

Uh+l — 6(6—1) ... (6—fc + 1) (6-fc) * 

Hence 

■—- = 53E.. (b — k)u h+ i=:(a—k)u h . 
Consequently 

n n 

23 u ft (a — A)r= 2 u A+1 (fc + l —fc—1). 

h=l h=l 

But 

n 

/*~i Ufr S n * 

fe= 1 

Therefore 

n n n 

— ku h = (b + 1 ) S w a+i— + 

fe=l fc=l fe=l 

n n-|-l 

o<5„— 23 /eUft = (6+l)(S„ + u n+ i — ui)— 23 *»*• 
fe=l fc=2 

Hence 

(^ _ 6 — 1) ^ _ (6 + 1) (llft+1 - Ul ) + 

+ «! — (« + !) u n+i =(b — n) u n+i — bUi. 
Now S n is readily found. 
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25. Proved easily by the induction method. 

26. Both identities are easily proved by the induction 
method. 

27. The left member is equal to 

2 ( 2^-1 — 4fc-2 ~lk) = 2 (^-T - T' 2k-l ~~ik) = 

h=l h=l 

— V /i. 1 _1 J_\_L v /_1_M - 

^-J V 2 2k—1 2 * 2k / — 2 \2k—1 2fc / “ 

k=l h=l 

_ 1 (a 1,1 1 , ,1 1 \ 

- 2 r 2 + 3 4 + • ••" 1 _ 2»-i 2»r 

28. If a sequence of numbers x n is determined by the 
relationship 

x n = «c n _i + px n _ 2 

at the given initial values x 0 and x lt then there exists the 
following general expression for x n 

a n — bn a n-1 — fcn-l 

Xn — a — b Xl ~ a ° T—b X °' 

where a and b are the roots of the quadratic equation 

s 2 — as — p =0 

(see Problem 12). 

In our case we have the following relationship 

u n — u n-i "t - U n-Zi 

i.e. a = P = 1 and u 0 =0, = 1. Therefore 

an — f,n 

where a and b are the roots of the equation s 2 —s—1 = 0, 
so that we may put 


1 + 1/5 


1-1/5 


Finally, 




30 * 
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Using this expression for u n , we can easily check-the validity 
of all the proposed relations (see Problem 6, Sec. 3). However 
the last expression for u n can be obtained in a different way. 

We shall consider the quantities u 0 , u lt Uz, u 3 , ... 
as coefficients of some infinite series 

<p (x) = U t + U 2 X + U 3 X 2 -(- U 4 X 3 + ... + u n ^x n ~ 2 + u n x n_1 + ... 
or 


OO 

<P(*)= 2 u k+i x h . 
h=0 

Further 


xq> (x) = 2 Uh+iX** 1 = 2 u hX h , 

fc=0 h=l 

OO OO 


x 2 q> (x) = 2 Uk+iX h * 2 = 2 Uk-iX h . 
k=0 k=2 


Therefore 

(p (a:) — x(f (x) — x\ (x) = 

OO 

= 2 (Wft +1 — U h ~u h -t)x h + u 1 + u 2 x— UiX=\. 

h=2 


Hence (since u A+1 — u h — Uk-i — 0) 

tp(x) (1— x — x 2 ) = 1 

and 


*P ( X ) \ _ x _ x 2 • 

1 

But the expression 1 _ J _p can be represented in the fol¬ 
lowing form (expanded into partial fractions) 


1 _1 f « _P_\ 

1 — x — x 2 a —\ 1+ otx 1 + P x ) ’ 


(*) 


where 


a- 


1/5—1 


. P = 


1/5+1 
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On the other hand, 
1 


1-t-ax 

1 

1 + pz ; 


1 — ax -f- a V + • • • > 
1 — 0x+p 2 x 2 + . .. . 


Substituting these expressions into the equality (*), we find 


k—0 

Therefore, indeed 

1 f / l 4.1/5\*+i / 1 — 1/5\M-il 

Uft+1 = y!l( 2 ) -(—f-) }• 

By the way, all the ten identities of the present problem 
can be proved using the method of mathematical induction 
as well. Let us prove, for example, identities 7° and 10°. 
At n = 1 we have 

2 

U 2 — U\ll 2 ^ 

which is really true. 

Let us assume that 


U 1 U 2 ^2^3 + • • • + w 2n-3^2n-2 — ^2n-2i 

and prove that 

U i U 2 + U 2 U 3 + . . . + U 2n _ 3 U 2n _ 2 + ^2n-2^2n-l + 

+ U2n-iU 2n = Uln- 

Indeed, by assumption we have 

( u i u 2 + ^2n-3^27i-2) + ^271-2^271-1 + u 2n-l u 2n = 

~ U 2Ti-2 "4" u 2n-2 u 2n-i "4" W2n-1^271 = 

= W 2ti- 2 (^2n-2 + ^2 ti-i) + W 2n -i U 2n = 

~ ^27i-2^2n “4" tl 2n ^{U 2n = 

= ^2ti ( w 2n-2 "4“ ^2 ti-i) = W 2 n- 

Now, as far as identity 10° is concerned, it is readily checked 
at n = 1. 
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Let us assume that 

4 _ 4 

U n __l 1^71-3^71-2^71^71+1 - 

and prove that 

4 4 

U n ^7i-2^7i-1^7i+l^n+2 == 1 • 

To this end it is sufficient to prove that 

4 4 

U n U-n— 1 4~ ^71—3^71—2^71 ^71 + 1 ^71-2^71 -1^71+1^71 +2 ~ 

But we have 

4 4 , 

^71 ^71- 1 “T ^71-3^71-2^71^71+1 ^71-2^71-1^71+1^71+2 

= (^n 4" 1) (^71 4" ^7i-l) (^n — ^7i-l) + 

“h ^71—2^71 +1 (^71-3^71 ^ 71 - 1 ^ 71 + 2 ) “ 

= ^71+1^71-2 {^n 4~ ^n—1 4" ^ 71 - 3^71 ^ 71 - 1 ^ 71 + 2 } — 

= 1^71+1^71-2 {^71— 1 ^71-1^71+2 4“ tifji ( u n -j- ^ 71 - 3 )} = 

= ^71+1^71-2 {^71-1 - ^71-1^71+2 4“ 2u n u n _l} = 


since 


— ^71+1^71—2^n-l {^71-1 U n+2 4“ 2i6t 1 } — 0, 

U71-1 — U n +2 4 - 2 u n = 0 . 


29. We have 

0 + 0 + ■ * * 


U 7l+2 


2 


u k+2 


u n+i u n+3 u h+i u h+3 

fe=0 


= y, 


fe=0 


u k+3 — u h+l 
u k+i u k+3 


V (-!_L.\ = 

^ \Uh+l u h+ 3/ 

fe =0 

^(1x1. 1 1 \ / 1 1 1 1 . M = 

V “l 1 w 2 w n+1 / \ «3 T M4 M71+3/ 


W 7l + 1 ' 

1 U^ + w 2 u 7i+2 4“ w 7i+3 


U 1 


U 2 


^71 + 2 W 7l + 3 


WiM 2 


W 7l + 2 M 7l+3 

w 3 


u n+k 


u i u 2 u n+2 u n+3 


30. Consider the sequence of numbers 
V 0 , Vi, V 2 , v 3 , v t , ... ? 
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determined by the following relationship 

Vn+l = V n + n„-i. 

We then have 

V 2 =V 0 + v u 
v 3 = V Z + Vi = v 0 + 2v u 
Vi = V 3 + v z = 2v 0 + 3^i, 
v 5 = Vi + v 3 = 3v 0 + 5v it 

Using the method of induction, it is easy to get that in 
general 

Vji = u n -i-v 0 + U n Vl- 
Consider the following sequence 

Vq = Up^ i, Vi = Up , • • • > v n = Up-^~ n _t * 

Then we have 

= u n-i u p-i 4 " u n u pi 

and formula 1° is proved. 

Formula 2° follows from 1° at p = /z. The proof of formu¬ 
la 3° is reduced to the proof of the following equality 

2 , 2 

U n -p U n — i — U n U n +i Uji-zUji-i • 

31. On the basis of formula 1° of the preceding problem 
we have 

u 3n = u n-l u 2n + U n U 2n -bi- 

Thus, it is required to prove that 

3 3 3 

Ur- 1 * U2n "4~ * U% n +l — “b ^n+1 U n — \ . 

The proof is rather simple if only the following relations 
are taken into account 

2 2 
Uzn+i = 1 + u m 

U2n == U n —\U n U n U n+ 1. 


S C n—h— 1 — 

fc=0 


32. Put 
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We have to prove that v n = u n (where u n is the nth term of 
the Fibonacci series). Let us prove that for any n there 
will be 

V n +l = »n + V n -i- 

Let us first assume that n is even and put n = 21. We have 


Vji+I — 2 Cn—ft» V n — 2 ^n— ft— 1) V n - 1— 2 Cn—ft—2- 

ft =0 ft =0 h =0 


Since n — 2l, 


[!]='• [+!==’-<• [t 1 ]-'-*- 

Therefore we have 

i- 1 i- 1 

V n 4" V n -i — 2 ^n-ft-1 S Cn-h- 2* 
ft =0 ft =0 

Put in the second sum & = — 1, then 

*-i i 

“h V n -i = 1 -f- S i ~f~ 2 Cn-k'—i = 


= i+2 (cLft-i+c^_i)+cir4-i. 

ft=l 


But, as is known, 


C ft I r'k— 1 /vft 

n—ft—1 i ^n—ft—1 — ^n—ft* 


Therefore 


—1+ 2 Cn-ft+Cj-l = Jj Cn-ft = ^n+1, 


c!z} = i=cS. 

Likewise we prove that i; n+1 = i; n + ^ n -i for odd rc’s 
as well. But it is easy to check that 

= u u v 2 = u 2 . 

Therefore it is obvious that 


for any 
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33. Let us denote the number of whole positive solutions 
of our equation by N n (m). As is easily seen, (m) = 1. 
Compute N 2 (m), i.e. the number of solutions to the equation 

Xi + x 2 = m. 

In this equation x t can attain the following values: 1,2, 3,.. 
m — 1 and, consequently, the equation has the following 
system of solutions 

( 1 , m — 1 ), ( 2 , m — 2 ), . . (m — 1 , 1 ), 

i.e. 

N 2 (m) = m — 1 . 

Let us now pass over to computing Ag (m), i.e. to determin¬ 
ing the number of solutions of the equation 

x f + #2 + x 3 = m. 

Let £3 attain the values 1, 2, 3, . . m — 2. It is clear 
that 

N 3 (m) = N 2 (rn — 1) -f- N 2 {tti — 2) -f- ... -f- N 2 (2) = 

= (»l- 2) + (^~ 3) + • • • + 1 = ( ”~ y” -2 * = 

Using the induction method, we prove that 


iV n (m) = C"-\ 

It is obvious that 


(ra— 1) (m — 2) ... (m — n-\- 1) 
1-2-3 ... (rc-1) 


N n (m) = N n - 1 (m— i) + N n ^(m— 2)+ . . .+A n _ 1 (M—1). 


Assuming that 

N n-i (m) = 

we have 


iv n (m) = C-4+C-4 + . •. + = cr, 

(see Problem 70, Sec. 6 ). 

34. The general form of the equations under considera¬ 
tion will be 

kx + (k + 1) y = n - k + 1 (k = 1, 2, . . ., n + 1). (*) 


31-1225 
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Let us rewrite 

and put 
Then 


this equation as follows 
k(x + y + i)+y=n + 

x + y + 1 = z. 


1 


y = n + 1 — kz, 
x — (k + 1) z — (n + 2). 

Whatever z may be these expressions yield solutions to the 
equation (*). Let us see what values must be attained by z 
for x and y to be whole and non-negative. And so, the follow¬ 
ing inequalities must take place 

(n -|- 1) — kz ^ 0, {k 1) z — (n -f- 2) ^ 0. 


Hence 


n -f- 2 

T+T 


n -\-1 
~~k * 


and z must be a whole number. If n + 2 is not divisible 
by /c—(— 1, then z takes on the following values 



Let us denote the number of solutions of the equation (*) 
by iVfc. In this case we have 



If n-\-2 is divisible exactly by k- f-1, then 

"‘“[■t 1 ]—frf+ 1 - 

But if n + 2 is not divisible by k 4-1, then 
\ n + 2 -1 f tt+n . 

L* + l J ’ 

and if n-\-2 is divisible by k- f-1, then 

_ m _f n- f-1 ~1 

/c+i 1 L/c+iJ’ 

Thus in all the cases 

7 rn+i i r n +i i 
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And so, the total number of solutions is equal to 
JV,+JV»+ 


r»+‘.i i 

- n + 1I 1 

" n-\- 1 

] r n+1 i 

L» + lJ 1 

-«+ 2J 1 

1 

J Ln + 2j 


However, this result can be obtained in a different way. 
We have 


J_— V n hx . 1 = V Mh+Dv 

__ h Zi * ’ Zj * 


Therefore 


____ y y Q hx +( hn )y+ h-i 

(1 9 h ) (1 9 h+1 ) x f 0v f 0 

If we expand the right member of this equality in powers 
of g, then it is easily seen that the coefficient of q n in this 
expansion will be equal to N k , i.e. to the number of solu¬ 
tions of the equation 

kx + {k + l) y = n — k + 1. 

Thus, the quantity 

Ni + N 2 + . . . + N n+i 

will be the coefficient of q n in the following expansion 

_i_+_ i _ + _ t __+ +. 

(1 — 9) (1 — 9 2 ) ' (1-9 2 )(1-? 3 ) ^ (1 —9 3 ) (1 —9 4 ) 

J_^_,__L 

(1 — g n+ i) (1 — qn+%) ' (l_gn+2) (l__ 9 n+3) "1 • • • • 

But it is easily seen, that this expansion is equal to 

_<_»_ 

9(1 — 9) ^ V l_oft+l 1—9 ft+2 / 
fc=0 * 

= 9 (1 — 9) ( "l"—9 1 ) = 2( W + 1 )3" 


31 * 
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Hence 

Nt + N z 4* . . . + N n +1 = n + 1. 

35. The general form of the equations will be 

k 2 x + (As + l) 2 y = I (k + l) 2 — k 2 ] n — k 2 
(k = 1, 2, 3, . . n). 

A direct substitution shows that one of the solutions will be 
x = — (n + 1), y = n. 

Then, as is known, all the solutions will be obtained from 
the expressions 

x = — (n + 1) + (p + l) 2 t, y n — pH , 

where p is one of the values attained by k. 

For x and y to be non-negative it is necessary and suffi¬ 
cient that t attains whole values satisfying the inequalities 


n- 1-1 

(pW 



Considering then separately two cases (n 4-1 is divisible 
by (p + l) 2 and n + 1 is not divisible by (p + l) 2 ), we 
xome to the desired result. 

36. By hypothesis the black balls alternate with the 
white ones. Therefore, two suppositions are possible: 

(1) the white balls occupy odd positions, i.e. the first, 
third, . . ., and the black balls even positions; 

(2) the white balls occupy even positions, and the black 
balls odd positions. 

It is easily seen that the white balls numbered 1,2,. . ., n 
can occupy odd positions in n\ ways, likewise the black 
balls can occupy even positions also in n\ ways. And so, 
according to the first assumption, we have (rc!) 2 ways of 
arrangement of all the balls. 

The second assumption yields the same number of arrange¬ 
ments. Hence, the total number of arrangements of the balls 
is 2 (n!) 2 . 

37. Let Lnh denote the number of ways in which kn di¬ 
stinct objects can be distributed into k groups of n objects 
in each group. 
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In how many ways is it possible to make up the first 
group of n objects? It is clear that the total number of the 
distinct combinations is equal to Cnh * and it is obvious 
that 

^ = C4‘n. 

Hence 

Lnk = CnhP(h-l)n • • • C*2n* 

38. Let us consider the number of permutations of n 
elements in which two definite elements a and b are found 
side by side. The following cases are possible: (1) a occu¬ 
pies the first place, a occupies the second place, ...» 
finally, a occupies ( n — l)th place, and b is always on its 
right, i.e. in the second, third, . . ., nth place, respectively; 
(2) b occupies the first place,..., finally b occupies (n — l)th 
place, in all cases followed by a. Thus, the total number of 
cases amounts to 2 (n —1), each case corresponding to 
(n — 2)! permutations. Therefore the total number of the 
permutations in which two definite elements a and b occur 
side by side will amount to 

(n — 2)1 2(» —1) = 2 (ft — 1)!. 

Consequently, the number of permutations of n elements 
in which two elements a and b are not found side by side 
will amount to 

n\ - 2 (n - 1)! = (n - 1)! (n ~ 2). 

39. Let us denote the number of the required permuta¬ 
tions by Q n and put n\ = P n . Consider the whole totality 
of the permutations P n . Among them there exist Q n permu¬ 
tations in which none of the elements occupies its original 
position. Let us find the number of the permutations in 
which only one element retains its original position. Undoub¬ 
tedly, this number will amount to nQ n „ t . Likewise, the 
number of permutations with only two definite elements 

retaining their original position will amount to ” Q n -z » 

and so on. Finally, the number of permutations where all 
the elements retain the original position is Q 0 = 1. Thus, 
we have 

Pn — Qn + nQn ~l 4 Qn -2 + • * • + n Qi~\-Qo' 
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This equality can be written symbolically as 
P n = (Q + l) n . 


Here after involution all the exponents (superscripts) 
should be replaced by subscripts, so that Q k turns into 
Q h . Consequently, we can write the following symbolic 
identity valid for all values of x 

{ pJ rx) n ={Q+i + x) n 

(since symbolically the power of P can be replaced every¬ 
where by the same power of Q + 1). 

Putting here x = — 1, we find 

Q n = (P-l) n . 


Passing over from the symbolic equality to an ordinary one, 
we have 


Qn = Pn -|P n -i + ^i ) Pn-2+ ••• + 


Qn = n\ (- 1 -— 1 + . 


+ (— l)" -1 n Pi + ( — 1)"» 
( l) n \ 

" (n — 1)! “T" n\ ) ‘ 


40. Consider all such permutations of n letters in which 
vacant squares may occur along with occupied ones. If 
n = 1, then the number of ways in which one letter can be 
placed in r squares is equal to r (the first square is occupied 
by one letter, the rest of the squares being vacant; the second 
square is occupied by one letter, the rest of the squares 
being vacant, and so on). All permutations of two letters 
in r squares are obtained from just considered r permutations 
by placing the second letter in succession in the first, second, 
. . ., rth square. Thus, the number of permutations of two 
letters in r squares will amount to r 2 , and, as is easily seen, 
the total number of permutations of n letters in r squares 
will be equal to r n . Let us denote by A r the number of 
ways in which n distinct letters can be distributed in r 
squares so that each square contains at least one letter. 
The number of such permutations amounts to A r . Then 
we shall consider all those permutations in which one and 
only one square is vacant. Their number is equal to rA r 
Further, the number of permutations where two and only 
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two squares are vacant is equal to 


r(r- 1) 
1-2 


^r-2> 


and so on. 

Therefore we have 


A T + rA r _i + r ^ 2 A t . 2 + ...+ri4! + l = r n +l. 


This equality can be written symbolically in the follow¬ 
ing way 

(-4 + l) r = r n -f-l 

(i.e. after expanding the left member A h should be through¬ 
out replaced by A k ). 

Further, we have 

(A-\-l+x) r = 2 C?x k (A+ l) r - ft . 

h=0 

This equality yields the following symbolic one which 
holds true for all values of x 

04+l + z) r = 2 C h r x h l(r-A) n +l]. 

h=0 

Put here x— —1. Then 
A r = 2 C?(-l) ft [(r-fe) n + l] = 

k=0 

= 2 (-l) ft (r-fc) n c?+ 2 

h—0 h=0 

But 


2 (—l)' ! Cr =(1—l) r = 0. 

k=0 


Therefore 
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Passing over from the symbolic equality to an ordinary 
one, we get 

r 

A r = 2(-l) h (r-/c) n ^ = 

h =0 

= r n_| (r _l)n + li^l)_ (r _2)n_... + (_l)r-lr 
(see Problem 55, Sec. 6). 


SOLUTIONS TO SECTION 10 

1. Put a = -£> so that |6|>-1. Let us prove that 

|&P>l + n(|&|-l) (n > 1). 

Indeed 

|6| n = {l + (|6|-l)r=l + n(|6|-l) + 

wherefrom it follows that 

|6|">1 + »(|6|-1) (»>1). 

Then 

I x n | = I « I" = JbfT < l + n(|b| —1) 

and indeed 

lim x n = 0. 

n-*-oo 

2. It is easily seen, that we may assume a>0. Then 
Xj>0 (i = 1 , 2, 3, . ..). Let k be a whole number satis¬ 
fying the condition &^a<fc-|-l, so that^-j<l. 

Put n > k. Then 

a n a h a a a 

"nf ~ 1-2-3 ... A: "F+T" fe + 2 " ’ ~n ' 

But 

a ^ a a ^ a a ^ a 

k+2 ^ fc+1 ’ fe + 3 ^ fc+1 ’ n ^ k+l ‘ 
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Therefore 

a n ^ a h I a \ n_ft 

^IT l¥+T/ 

But since - 1 <1, it follows that —>-0, if 

n -► oo, and therefore at any real a we have 

lira = 0, 

n-*oo " ! 

i.e. the factorial n\ increases faster than the nth power of 
any real number. 

3. Both the numerator and denominator of this fraction 
increase without bound along with an increase in n. Consider 
separately three cases: k = h, k <. h and k > h. 

1 0 k = h. Divide the numerator and denominator by 
n h — n h . We get 


lim a o nh + a i nh ~ ij r 

b 0 nh + b in h~ lo- 

2° k < h. 

l im 


- = lim 
-bh 




a ° + ~7T + 

b o+-7T- 


u , °1 , , 


3° /c > h. Analogously w<5 get in this case 

a 0 yi fe + a 1 yi fe -i+...+fl fe 
-f + • • • + bh 

4. We have 

71 71 71 

TT k3 ~ 1 TT k—1 -rr k2 + A: + 1 
11 /c3 —1 ^ 11 k + 1 ' llfc2_fc + l • 

h —2 ft =2 fc =2 

Ut 

T ”. k— 1 1-2-3 ... (n — 1) 2 

11 k -f - 1 3’4-5 ... (n + 1) ~ «(n +1) ’ 


-pj^ + fc-i-l 7-13-21 ... (n2 + n + l) n 2 + rc+i 

11 fc2_jfe + l~ 3.7.13... (»2_ n + i) - 3 
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Therefore 


5. Put 


IimP n -4lim2i+i±i: 


2_ 

3 


l h + 2 h + 3 h 


At k — 1 we have P„ -- 


nft+i 

n -|-1 

2 n 


P 

1 n* 


and consequently 


lim Ph = ^-. 

TI-+00 & 


Likewise we easily find lim Pn=-^. Let us assume that 


lim P l n : 


i +1 


for all the values of i less than k, and 


prove that lim Pn = -j € -^_^ • Put s* = l* + 2 l + • • * We 

then have the following formula (see Problem 26, Sec. 7). 

/7 , , (k + i)k . (k+i)k(k-l) 

(k + 1) Sh -I- ^2 — Sh - i ^- i 72 .3- Sh ~ 2 "!”••• + 

+ (&+ 1) s i + So — ( n + l) Jl+1 — 1. 

But Pn = -, therefore we have 


«fe+i 


1 

k + 


r(*+v 




(fc + 1) 


, pfc-l 
k rn 


wherefrom it follows that 


1-2 n 
1 


k-\-i 


I™ Pn *+i ' 

This proposition can be proved directly. Let us make use 
of the inequality (see* Problem 50, Sec. 8) 

mx m ~ x (x — 1) > x m — 1 > m(x— 1) 

(#>0, not equal to 1, ro is rational and does not lie 
between 0 and 1). 

Put here m = k-\- 1 and replace x by y. We get 
(k + l)x h (x — y) > x k+i — y h+i > (fe+l)i/ fe (x — y). 
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Put here first x— p , y — p — 1 and then # = p + l, i/=^p. 
We then find 

(p + i)^i _ > (* + 1) p k > p fe+1 - (p — l) fe+1 . 

Putting in this inequality p = 1, 2, .... n and adding, 
we obtain 

(/i 4- i) k+i - 1 > (fc + 1) (l h + 2* + . .. + n h ) > rc* +1 . 

Dividing all members of the inequality by ( k-}-l)n h+1 , 
we find 

1 f/ i4 1 \fcd- 1 _1_\ - ik + 2 h + ,,,^ n k i 

/c +1 l \ n ) n k+i / ^ ^ft+i ^ & + 1 


Hence it follows that 

ih + 2 k +...-\-n k 1 

lim — --—— = -r—r . 

n-+oo k + i 

6. Using the notation of the preceding problem, we get 

lfc + 2*+---+"» _ (p k _I\ 

n h fc+-l \ " k + 1 / ' 

Making use of the expression for P £ obtained in the pre- 
ceding problem, we have 

n ( P ”~TTT) = 

_(n + l)*+l-i»h+i 1 h ft -1 1 PI 

k~1 ln ' 


(k + \)n h 


(k-\- 1) n 


i n 

*4-1 nh -1 


Hence 


lim n(Pn— -q-yj = lim { 


(n + l) ft+ l — ra h+ l _* 

(*4-l)n h 2 n / 


lim (n + 1)fe+1 - n>!+1 = 1 and lim P =4 - 

(.k + \)n h n->oo * 

7. From Problem 4, Sec. 9 we have 

2^i + X 0 . / /i \n~i (^1 x o) 

71 o T V A / 3.0n-l » 


wherefrom follows 


lim = . 
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8. We have the following relationship (see Problem 3, 
Sec. 9) 

Xn-Va ( X 0-V^ \ 2n 


Since 


Hence 




-Vn 


x 0 


+ V*r 


x n "h ~\/ N \x 0 +~]/N' 

< 1, we have 

lim (.a=±5f = 0. 

n-+oo ' Xn *4~ v N • 


lim — — ■ = 0 

n—oo x n -f ViV 


and lim£ n = V^V. 


And so, we get a method for finding the square root of 
a number. It consists in the following: designate any positive 
number (say, the approximate value of a root accurate to 
unity) by x 0 . We represent N in the form of a product of 
two factors, one of which is equal to x 0 so that 

We take the arithmetic mean of these factors and de¬ 
note it by Xu so that 


Zi--y (*o + -^-)- 


Then we put 


N = Xi< 


JL 

*i 


and take the arithmetic mean once again 


x 2 = 



and so on. 

The error, which we introduce when taking x n for an 
approximate value of YN, can be determined from the for¬ 
mula 


x n -VN _. ( Xq-V^ \2» 

Xn + VM ' x 0 +VN f 
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9. Let us first of all prove that 

x™ > A\ 


Indeed 


x p - ..x p -i yi -f- ^ ) • 

/l , N - X p-1 \ m ^ A N-Xp-I = iV 
\ m ^_i / 1 z p-i 


(see Problem 51, Sec. 8). 
Therefore 




for any whole positive p. 

Let us now prove that x p is a decreasing variable, i.e. 
prove that 

Xj } £p -1 0 . 

Indeed 

Af 771 

r r _ ^ ^ A 

— mx™_ 1 ^ U * 

And so, the variable x n decreases but remains positive. 
Therefore it has a limit. Designate this limit by X. From 
the relation 

711—1 , N 

Xn ~ m m rrn-1 » 


as n—>-oc, we get 


X = -^—i X + ^-r, X m = 7V r and X = 

It is obvious that 

Xn>yN>-J^ , 

n 

which enables us to find the upper limit of the error intro¬ 
duced as a result of taking x n for an approximate value of 

ym 

10. We have 

0 < A=r 

v n\ y n 

(see Problem 4, Sec. 8). 
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Hence follows the required result. 

11. It is easy to prove the following inequality 

<i + *>0). 

Putting here x = we find 

2«2 + fc < ^ <" 2 * 

Hence 

2 2n2 + fc < s " < 2 

fe=i ft=i 

The right member is equal to 

n 

1 ^ % »(» + !) 

2n 2 Zj /i — 4n2 

fe=l 

I 

Therefore the limit of the right member is equal to 
as 7z->oo. On the other hand, 


““(■srS*- Sror)=>™ 2 


k 2 


But 


k=i k=i 

k 2 


n-^oo — 2n 2 (2n 2 + k) 
h— 1 


2 w 2 + /c 

ft=i 

k 2 __ l2_I_22+...-f- n 2 


< y 


2n 2 (2n 2 -j- /c) ^ 
fc=l fe=l 


4rc 4 


Consequently 


{ 2«2 2 * 2 2»24-fc } ~ 0 


fe=l ft=l 
n 

and lim V , _ -y- 

?i_*.oo ^ 2rc 2 + fr 4 


2^2 4- k 

k 1 


Thus, both variables, between which S n is contained, 


tend to -r . Therefore 
4 


lim S n — —. 


71-+OC 
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12. We have 

~ CL~\~ Xn- 1 * 

It is easy to see that the variable x n increases. Let us show 
that all its values remain less than some constant number. 
We have 

^n-i #n-l d 0, 

since x n -i < x n . 

Hence 

( %n-l y^+*± i) ( a _ 1+ ^+L zi)<0. 

But since the second bracketed expression exceeds zero, 

"l/ i±Q, I | | 

it must be x n _i < —— — ■ , i.e. the increasing variable 

is bounded, and consequently has a limit. Put 
lim x n _! = lim x n = a. From the original relation between 

7i-*- oo 7l-*oo 

x n and x n _j we get 

a 2 — a — a = 0, 
and since a ^ 0, we have 

"l/4a +1 + 1 
a= - 


13. Let us prove that x n is a decreasing variable. We have 

x n -H — x n z=— T L==- — 2 {V n + l — Vn). 

V ra+1 

But 


Vn + i-Yn 


1 

V ra-f-i+V w 


> 


1 

2 71 -j - 1 


and consequently 




But*“it is possible to prove (see Problem 6, Sec. 8) that 

‘ + w+w + - + w >2 ^- 2 - 

Therefore 


X>n > 2 — ]/"?&) — 2 > — 2 . 
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Thus, the decreasing variable x„ remains constantly 
greater than —2, hence, it has a limit. 

14. Let us first show that x n ^>y n . Indeed 


*n - Vn = + _ y = | YJZi) 2 > 0. 

But 


%n-l : 


+ */n-l 


X 


71-1 ' 


_ y 7?-i ^n-i 


< 0 ; 


Ti—l 

i.e. the variable x n is a decreasing one. On the other hand, 

yn yn-l — V yn-i • ^n-l — !/n-l = ]/ J/n-1 (K ^n-1 — K 1/n-l) 0, 

i-e. y n > y n _ 1 and y n is an increasing variable, wherefrom 
follows that each of the variables x n and y n has a limit. 
Put lim x n = x, lim j/„ = y. We have 


„ ^n-l + J/n-l 

•In-2-• 

Hence 

_ 

~2~ 

and consequently 

x = y. 

15. We have y^- = s,, jzTq = s > hence q = 1—, 
<? = !--. But 

X S 

1 +qQ + q*Q 2 +.--= T ^Q = 

__1_ SSj 

16. We have 


s — u i-j- Uiq -f--j- ... — m i(1 —J— —J— g 2 —...), 

o* = u*(\+q 2 + q i + ...)• 


„ _ u n q — ut 


Ui 


u 

i—q 2 



S.(l- 3 n ), 



»t a 

(l—?) 2 ■ 


Further 
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s 2 + cr 2 


(1 — ?) 2 (l + <7) ’ 


6- — 0 *=- 


(l — q) 2 (i + q)' 


Hence 


q S 2+ 0 2 


17. 1° Put x = y . Then | y | > 1, and we may put | y | 

= 1 + p, where p > 0. 

We have 

i h Ti i 71^ 

l nl I=-(I+pF- 




*+"P+ i.2 -p 2 +•••+-?: 


2-3 ... (fc+1) 


P ft + 1 + . .. -j-p 71 


Assuming that n > A*, we find 

| | = (j+Hl _ = 

(1 + P) n n —1) ( n — 2) ... (n — fc + 1) (n — fc) p fe+1 
__ (fc+1)! 1 

p ‘*‘ (>4)('4) 

But the expression 

(fc + 1)! _1_. o 

p ‘*‘ " 

if n-+o o (A constant). 

Therefore, indeed 

lim 71^ = 0 if n-^oo. 

2° Put ^n— l=a (a>0). We then have w = (H-a)". 
Hence 

n = 1 + ncc + — a 2 + .. . + a n . 


32-1225 
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Consequently 

And so 

a < and 0 < yf~n — 1 < —(« > 2). 

y n y n 

Now it is obvious that 

limy'" n = 1. 

18. We have 


1 1 

J^ + 2^ + 


1 


1 


1 I 1 

1-2-3^ 2^3 


n(n-{- 1 ) n ; 1 

1 1/1 


"(» + l)(» + 2)- 


■t( 


1 


2 (« + l)(« t 2 )j 


(see Problem 40, Sec. 7). 

But 


1 1 
1^2 2^3 


1 


n (n + 1) 


~ll»{l-2 + 2-3 + •••+ "(a+l) } ■ i™! 1 « + l} _L 


Thus 

i = J_ + JL + +_J_+ . 

t-2 T 2-3 T r «(n|i) T 

Analogously 

111 1 
"4 = 1^3"^ 2^4+ ’ ’ ‘ » (n+1) (7t+2)+ ' ’ ' ’ 

We can prove a more general formula 
1 1 

1-2-3 ... ( 9 +l) + 2-3-4 ... (Ff2) + ’ " + 

H---1- • • • =—— 

n(«H-li ... (9-f-n) ^ q-q) 

(spe Problem 26, Sec. 9). 

19. Suppose the series is a convergent one, i.e. suppose 
1 1 

S n — 1 + t + • • • 4— has a limit which is equal to S as 

u n 
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Then lim S 2n ^=S. But on the other hand, 

n~* oo 

5 2n -5„ = - ;r |- T + ^-2-4- 

(see Problem 1, Sec. 8) which is impossible. Thus, the series 
cannot be a convergent one. However, the divergence of 
this series can be proved in a different way. Let 2 k < n < 
< 2 ft + 1 . We then have 


5 »- 1 +t+(t+i) + (t+t + t+t) + ••• + 

+ ('2^T + --- + ^) + ' + 

But 

2^.1 i,i,i , i^±_l 

3 o" 4 4 '2’5" t “6' r 7 r 8^8' 2 ’ * ‘ * 

Therefore 

■5n>l+|. 

But as n -> oo, also /c oo, and consequently £ n —oo, 
hence, the series is a divergent one (see also Problem 22). 

20. Put S n = 1 + A + - + * To P rove that 

Z u 71 

the series is a convergent one it is necessary to prove that 
lim S n exists. But it is easily seen that S n increases along 

n-+oo 

with an increase in n. It remains to prove that S n is boun¬ 
ded. Let 2 h ~ 1 < n < 2 k . We have 


5 »< 1 + (^ + -^) + (^ + -^ + -^+^)+ ••• + 


+ (—-— 
1 V 


But 


( 2 ft-i)“ (2 ft -‘ + l)“ 

± + ± <2 J-^~L- 

2“ 3“ 2“ 2 a ~ 1 


... + 


(2ft-1) 


=•)• 


11114 1 

- ! — _U 1 — _ r - 

4 <x 1 5 a ‘ 6 a 7 a 4 a 4 a ~ 1 


(2 fe ~ 1 ) a 1 (2 h - i +l f 


(2 fe — l) a 


< 




(2 ft-l)a 


(2 h_1 ) a_1 


32 * 
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And so 


1 


1 


oa-1 


(2*7 


2\a—1 


or 


ii 


^n<l + ^rr 


( 2 ft-l ) a- 1 

1 


(2 

Sn S 


2\a-l 


k—l\(X—i 




oa-l 


Thus, is really bounded, lim *S‘ n exists and the series 

71-+00 

converges. 

21. 1° We have (see Problem 22, Sec. 7) 

l.r + 2.r 2 + ... + ^ ^^ {nx n+1 — (n +1) x n + 1}, 

1 -j- 2a; -}- 3a; 2 + • • • + nx n ~ x + ... = 

— lim {1 + 2a; + 3a; 2 + . .. + nx n ~ x } = 

n-> oo 

=1™ < na;n+1 - (» + IK+0 = , 

since 

lim nx n = 0 (|o:| < 1) 

n-*-oo 

(see Problem 17, 1°). 

2°, 3° From the results of Problem 33, Sec. 7 we get 
l + 4* + 9z 2 +...+nV*- 1 + ...=-^^r, 

1 + 2 3 x + 3»*» + .. . + n*x n -' + ... = • 

22. 1° Follows immediately from Problem 41, Sec. 8. 
Hence, we can obtain one more proof of divergence of the 
series 

1 + 4 + T + T+ •••+T+ ••• • 

Put 

lim (1 + — ) = e. 

n-oo V re / 
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( 1 \ n 

1 + —) tends to e in an increasing 

manner, we have 

(*+4)'<* 


for any whole positive n. 
Hence 


Aog(i+l)<, 


if the logarithm is taken to the base e. Or 


1+ 2 ' 3 


|> 1 °g( 1 +r)’ 

+ •••+—> log 2 + log (1 + y) ~l _ 
+ 1 °g( 1 + i)+ ...+i°g(l+-i) 


, 2*3-4 ... (n + 1) i / , a \ 

= l °S 1-2 7 3 = log {n + 1} - 


Hence 


1 + T + T+'--+4> log ( n + 1 ) 


and we get a divergent series. 

2° Using the binomial formula, we obtain 

U , 1 \ n -4 . * , »<»-!) 1 I 


(<4)=*+4+ 


1-2 n 2 


, n(n — 1) (n — 2) 1 . . 

“ r 1-2-3 ’ n 3 “T • • • "T 

. n (re — 1) (n — 2) ... [rc — (n — 1)] 1 

1-2-3 ... re ~n^~ . 

-*+n(‘-f)+Tir(‘-^)(‘-4) + - + 

Put for brevity 
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Then 

( 1 \ n 

1 + “ J — < ^ J r^'2’\~ u Z J r • • • + ^A + Uk+i + u k+2 + • • • + u n- 

We have 

1 


u k < 


1 -- , 
“a+i_ n < 1 


Hence 


1-2-3 ... A: ’ u k k +1 ^ A + l * 

1 _ 

1 ’ 

1 


^A+l < W-A 


A + l ’ 


w A+2 ^ft+1 j._L 9 ^ 

U n < WA 


1 

A+2 ^ (A+1) 2 ’ 

1 


n—h 


(*+i) : 

And so 

u ft+t "f" Wft+2 + • • • + U n < 

< - Mft fl-J_ J _(_ 

v fc+.i L ^ *+i ^ 

Consequently 


(k+i) 


1_l<ifL. 

[\rt-fe-i J A 


1 1 

u h+l + u h+2 + • • • + u n <C | >2 .3 k * T ' 


Hence 

°< ( 1 + t ) -(2 +“ 2 + ...+«*)< 1>2 ^ ; fc - X - 
Let n-+ oo. Then 

Hm u ft = j : — T 

and, consequently, 

0<g—(2 + I ^ + r ^3+--- + ,.2.3 7¥ )< 1 . 2 1 
wherefrom follows 

_ Q . 1 I 1 | | 1 . 6 

^r2 + 1-2-3 + • • • + 1-2-3 ... k "r 1-2-3 ... kH 

(0<e<i). 
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Thus, we may write 


^ q i 1 i 1 I i 1 

6 — Z -j- y ^2 i j .2.3 > * * * i |.2.3 jjT 


23. We have 


2 sin -g-# —sin .r = 2 sin y ^ (1 ~ cos y =4 sin yxsin 2 ^ a:. 


Hence 


2 sin ~ x — sin x < 4 y (~) 2 , 


since sin a < a for a > 0. 
Differently 


2 sin — x — sinx< ^x 3 . 


Replacing here x by Jt— x, we find 


2sin T x~ sin 4" ^ < s' (1) ’ ( 2 ) 

2si,ii- a ;_ sin) 3 , (3) 

0 .1 .1 . 1 t x \Z , x 

2 Sln _ ;r _ sm _ : ra; <_^__) . (B) 

Multiplying inequalities (1), (2), (rc) successively by 
1, 2, 2 n_1 and adding them, we get 

2nsin ‘2^T x ~ sin x<-gx 3 |l+ 22*+ ^2”+ • • • +■ 2 2 7i-2 } • 

Passing to the limit as n-*~oo, we find 


x — sin .z > 


{l-f 


_L.l_L 

41 ' 42 


+■ • • • +i^=r} • 
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But 


lim jl-f + ■ + ^r} 




Consequently 


sin ~2n 

lim-— = 1. 

n-oo 

2 n 


24. 1° Put 


x — sin xsC — 
b 


C a \ \ fl 2 I . a n 

n ““ 10 102 "T - • • • -T~ IQn ■ 


£ 

3 ’ 


It is required to prove that S n has a limit as n oo. 
As is easily seen, S n increases along with an increase in n 
so that S n+l ^ S n . Let us prove that S n is bounded. We 
have 



And so, S n < 1 and the series converges. 

2° Since to lies in the interval between 0 and 1, let us 
divide this interval into ten equal parts. In this event the 
number o will be found either inside one of the subintervals 
or at its boundary. Consequently, we can find a whole num¬ 
ber a { (0 ^ ^ 9), such that 




a \ 1 
10 ’ 


i.e. 




Thus, the number co — lies in the interval between 0 

10 

1 

and Yn • Let us divide this interval into ten equal parts. 
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Then we shall have 


Hence 


a 2^ a \ ^ a 2 + l 

102 10 ^ 102 * 


a \ 


fll 


(X 2 * 

10 +102 ^ 0) < 10 


a 2~h 1 

102 • 


This operation can be continued in a similar way. Let us 
prove that 


n 1 -!^ ( 10 102 + • • • I" IQn ) ~ 


0 ). 


Here the variable increases but remains all the time less 
than , consequently, it has a limit. Consider the 
variable 

a l | a 2 | | a n —1 | a n + 1 

10 102 "I • * * T“ 10^-1 "T 10 n * 


It is easily seen that this variable decreases but remains 
greater than ^ and, consequently, also has a limit. Since 
the difference 


/ a \ | a 2 | I a n-\ | T i \ 

\ 10 102 "T • • * T- 1Q n-i “T 10 n )~ 

* _ / a \ | a 2 | | a n \ _ 1 

V 10 ^ 102 • • • “1 10 n / ~' ion 

tends to zero as n oo, both of these variables tend to 
one and the same limit, which, by virtue of the inequalities 


a 1 j_ a 2 , 

10 1 102 T- 


10™ 




I a 2 . | a n -1 . a n + i 

■T 102 -r • * • T- 10 M-1 ' ion ’ 

will be equal to co. 

3° If the fraction is finite, then, there is no doubt, it is 
equal to a rational number. Let us pass over to the case 
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of periodicity. In this case we have 

„ _ a l | a 2 , i a n i 

03 ~ 10 + 1Q2 + * • * + 10" + 



a 1 10«-i + fl 2 10 rl - 2 + ... -f a,*_il0-fa n 
10 n —1 


i.e. co is a rational number. 

Likewise we make sure that a mixed periodic fraction 
(i.e. such a fraction whose period begins not with a u but 
later) will also be rational. 

Making use of some arithmetic reasons, we can prove the 
converse; namely, if a number is rational, then its expansion 
into a decimal fraction will necessarily be either finite, or 
periodic (purely periodic, or mixed periodic). 

Thus, every non-periodic infinite fraction necessarily 
yields an irrational number. 

2 

25. Suppose (0 is rational, i.e. a) = ~ , where Z and N 

are whole numbers. 

We have 

jL_± . _Lo_JL i , j | f i i_, 

N l i 4 1 19 I ’ • ' T T j(n-f-l)2 “T ^(71-1-2)2 ‘ * * 

Let us multiply both members of the equality by l n2 N 
and transpose the first n terms from the right to the left. 
We get 

Zl n *—N (l n2 ~ l -f Z n2 ~ 4 + ... -H n2-(n-1)2 + l) = 

— N / -!__ 1 _ 1 _1_ \ 

"" ^ \ j2n-\-\ ' ^4n-f 4 ‘ j6n+9 < * * * /* 
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Hence 

I zi n2 -N + l n2 ~ k 4 - • • • + 1 ) | < 


^ AT f 1 | 1 1 ) AT ' 2 " +1 

<iV \ i2n+i T i 2(2n+l) + j3(2n+1) ' J — " . _1_ ’ 

;2n+l 

And so 

I zi n2 —N (r a-i +r 2 - 4 +... + i)|< a 

If n is taken sufficiently large, then the right member can 
be made infinitely small, whereas the left member is an 
integer not equal to zero. 

2° Proved as 1°. 

26. We have 


e = 2 +ir+-k 


(re + 1)! ‘' 


(where Z and N are positive integers). 

Then 

JL_24-—4_JL . I 1 1 1 , 

N —2! ‘ 3! ‘ * * * ' TV! ' (TV + 1)! ^ 

or 

Z(ff-l)!-(2 + J r+ i+...+J r )m- 


Hence 


N +1 1 (TV + l)(TV + 2) 


'+ • • • • 


z <JV - 1)! - ( 2 + 4- + 4- + ... ) M | < 

111 1 
< N ~+1 (AT+i)2 + (F+ijT+ • • • = 'tT ’ 

which is impossible, since on the right we have a regular 
fraction, and on the left a whole number not equal to zero. 
Thus, e is an irrational number. If e is represented as a deci¬ 
mal fraction, then it will be an infinite non-periodic frac¬ 
tion. Given below is a value of e accurate to 2 500 decimal 
places. 
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e=2.71828 18284 59045 23536 02874 
95749 66967 62772 40766 30353 
27466 39193 20030 59921 81741 
59563 07381 32328 62794 34907 
15738 34187 93070 21540 89149 
82264 80016 84774 11853 74234 
55170 27618 38606 26133 13845 
67371 13200 70932 87091 27443 
92836 81902 55151 08657 46377 
77078 54499 69967 94686 44549 
77361 78215 42499 92295 76351 
28869 39849 64651 05820 93923 
30123 81970 68416 14039 70198 
53118 02328 78250 98194 55815 
96181 88159 30416 90351 59888 
87922 84998 92086 80582 57492 
84875 60233 62482 70419 78623 
49146 31409 34317 38143 64054 
76839 64243 78140 59271 45635 
01157 47704 17189 86106 87396 
02123 40784 98193 34321 06817 
74501 58539 04730 41995 77770 
76966 40355 57071 62268 44716 
65201 03059 21236 67719 43252 
75459 18569 56380 23637 01621 
64450 78182 44235 29486 36372 
70263 75529 44483 37998 01612 
64832 62779 33386 56648 16277 
93150 56604 72580 27786 31864 
30801 91529 87211 72556 34754 
49679 12874 06870 50489 58586 
88459 20541 33405 39220 00113 
84205 58040 33637 95376 45203 
88386 38744 39662 53224 98506 
61717 83928 03494 65014 34558 
62953 74152 11151 36835 06275 
05958 41166 12054 52970 30236 
36450 98889 03136 02057 24817 
50704 75102 54465 01172 72115 
15219 60037 35625 27944 95158 
55990 06737 64829 22443 75287 
47564 48826 26039 03381 44182 
30899 70388 86778 22713 83605 
65070 63304 52795 46618 55096 
70462 62156 80717 48187 78443 
68620 02353 71858 87485 69652 
03293 63447 97273 55955 27734 
51326 38354 40001 86323 99149 
96690 62951 19432 47309 95876 
26029 98330 53537 08761 38939 


71352 66249 77572 47093 69995 
54759 45713 82178 52516 64274 
35966 29043 57290 03342 95260 
63233 82988 07531 95251 01901 
93488 41675 09244 76146 06680 
54424 37107 53907 77449 92069 
83000 75204 49338 26560 29760 
74704 72306 96977 20931 01416 
21112 52389 78442 50569 53696 
05987 93163 68892 30098 79312 
48220 82698 95193 66803 31825 
98294 88793 32036 25094 43117 
37679 32068 32823 76464 80429 
30175 67173 61332 06981 12509 
85193 45807 27386 67385 89422 
79610 48419 84443 63463 24496 
20900 21609 90235 30436 99418 
62531 52096 18369 08887 07016 
49061 30310 72085 10383 75051 
96552 12671 54688 95703 50354 
01210 15627 88023 51930 33224 
93503 66041 69973 29725 08868 
25607 98826 51787 13419 51246 
78675 39855 89448 96970 96409 
12047 74272 28364 89613 42251 
14174 02388 93441 24796 35743 
54922 78509 25778 25620 92622 
25164 01910 59004 91644 99828 
15519 56532 44258 69829 46959 
63964 47910 14590 40905 86298 
71747 98546 67757 57320 56812 
78630 09455 60688 16674 00169 
04024 32256 61352 78369 51177 
54995 88623 42818 99707 73327 
89707 19425 86398 77275 47109 
26023 26484 72870 39207 64310 
47254 92966 69381 15137 32275 
65851 18063 03644 28123 14965 
55194 86685 08003 68532 28183 
28418 82947 87610 85263 98139 
18462 45780 36192 98197 13991 
32625 15097 48279 87779 96437 
77297 88241 25611 90717 66394 
66618 56647 09711 34447 40160 
71436 98821 85596 70959 10259 
20005 03117 34392 07321 13908 
90717 83793 42163 70120 50054 
07054 79778 05669 78533 58048 
55236 81285 90413 83241 16072 
63917 79574 54016 13722 36133 
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Let us also give the logarithm of this number to base 10 
accurate to 282 decimal places. 

log 10 0.43429 44819 03251 82765 11289 
18916 60508 22943 97005 80366 
65661 14453 78316 58646 49208 
87077 47292 24949 33843 17483 
18706 10674 47663 03733 64167 
92871 58963 90656 92210 64662 
81226 58521 27086 56867 03295 
93370 86965 88266 88331 16360 
77384 90514 28443 48666 76864 
65860 85135 56148 21234 87653 
43543 43573 17247 48049 05993 
55353 05 

27. It is easily seen, that if l k (beginning with some k) 
are all equal to one another, then we deal with an infinitely 
decreasing geometric progression, and a) is rational indeed. 
It remains to prove that if such circumstance (equality of 
all l h beginning with some k) does not take place, then co 
is irrational. It can be proved in the same way as in Prob¬ 
lem 25. 

28. Let us prove that the variable u n decreases, i.e. that 
u n +i < u n . We have 


u „+ 1 - 1 + y+T+ • • • + ^+TTT _ " log ( re + 1 )- 


Hence 


Un4-\ Un — 


n = ^ T -l°g( n +i) + \ogn = 1 ± I -log(l+±). 


Consider the variable 


( A \ 1 \ n + 1 

Vn ~ ( 1 + 7r) 

and prove that it decreases, i.e. that v n+i '< v n or that 

(‘+tht r<(*+ir. 


i.e. show that 


n + 1 
1 \n + 2 


(‘+*r> ‘+m- 


We have (l+a) n >l + a ^- (see Problem 40, 1°, Sec. 8). 
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Replacing here a by i-, and by i±i, we Bnd 


But 

n+1 

fi + 1 \ n+2 > i+ 1 (w + 1 ) 

\ ^ n ) 1 n (n + 2) 


1 + "+ 1 >1-1- 1 

1 n(n + 2) 1 n+1 

And so, the 
show that 

variable i> n = ( 1 + )" +1 decreases. 

We have 

lim (1 +— )” +1 =e. 

n-oo V »/ 


(* + Tr 

(T -> ““FIT 

But lim(l-)--M =e, lim (1-f —) = 1. Thus, indeed 
lim(l-(- —) =e and consequently 

n-+ oo ' n / 

Therefore (n + 1) log > 1, log (l+l) >-1^-, 


and 


w n+l — U n 0, 


and the variable u n is a decreasing one. 

On the other hand, 

W» = l + y + 4+ • • • + —log «> log (n + 1) — 

— logw>log(l + -i) >0. 

Since the variable u n decreases but remains greater than 
zero, it has a limit. Let us denote this limit by C. 


n 1-*— f a i 1 i 1 I 
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C is called Euler’s constant. Let us give the value of this 
constant accurate to 263 decimal places. 

C = 0.57721 56649 01532 86060 65120 
90082 40243 10421 59335 93992 
35988 05767 23488 48677 26777 
66467 09369 47063 29174 67495 
14631 44724 98070 82480 96050 
40144 86542 83622 41739 97644 
92353 62535 00333 74293 73377 
37673 94279 25952 58247 09491 
60087 35203 94816 56708 53233 
15177 66115 28621 19950 15079 
84793 74508 569 

29. We have 

sin X = 2 sm y COS y , 

» 

sin = 2 sin cos , 
sin = 2 sin cos -Jp, 
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Then we have 


x 

sin x 


COS -y COS -|rr COS -p- . . . . 


Putting here a: = | , we find the required formula. The 

number n, like e , is irrational and, consequently, cannot be 

expressed by a finite or periodic decimal fraction. Given 
below is the value of jt accurate to 2035 decimal places. 

ji=3.14159 26535 89793 23846 26433 83279 50288 41971 69399 37510 

58209 74944 59230 78164 06286 20899 86280 34825 34211 70679 

82148 08651 32823 06647 09384 46095 50582 23172 53594 08128 

48111 74502 84102 70193 85211 05559 64462 29489 54930 38196 

44288 10975 66593 34461 28475 64823 37867 83165 27120 19091 

45648 56692 34603 48610 45432 66482 13393 60726 02491 41273 

72458 70066 06315 58817 48815 20920 96282 92540 91715 36436 

78925 90360 01133 05305 48820 46652 13841 46951 94151 16094 

33057 27036 57595 91953 09218 61173 81932 61179 31051 18548 

07446 23799 62749 56735 18857 52724 89122 79381 83011 94912 

98336 73362 44065 66430 86021 39494 63952 24737 19070 21798 

60943 70277 05392 17176 29317 67523 84674 81846 76694 05132 

00056 81271 45263 56082 77857 71342 75778 96091 73637 17872 

14684 40901 22495 34301 46549 58537 10507 92279 68925 89235 

42019 95611 21290 21960 86403 44181 59813 62977 47713 09960 

51870 72113 49999 99837 29780 49951 05973 17328 16096 31859 

50244 59455 34690 83026 42522 30825 33446 85035 26193 11881 

71010 00313 78387 52886 58753 32083 81420 61717 76691 47303 

59825 34904 28755 46873 11595 62863 88235 37875 93751 95778 

18577 #0532 17122 68066 13001 92787 66111 95909 21642 01989 

38095 25720 10654 85863 27886 59361 53381 82796 82303 01952 

03530 18529 68995 77362 25994 13891 24972 17752 83479 13151 

55478 57242 45415 06959 50829 53311 68617 27855 88907 50983 

81754 63746 49393 19255 06040 09277 01671 13900 98488 24012 

85836 16035* 63707 66010 47101 81942 95559 61989 46767 83744 

94482 5537977472 68471 04047 53464 62080 46684 25906 94912 
93313 67702 89891 52104 75216 20569 66024 05803 81501 93511 

25338 24300 35587 64024 74694 73263 91419 92726 04269 92279 

67823 54781 63600 93417 21641 21992 45863 15030 28618 29745 

55706 74983 85054 94588 58692 69956 90927 21079 75093 02955 

32116 53449 87202 7559'6 02364 80665 49911 98818 34797 75356 

63698 07426 54252 78625 51818 41757 46728 90977 77279 38000 

81647 06001 61452 49192 17321 72147 72350 14144 19735 68548 

16136 11573 52552 13347 57418 49648 43852 33239 07394 14333 

45477 62416 86251 89835 69485 56209 92192 22184 27255 02542 

56887 67179 04946 01653 46680 49886 27232 79178 60857 84383 

82796 79766 81454 10095 38837 86360 95068 00642 25125 20511 

73929 84896 08412 84886 26945 60424 19652 85022 21066 11863 

06744 27862 20391 94945 04712 37137 86960 95636 43719 17287 

46776 46575 73962 41389 08658 32645 99581 33904 78027 59009 

94657 64078 95126 94683 98352 59570 98258 
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